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Abstract—The max-flow min-cut bound is a fundamental result
in the theory of communication networks, which characterizes the
optimal throughput for a point-to-point communication network.
The recent work of Ahlswede et al. extended it to single-source mul-
tisink multicast networks and Li ef al. proved that this bound can
be achieved by linear codes. Following this line, Erez and Feder as
well as Ngai and Yeung proved that the max-flow min-cut bound re-
mains tight in single-source two-sink nonmulticast networks. But
the max-flow min-cut bound is in general quite loose (see Yeung,
2002). On the other hand, the admissible rate region of commu-
nication networks has been studied by Yeung and Zhang as well
as Song and Yeung, but the bounds obtained by these authors are
not explicit. In this work, we prove a new explicit outer bound for
arbitrary multisource multisink networks and demonstrate its re-
lation with the minimum cost network coding problem. We also
determine the capacity region for a special class of three-layer net-
works.

Index Terms— K -pairs transmission, max-flow min-cut bound,
multisource multisink network, network coding, network sharing
bound, side information, three-layer network.

1. INTRODUCTION

N recent few years, network coding has been a major focus

of research in network information theory due to its potential
applications in communication networks. Along with the funda-
mental theories that have been developed so far, more and more
applications are emerging in practice. The intense studies in net-
work coding theory have deeply influenced research areas such
as information theory, coding theory, wireless communications,
networking, and so on.

Among all these research topics, “What is the capacity region
of a communication network?” and “How can we achieve the
optimal throughput of a communication network?” are two
fundamental problems. The earliest research dated back to the
work by Yeung in [8], where he characterized the admissible
rate region for a particular configuration of a diversity coding
system subject to certain distortion criteria. A principle of
superposition was proved on the two-level diversity coding
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Fig. 1. An example of distributed source coding system.

system when the source consists of two independent data
streams. Later on, Yeung and Zhang [9] generalized this result
to an arbitrary number of levels in symmetrical multilevel di-
versity coding with independent data streams and showed that
optimality can be achieved by superposition in general. Inspired
by mobile satellite communication systems, a more general
model than multilevel diversity coding, named distributed
source coding system (Fig. 1), was developed by Yeung and
Zhang in [6]. The inner and outer bounds of the admissible rate
region were obtained in terms of I'* and ', respectively, which
are fundamental regions of the entropy function [10]-[13].

Based on these works, Ahlswede, Cai, Li, and Yeung [1]
studied the information flow in an arbitrary network with a
single source whose data is multicast to a collection of des-
tinations called sinks. They showed that the capacity of the
network can be characterized by the max-flow min-cut bound,
a generalization of the famous max-flow min-cut theorem for
single-source single-sink network information flow. Following
this line of research, Li, Yeung, and Cai [2] presented an explicit
construction of linear codes for multicasting in a single-source
network and proved that linear coding suffices to achieve the
optimum. Subsequently, Koetter and Médard [14] developed
an algebraic approach to the capacity region of network coding
and found necessary and sufficient conditions for the feasibility
of any given set of connections over a given network when
restricted to linear coding. These results resolve the capacity
problem for single-source multicast networks.

In the multisource network coding model considered in this
paper, several mutually independent information sources are
generated at possibly different nodes, and the data of each
information source is multicast to a specific set of nodes. We
call this model the multisource multisink network. If the data
from all sources are sent to the same set of sinks, it is called the
multisource multisink multicast case and has been treated as a
trivial single-source multicast problem in [1]; otherwise, it is a
multisource multisink network with different multicast require-
ment for each source, which we call the multisource multisink
nonmulticast case. In this paper, we sometimes simply call
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the second case the multisource case for convenience. Charac-
terizing the capacity region for this case turns out not to be a
simple extension of single-source multicast network coding.
In the multisource case, the max-flow min-cut bounds cannot
fully characterize the capacity region, they give only an outer
bound. The best characterizations of the capacity region for
multisource network coding which have been obtained so
far in [7] make use of the regions I'* and I developed in
[6], which cannot be evaluated explicitly. For this reason, a
linear programming bound (LP bound) is proposed as an outer
bound and is proved to be tight for a class of special cases in
multisource network coding. Although the LP bound can be
evaluated, its evaluation is involved. Therefore, the search for
more explicit bounds in the multisource multisink nonmulticast
case has been a challenging task along this line of research.

As afirst step toward this direction, Erez and Feder [3] as well
as Ngai and Yeung [4] both proved that the max-flow min-cut
bound remains tight in single-source two-sink nonmulticast net-
works. However, it can be quite loose in the more general mul-
tisource multisink networks [5]. In [15], Yan, Yang, and Zhang
proved an improved outer bound for the three-layer network de-
rived from the distributed source coding system. They showed,
in certain cases, that their bound can bring significant improve-
ment over the max-flow min-cut bound.

In this paper, we derive an improved outer bound over the
max-flow min-cut bound for the capacity region for arbitrary
acyclic multisource multisink networks, which is much more
explicit and easier to understand than the LP bound.

This new bound is originally found by analyzing the role of
the so-called side information at the decoders of a three-layer
network. A three-layer network is a special network in which
all the nodes are lined up in a three-layer architecture. It is a
distributed source coding system in the network format. An ex-
ample of a three-layer network which is equivalent to the dis-
tributed source coding system in Fig. 1 is shown in Fig. 2. In a
three-layer network, each directed edge is assumed to be error
free and thus is called an error-free channel. All channels ex-
cept the coding channels (e.g., (1,17),(2,2),(3,3') in Fig. 2)
are considered straight connections, therefore, there is no con-
straint on the capacities of these channels. However, the infor-
mation flow on each coding channel is limited by its capacity.
The source nodes transmit independent messages to the sink
nodes under the channel capacity constraints to meet the sink
demands.

Suppose that the information sources in a three-layer network
are X1, Xo, ..., Xg. If the channel output of a coding channel
is a function of the source data in a subset {X; : i € a} and
it is available for a sink which is required to decode the source
data in a subset {X; : j € 7}, then the output of this channel
is said to be side information for the decoder if « Ny = ¢. The
following example explains the role of side information at the
decoder.

We consider the classical example of network coding which
consists of two sources and two sinks. A modified version G is
shown in Fig. 3 where channel (c3,73) is disconnected. Each
edge in G has unit capacity. Messages X and Y are generated at
source nodes S; and S5, respectively. Each of X and Y is of one
bit. In order to decode Y at sink node 1 and X at sink node 1%,
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Fig. 3. An example of two-source two-sink network with partial side
information.

X +Y is sent on edge (c2,72) and X is sent on edge (c1,71).
We observe that Y can be decoded at 77 with the help of side
information X, while X cannot be decoded at T5 because side
information Y is missing.

Now, we take a further look at the capacity region of this
network. It is easy to see that the max-flow min-cut bound of
the given network is

RX SC(C27T2) =1
Ry S C(CQ,TQ) =1
Rx + Ry < 0(0177"1) + 0(0277"2) = 2.

However, the previous analysis indicates that (Rx, Ry) =
(1,1) is not achievable in spite of satisfying the max-flow
min-cut bound. The fact that sink node 75 is missing side in-
formation suggests that a tighter outer bound may be obtained
by analyzing the role of side information. Actually, we have

RX SC(CQ,’FQ)

Ry <C(c2,712)

Rx + Ry <C(co,72) + min{C(c1,71),C(c3,73)}
=1+ min{1,0} = 1.

=1
=1

Obviously, this bound is tight. If we add channel (c3, 73) to pro-
vide Y at sink 75 as in Fig. 4, then X and Y can be both decoded
at Ty and T5, respectively. Hence, the availability of enough side
information at decoders is essential for the decodability.

It needs to be pointed out that the analysis of the three-layer
networks is essential since they serve as the building blocks for
an arbitrary acyclic multisource multisink network when cuts
are taken to provide constraints on the total amount of informa-
tion in transmission. Therefore, it is an important tool to study
general acyclic multisource multisink networks.
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Fig.4. Anexample of two-source two-sink network with full side information.

The rest of the paper is organized as follows: In Section II,
we give a formal problem formulation and introduce the notions
used throughout the paper. In Section III, we first formulate our
new bound for a special type of networks known as a K -pairs
transmission network (also called a multiple unicast network)
which is the simplest case of a multisource network, then extend
it to the general multisource network with arbitrary transmis-
sion requirements. The capacity region of a special class of net-
works, called degree-2 three-layer networks with K -pairs trans-
mission requirements, is determined in the course of improving
the bound. The corresponding proofs are given in Section I'V. In
Section V, we show by example that the new bound can offer
significant improvement over the max-flow min-cut bound in
some special cases but is still not tight in general. In Section VI,
we discuss the implication of this new outer bound for the min-
imum-cost network coding problem. We define a region of the
cost factors for which the minimum cost can be achieved by per-
forming separate multicast coding for each source and show that
some specific meaningful vectors of the cost factors belong to
this region. Conclusions are drawn in Section VII.

II. NETWORK MODEL
A. Some Notations for Directed Graphs

Let G = (V, &) denote an acyclic directed graph, where V is
a finite nonempty set whose elements are called nodes and £ is
a set of distinct ordered pairs of nodes called edges. We have

ECVxV.
A pair (4,7) € £ is an edge directed from node 4 to node j.

We assume that the graph has a special structure formulated as
follows. Let

V=8SUVuT=1{1,2,....[V} M
where
V - {/U17’U27"

- 7’U\V|}

are the internal nodes,

S= {817527"'7$|$|}
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are the source nodes, and

T = {t1,ta,... ,t|7—|}
are the sink nodes. Let A; be the set of nodes with an edge

directed from node j and B; be the set of nodes with an edge
directed into node 7, i.e.,

A; ={i €V, (j,i) € £}

B ={i €V, (i,j) € £}. ©)
We assume that for any source node s;, BS]. = ¢, and for
any sink node ¢;, A;, = ¢. We define a path p(io, ;) in G to
be a sequence of distinct ordered nodes (7g,%1,...,%), where

(ij—1,ij) € £€,1 < j <. For acyclic networks, a path consists
of distinct nodes. For an acyclic directed graph, define ¢ < j if
there exists a path from ¢ to j. The relation < is a partial order.

B. A Model of Multisource Multisink Networks

In a multisource multisink network, several mutually inde-
pendent information sources are generated at possibly different
nodes, and each of the information sources is multicast to a spe-
cific set of sinks. We assume that there are no incoming edges
directed into the sources and no outgoing edges directed from
the sinks. This assumption essentially does not lose generality
since in an arbitrary multisource multisink network, an inter-
mediate node acting both as a source and a sink can be repli-
cated to separate the multiple functions. That is, a copy of this
node is made to act as a source and another copy is made to act
as a sink. Both of the two copies are connected to the original
node with links of unlimited capacity. For this reason, any mul-
tisource multisink network where each node can either act as a
source, an internal node, or a sink can be studied in this manner.
This is why we assume that the network studied in this paper
has the special structure formulated in the previous subsection,
although we do lose some generality when the network is as-
sumed to be acyclic.

We denote a multisource multisink network by a directed
graph G = (V, €) defined above with a set of transmission re-
quirements M, which is specified by

1) S, the set of source nodes;

2) T, the set of sink nodes;

3) C = (Cij : (i,4) € &), where C;; > 0 is the capacity

constraint on edge (7, J);

4) D = {D; : t; € T}, where D; € 2\ ¢ specify the

reconstruction requirements of the sink nodes.

The jth source, which is generated at source node s;, is de-
noted by X; = { X1} ;. We assume that X;,j = 1,...,|S]
are independent, and X5,k = 1,2,... are independent and
identically distributed (i.i.d.) copies of a generic random vari-
able X, with alphabet X;, where |X;| < oco. Note from the
source/channel coding separation property, it may not be neces-
sary to use a source model as general as we use here. We may
assume that the sources are i.i.d. binary-symmetric sources gen-
erated at the source nodes with data rates (H(X;) : s; € S).
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We define a cut U in G = (V,€) to be a subset U C V. For a
cut i we define

Eu={(i,j)e€:ieU,jeV\U}. (3)
Suppose that a cut satisfies the condition that

So={si€S:iea}l CU
and

Ty={t:eT:ic B} CV\U;
then we say U € U, g, where U, g represents the set of all U/
that have this property, and thus is called the set of cuts with
respect to the source set o and sink set 3. For cuts in this set, we
call the set of edges across the cut I/ between the set of source

nodes S,, and the set of sink nodes 73 the cut set &, (a, ) of
U,ie.,

Eu(a, B) ={(i,j) €€(a,B) i €Uandj g U} (4
where

E(a,B) ={(i,7) € £: Tk € asuch that s; < 1,
dm € Bsuchthatj <t} (5)

For any cutd € U, g, define the capacity of the cut ¢/ to be the
sum of the capacities of all the edges in &, («, 3), i.e.,

>

(4,3)€Eu(a,B)

Cu(a,ﬂ) = CLJ (6)

C. Admissible Rate Region and Capacity Region for
Multisource Multisink Networks

Let G = (V, £) be a multisource multisink network with a set
of transmission requirements M, we define

di: HXJ X

JED;

H X; | —{0,1}

JED;

as the Hamming distortion measure for ¢; € 7, i.e., for any x
and x"in ([[;¢p, &) x (Il ep, X5)

0
. ! — ?
d;(x,x") { 1.
Let X' = (Xj1,..., Xjn). We consider an (n, (n;j, (4,7) €
€), (A1, € T)) block code of block length n consisting of

1) for each (7,5) € £, an encoding function

ifx =x'

if x # x"

F” : H Xt’r/l X H {0,1,,771/1—1}
€S (i i)EE i¢S:(i! i)EE
_>{0717"'777ij_1}; (7)
2) foreach! € 7, a decoding function
Gll H Xl"}x H {0,17...,’[71/1—1}
res:(I',ee Igs:(I',1)e€
- 1T 2 ®

keD;
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3) foreach ! € 7, an average distortion

Ay =nT'EY di((Xjkg € Di). (Xje.j € 1)) (9)
k=1

where (X;L j € Dy) are the outputs of the decoder G}
when the inputs are X7, j = 1,...,|S|.
A rate vector R = (R;j, (¢,7) € £) is admissible if for every
e > 0, there exists for sufficiently large n an

(n7 (ﬁij» (Lv./) € 5)7 (Alvl € T))
code such that

“_llogmj SR”,V(Z,J) €&
and
A <eVieT.

Let

R ={R: Ris admissible} (10)
be the admissible rate region of the sources. If the capacity
vector C € R, then we say that the transmission problem of
the sources over the network with the given transmission re-
quirements at the sinks is resolvable. In this paper, we are in-
terested in characterizing the closure of the admissible rate re-
gion R for the sources under this formulation. Let the capac-
ities of the channels be given and denoted by C = (C;; :
(i,7) € &) as a capacity vector. It is apparent that whether or not
C € R for a particular source is fully determined by the vector
H = (H(X}) : sy € S) of the entropy rates of the sources. Let
‘H be the region consisting of all entropy vectors for which the
capacity vector is admissible, i.e.,

H = {H : C is admissible}. (11)

We say that the entropy vectors in this region are achievable
and call this region the capacity region. The determination of
the closure of H is an equivalent problem.

III. MAIN RESULTS

In this section, we first present our bound for a special class
of networks called networks with K -pairs transmission require-
ments (or K pairwise networks, or multiple unicast networks
as called in some papers) in which the data from each source is
decoded at only one sink for all K sources and each sink is re-
quired to decode only one source. Then we generalize the result
to the arbitrary transmission requirements case by using sink de-
composition technique and by considering all possible K -pairs
transmission subnetworks as we will define soon.

Let G = (V, €) be a multisource multisink network with a set
of transmission requirements M. For any (¢, j) € £, we define

Sij={sk €S:s <1}

Tj={tieT:j<1t;} (12)

where < is the partial order defined in Section II-A.
First, we assume that |S| = [7| = K and D; = {s;}. This
means that the sth source is decoded only at the sth sink for
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all 7. In this special case, there exists a natural one-to-one cor-
respondence between the source nodes and sink nodes. There-
fore, to make the problem formulation more precise, we let
Z =1{1,2,...,K} be the index set of both S and 7. For conve-
nience, we sometimes ignore the difference between S, 7, and
Z. For instance, we may view S;; as a set of indices of source
nodes rather than a set of source nodes themselves. This con-
vention is particularly useful in this special K -pairs transmis-
sion case.

Suppose that v C {1,2,...,K},v # ¢ and <, is a linear
order in v (which may not be the natural order). Assuming that
7 consists of {i; < iz <y - < i|y|}, We define

ig £ min{B N~} (13)
where the minimum is taken with respect to the order <.,
Y(B) E{i€y:i=,igi#is} (14)
and the set of cuts
U, 2{U:S, CUT, CV\U} (15)

where S, = {s; ;i e}, T, ={ti:iey},BCI,B#¢.

Theorem 1: Given a multisource multisink network
G =(V,€) with K-pairs transmission requirements (i.e.,
Z=1{1,....,K}and D; = {s;},i € ), if the transmission
problem is resolvable, then for any nonempty subset v C 7,
any order <., in vy, and any cut 4 € U,

2

. TijNY#p,
(@.5)€8u: 57.7'03"/%"/(77.7)

ZH(Xk) < Cij. (16)

kevy

From its proof, we will see that this bound is implied by the
linear programming bound in [6]. For convenience, we tem-
porarily call this new bound the network-sharing bound because
it partially explains the role of side-information channels when
several sources share a communication network.

For a K-pairs transmission network, this new bound is an
improvement over the max-flow min-cut bound, i.e.,

. TijNy#o, L - T N#o,
DEEE 5, ¢ () (LI)€Eu: 8z

This result can be seen as follows. Given a set of nodes U,
let v denote the set of messages whose source lies in ¢/ and
whose sink lies outside /. If the elements of -y are numbered
1,2,..., ||, the network sharing bound states that the com-
bined transmission rate of the messages in + is bounded above
by the combined capacity of the set consisting of all edges from
UtoV \ U which lie on a path from the source of a message in
~ to the sink of the same message (Fig. 5(a)—(c)) or a lower-or-
dered message (Fig. 5(d)) in y. However, in this formulation of
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Fig.5. Graphical description of the network sharing bound. The graph roughly
shows possible cases of edges whose combined rate forms the network sharing
bound for the message set 7.

Network Sharing
Bound

Max-flow Min-cut
Bound

Y X

Fig. 6. An example of max-flow min-cut bound and network sharing bound
fory = {X <, Y}

the bound, if we relax the constraint on “the same message or a
lower-ordered message” to “any other message,” we obtain the
max-flow min-cut bound.

A simple example is the classical two-source two-sink net-
work we gave in Section I, where the new outer bound and the
max-flow min-cut bound are shown in Fig. 6. In the figure, the
dotted line (labeled “network sharing bound”) and the solid line
(labeled “max-flow min- cut bound”) designate two edge sets;
in both cases, the specified bound asserts that the combined ca-
pacity of the edges in the designated set is an upper bound on
the combined entropy of sources X and Y.

In a general multisource multisink network, each sink can
request messages from multiple sources. In such networks,
our converse proof with K -pairs transmission requirements
discussed in Section IV seems inapplicable. However, this
problem can be easily solved by sink decomposition, i.e., we
decompose each sink ¢; into |D;| copies, each of them has
a single source reconstruction demand and has the same set
of connections with other nodes as t;. For example, by sink
decomposition, the network in Fig. 2 can be transformed into
the network in Fig. 7. Thus, any general multisource multi-
sink network with arbitrary sink demands can be viewed as a



2378

(S,}
{5:.5;}

i LY

Fig. 7. A sink decomposition for the three-layer network shown in Fig. 2.

multisource multisink network with nonmulticast transmission
requirements in which each sink decodes only one source.

By enumerating all possible |S|-tuplesin 7y X 73 x - - - x T g
where 7; is the set of sink nodes at which the ith source is to
be decoded, we get [[;c(q, sy 17| K -pairs transmission sub-
networks. Therefore, the intersection of our new outer bounds
on the capacity regions with respect to these subnetworks gives
an outer bound for the capacity region of the general multi-
source multisink network. Therefore, the sink node decomposi-
tion technique and the method in K -pairs transmission subnet-
work help us to reduce the general multisource network problem
to the simplest K -pairs transmission network case.

For any multisource multisink nonmulticast network G,
Y(j1,72,---,Jis|), Ji € 7Ti with nonmulticast transmission
requirements discussed above, we define Gj, j,, . j as a
multisource multisink subnetwork of G with K-pairs trans-
mission requirements by considering only the sinks with the
given indices. Let H;, j, .., Jis| be the new outer bound on the
entropy rates of the sources derived from this subnetwork. The
following is a direct consequence of our main result.

Corollary 1: Given an arbitrary multisource multisink non-
multicast network G = (V, £) with a set of transmission require-
ments M, if the source transmission problem is resolvable, then

a7

HC N

(1'111'2,---13'\5\)€1_[1 T;

Hjyjomnriis) -

Examples have shown that the network-sharing bound is tight
in some special networks and offers significant improvement
over the max-flow min-cut bound in general. However, as we
will see in Section V, it is also proved not tight in general even
though the gap might be considerately small. In fact, the search
for a tight bound in general multisource multisink networks is
highly nontrivial. One observation that might reduce the com-
plexity of the problem is to consider all possible K -pairs subnet-
works as we did in the consequence. If this technique is “’tight,”
then the multisource multisink network capacity problem can
be reduced to the capacity problem of the class of multisource
multisink networks with K -pairs transmission requirements dis-
cussed in this paper. This conjecture is true in the single-source
multicast network case, where a similar idea was used to de-
termine the capacity by using the max-flow min-cut bound to
each sink and as long as the max-flow min-cut bound holds for
all sinks, the multicast network transmission problem is resolv-
able. Whether or not this technique is ’tight” in general is an
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unresolved problem. We tend to believe that it is not “tight” in
general.

While trying to improving the network-sharing bound, we
discovered a technique that can be used to determine the ca-
pacity region of a special class of three-layer networks with the
following constraints: Let (4,j) be a channel in the network,
then

e either Sij = 'Z;J and |SL]| <2,

. OI'Sij ﬂ'],:'j = ¢ and |SLJ| = |'TL]| =1.

We call this class of networks degree-2 three-layer networks
with K -pairs transmission requirements. Index the channels
(i,7) by (Sij, 7i;). If two channels have the same indexing,
then they are viewed as a single channel with capacity being the
sum of the two capacities. Then the channel index is either of
the form ({7, 5}, {4,7}), (4,4) or of the form (4, j),% # j by the
assumptions for this particular model. Let the information rate
on the first kind of channels be R;, R;;, and the information
rate on the second kind of channels be denoted by Rf , then we
have the following theorem.

Theorem 2: For any degree-2 three-layer network with K-
pairs transmission requirements, the capacity region is given by

R={(R:VY,Y H(X)<) R

i€y 1€y

+ Z (Rij+n1in{Rij,Rg,R§»})+ Z Ri; (18)
i€7,j€7, 1€, €Y
1<~

IV. PROOF OF MAIN RESULT
A. Proof of Theorem 1

Suppose a capacity vector C = (Ci;, (i,7) € &) is admis-
sible for the given network, then for every ¢ > 0, there exists
for sufficient large n an (n, (ni;, (4,7) € £), (A, 1 € T)) code
such that

n_llogmj <Cy;,V(i,j) €&
and
Al SQVl S T

Lemma 1: Define inductively

Uij = Fzg({Xﬁ i€ S, (i/,i) S 5},

{Uyr; - i ¢S, (’il,i) €&} (19

as the information flow on edge (4, j) € £. Then we have

Y

H(Uj;) < lognij < nCj, (20)
2)
H(U1]|{ 1n’ v’ € 87 (LIZ) € E}
{UL'I,L' :il¢5,(il7’i) 65}):0, 21
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3) by Fano’s inequality, 3 6 depending on ¢ such that § — 0
ase — Oand forany [ € 7,

n T H (XU : (i,1) € €}) < 6 (22)
4) furthermore
HU;;{X} i € Si}) =0, (23)
5) forany ! € 7 and for any cut Y € Uz,
n T H(XPHUs; (i) € Eu}) <6 (24

Proof:
Part 1) follows from the definition of the

(77‘7 (ﬁij» (Zvj) €

code. Parts 2) and 3) are consequences of the definitions of the
encoders and decoders. And parts 4) and 5) can be easily derived
from Parts 2) and 3) by induction. O

E),(A,leT))

Let v = {i1 <4 i2 <, -+ < f|5}. Consider any cut
U € U,. For convenience of notation, we define a set

A ={U;; 0y € ()}

:(Z.])eglxh ”ﬁ’}/7é¢

1k ¢}

and another set A = {X}
Thus, we have

> nCij+ Y H(X})

(i,5)€eA k¢“r

> Y H(Uj)+ Y H(X})
(i,5)€eA kg~
> H(A,A)

=H(A{X} :keS})— H{X}

S HX] ke S)) —nhls
= S H(XP) + S HXP) - nhls.

ke kg~

k€ 7HA,A)

Therefore,

Zn_lH X

ke~

Z Cij + |vle.

(1,7)€EA

Lete — 0 and n — oo, then 6 — 0 and we complete the proof,
where the key step (a) is proved as follows.
From the chain rule of entropy functions

H({XP k€ 7}1A,A)
7]
=Y H(XPIXP,.... X} AAN). (25)
=1
Thus, we only need to show that
H(X, | 71,.. X,TILI,A,A)
<H(Xn| 117 . zl 17{U 1(7;7_7')651,(,

1] € 7;]781] Ny Z 7( 1])}7A)
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(®) n n
H(XG|X5, . X,

1T, = it,1 € TL‘;,

Si; Ny <& {il,...,it_l}}:t: 1,...,[)
(©)

< H(XG{Uij : (i,9) € Eusity,y = ie, i € Ty,
Sijm’Yg{il,---,it_1}}lt:17...717
{Uij = (i,9) € Euyir,; = ir, 01 € Ty,
SNy Z {ir,...,ii_1}}it=1,...,0)

=H(X[{Uij; : (i,7) € &u,iT; = ir,u1 € Tij}
t=1,....1)

d)H(Xn|ULJ . (7]) € glxt;il S 7:])

<né.

A{Ulj : (Lv.]) € gl/h

(

The noted steps are explained as follows:
(b) 4y € T;; implies that i7,, < i3
(¢) by fact 2), it follows that

H(UL']' : (L,J) € &u,Sij Ny

g{ilw'wil—l”Xﬁ Xﬂ

11"

A) =0

vl € {17 teey |7|}7VZ] g {17 tee |T|},7;J
H(Y|X) < H(Y|g(X)), for any function g;

(d) similar to (b).
Therefore, Theorem 1 is proved. O

# ¢ and

An intuitive sketch of the above argument is that given all the
messages in the complement of v (i.e., A) and given the data
transmitted on edges in A, one may decode all the messages in
~y as follows: first one may decode message 1 (in the given order)
because every path from any source to the sink of message 1 ei-
ther originates in A or crosses A; next one may decode message
2 because every path from any source to the sink of message 2
either originates in AU {s; } or crosses A, and message 1 has al-
ready been decoded. Continuing in this way, one may decode all
messages in -y in the order <., determined by their numbering.

B. Proof of Theorem 2
Proof of Achievability: Let 'H be the capacity region, i.e.,

H={H:Vy, > H(

i€y

Xi)SZRi

i€y

+ > (Rij+min{Ry, RL R+ Y Rij ¢ (26)
1EY,JE, LEY,IEY
i<~ ]

This region is defined by 2K _ 1 constraints, that is, for each
nonempty subset v of Z, there is a constraint which will be
simply called constraint y. An extremal point of the region can
be specified by at least K active constraints (constraints with
equality). We have the following result.

Lemma 2: For each extremal point of the region H, there
exists K distinct active constraints ;: 2 = 1, ..., K satisfying
the condition that y; C o C - -+ C v where |v;| = 1.
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Proof: Let H be an extremal point of H C RX.
Observation: Suppose at H, there exist two sets o, 8,0 €
B, &€ «, for which the corresponding constraints in (26) are
active, i.e.,

> H(Xi) =00 +To —1la
1€
> H(X;)=Qp+Ts -1
i€s
where
Q=) R
€Y
r=> > Ry
i€y jET,j#i
H’Y Z (Rij - min{Rij, Ri R;})

1€7,J€,
i<yj

Then the two sets « U 8 and « N 3 are both active.
The observation is proved as follows. We have

SOHX)+ Y H(X)
i€aup 1€anf
=Y H(Xi)+ ) H(X)
'ieﬂ
:QG+QS+F“+F(3—H{,—H5

1€

@ Qaup + Qanp + T+ 15 =1, —1lp
b
(:) QaU,@ + Qaﬂ,@ + FaU,@ + Faﬂ,@ - Ha - H,@

(c)
> Qaug + Qang + Taug + Tang — Haug — Hanp

which together with constraints

> H(X:) £ Qaup + Taup — Maug

icalf

> H(X;) <Qanp + Tans — Tang

1€anf

implies the desired conclusion.
The noted steps are explained as follows:

(a) Define the indicator function of channel (i, ) as
L - 1, ifieqy
Y70, ifidn
then 1, +1g = 1,ug + 1lang, i.€., the number of counts

of (4,7) in « and (3 is the same as in « U § and o N S,
thus the sum of rates of such channels should be equal.

(b) LetQ; =37 ju Lij, thus, 'y =37, @Q;. Usinga
similar indicator function for @;, we have

1o + 1@ = lauﬁ + 1aﬂ,[3~

Therefore, ; appears the same number of timesin I, +
F@ and Fau{;‘ + Faﬂ,@~
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(c) Define 6;; = R;; — min{R;;, R}, R} as the exces-
sive rate of I?;; over the side information rate Rg and
R; To show the inequality holds, we list and compare
the counts of ¢;; in I, + Ilg and I, + Hanp. To
facilitate this procedure, we decompose the sets a, 0
and a U 8, « N [ into common subregions as shown in
Fig. 8(a),ie.,I=a\ B, Il =ang,Ill = g\ «, and
IV = a® N 3¢, where ¢ stands for the complement of
~.Let A and B be two subregions, by A < B, we mean
the number of counts of terms with indices ¢ € A and
J € B. We proceed as in the following table:

A B o +1s | Haus + Hang
I&1 1 1
L& 11 1 1
I & 111 [0
[& 1V 0 0
I & 11 2 2

II & III 1 1

I &IV 0 0

1T & T 1 1

I & IV 0 0

IV &IV 0 0

Thus, in I & III, 6;; is counted in Il,up + Il4ng but
not in I, + II5. This asserts that IT, + IIg < Il,up +
IIonp, where the equality holds only if §;; = 0, for all
({i,5},{é,5}) such thati € I, j € IIL.
The observation is proved. Using this observation and induction,
it is a simple matter to prove the conclusion of the lemma. That
is, by replacing «, # with « N 3 and o U 3, we will eventually
reach a set of active constraints satisfying the requirement of the
lemma.

To prove the achievability of the region H, we need only to
prove the achievability of the extremal points. We simplify the
exposition by assuming that sources are i.i.d. binary symmetric
with rates per unit time being the entropies of the sources. This
does not lose generality since i.i.d. sources with other alphabet
size can be first compressed by binary source codes to “almost”
ii.d. binary data stream before transmission. By using block
channel codes of block length n, without essential loss of gen-
erality, we assume that n times of the coding channel capacities
are integer valued.

We distinguish different coding strategies.

* Butterfly Coding '
Let R;; = min{R;;, R, Ri}. By assuming that
m = nRij is an integer, we code two binary sequences
X = (X4(1),...,X;(m)) of length m from source s;
and X7" = (X;(1),..., X;(m)) of length m from source
s; by transmitting X" and X" over side-information
channels (i,7) and (j,1), respectively. Meanwhile, we
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1 ] 1 1
v . I . I . 111 . v
| | \ '
| i i :

! ! N
a B
v : I : I : 111 : v
! ! : !

i i i i
| i i |
: _\ :

a §]

Fig. 8.
(@UB). @a,Bia € BB L a,anf#é (b a s

transmit X" @ X" over the main channel ({1, j}, {4,}),
where @ stands for the modulo 2 sum. At sink ¢;, both
X" @ XJ" and X7" are received. Therefore, X" can
be decoded. For the same reason, X;” can be decoded at
sink ;.
* Transmission Without Coding

If ]A%ij = R;; — Rij > 0, by assuming that [ = n}?ij is
an integer, we can either transmit a binary sequence X! of
length [ from source s; over the channel ({3, j}, {7, j}) or
a binary sequence X ]’ of length [ from source s; over the
channel ({7, j}, {7, 7}). In both cases, the transmitted data
is received at sinks #; and ;. This coding method is also
used for channel (i, ¢) where nR; bits can be transmitted
from source s; to sink ¢;.

Remarks:

+ It is obvious that for channels ({4, 7}, {?,7}), (¢,7), and
(4,1), the two coding strategies can be performed simulta-
neously without violating the rate constraints for the chan-
nels.

e We always assume that the bits from the sources trans-
mitted by distinct coding methods described above over
channels are independent. Therefore, the total amount of
data transmitted by several distinct methods is simply the
summation of the amount of data transmitted by each of
these methods.

*  When use the transmission without coding over channel
({4,7},{i,7}), we have two possible choices. That is, we
can either transmit a binary sequence from source s; or
a binary sequence from source s;. These two possible
coding strategies are distinguished by saying that the rate
RL- ; is assigned to source s; when X Zl is transmitted over
the channel or assigned to source s; otherwise.

The different ways of assigning rates R; ; for all possible (i, j)
to the sources give different information rate vectors for the
sources. In the following, we describe a rate assignment strategy
which proves the achievability of the extremal point with active
constraints y; C --- C vk, where |y,| = k for all k. There
exists a linear order of the index setZ : 4; <, --- < ix such
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v i I i II i III i v
aUB anB
(a)
v i 1 i 11 i 11 i v
aUB anp
(b)

Graphical representation of sets «v, 3 and o U 3, o N 3, where region I represents o \ 3, II represents aw N 3, III represents 3 \ « and IV represents

that v, = {41, ..., 4% }. We assign the rate RL-]- to s; if and only
if 2 < j and assign to s; otherwise.

The total number of bits transmitted successfully from source
s; to sink ¢; in n time slots, i.e., nH(X;), is calculated as fol-
lows:

nH(X;) =nR; + anin{Rij-, Rvaé}

J
+n Y (Rij—min{R;;, RI, R}})

Jii<yd
=n[R; + Z Ri; + Z min{Rij,R{7R§}].
jii<aj =i
Therefore,
H(X;)=Ri+ Y Rij+ Y min{Ri;, R R}
Jti<yi §:0 =y
For any &
IVEIRD WD o
[1S57% 1€V 1€YE i< ]
TE€EYR Jij=~1
=Y Ri+ > (Ry+min{R;;,R! R}})
€Yk PN IS
i<d
+ 2 R
PE€EVR,TE VR

This proves the achievability of the extremal point with active
constraints y; C 2 C - -- C vk and therefore the achievability
of the region H by time sharing argument.

Proof of Converse Part: Suppose that the rate vector R =
(Rij = (i,j) € &) is admissible for sources with entropies
H(X;) : @ € T. Then, for any € > 0 for sufficiently large n,
there exists an (n, (15, (¢,j) € £€),(A; : I € T)) code such
that

n~logni; < Rij,V(i,j) € &,
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and
A <eVlieT.

Following the notation in Section III, let U;; be the information
flow on channel ({z, j}, {¢,j}), U; be the information flow on
channel (z, ), and U; be the information flow on channel (i, j) :
1 # 7. We have the following facts.

1)
H(X!'|U; {U;, V5 # i} AU VE #i}) = 0; (27

2) the coded information rate meets the constraint of the
channel, i.e.,

H(Ui') Sanﬁja
H(U}) <nR]. 28)
Thus, we have
> nH(X;)
1€y
& ZI(in;Uia{Uij cj A i} ULk #4))
1€y
e ZI(XZL§U£7{U1']' G AUk #£i})
1€y
= S U(XP{U; 2 5 # UL < & #i})
1€y

(X7 Ul{U; 5 # 3 AUk - b # i}
< Y HU) + I(XP5 (Ui j # iY{UL b # i})]

1€y
= Y [H(U)+
1€y
S IXP UG U 1< 53, {UL b #i})]
JFi
= Y HU) + Y HU {Ua : 1<} AUL |k # i})
i€y J#i
J#i
<d) 7 n )
< M HU) + Y {H(U|U)) — HU, X7, UDY]
1€y JF#
=Y [HU:) + > I(Uij: XI'|U})]
i€y j#i
=Y HU)+ Y. (Ui XP|U;)
1€y 1,JE€Y,i<~+]
+ (Ui XPUD+ > (Ui X7|U7)
1€, I
(e) P
i€y ,J€Y,i<~]
+ n Z Rij~
1€7,5¢€Y
Dividing by n, Theorem 2 is proved.
In the proof, the marked steps are explained as follows:

(a) follows from fact 1).
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(b) follows from the independence of X" and U} : k # i.
(c) follows from the inequality

IXPUl{UsG 2§ # i} AUL < b #i}) < H(TY).
(d) follows from the following two facts: 4
o HUil{Uu : 1 < 3} {U;  k #i}) < H(U;|U;),
* and
= H(Uy|X{", Uj)
because of the conditional independence of U;; and
{Ui 11 <3}, {U; bk #i,k # j} given X[,
(e) in this step, we use fact 2) and the following inequality:
I(Uyjs XPMUD) + I(Usjs X2|UY )
This inequality is proved as follows:
I(Usps XP|UD) + I(Us X3|UY)
= H(Uy|U;) + H(Uy|U7)
— H(U;| X", Uj) — H(Uy| X7, UY)
= H(U;|UD + 1(Uy; X7 X1, UL UY)
<H(Uyj) + I(Uij; X7 X2, UL UY).
Similarly, we can prove
I(Uys XPUD) + I(Usys X72|UY )
< H(Usj) + 1(Usj: X7 UL XT|US).
We have, )
© (Ui X7 X2 US|UY) < H(Uy) < nRij,
Uy X}5 X7, UG |U7) < T(XG5 X7, UG|07)
= I(X}: U;| X7, U}) = H(Uj) < nRj,

* similarly, we have
(Ui X7, U35 XP|UT) < nRyj
and
I(Ug; X2, UL XP|US) <nRL

These inequalities imply the desired result. O

V. EXAMPLES

In this section, an example is given to illustrate the significant
improvement of the network sharing bound over the max-flow
min-cut bound in some special cases. However, the same ex-
ample also proves that the network-sharing bound is still not
tight in general. As an example of a degree-2 three-layer net-
work with K -pairs transmission requirements, we further show
how its capacity region can be determined by Theorem 2.

Example 1: Consider the three-layer network G in Fig. 9,
where

7=1{1,2,3}
Dl = {1}7D2 = {2}/D3 = {3}
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Fig. 9. An example of a three-pairs degree-2 three-layer network. For each
edge (7,1'), the labeled sets next to nodes ¢ and ¢’ stand for S;;; and 7/,
respectively.

Cao = Cppy = Coet = Cggp = Ceer = Cppr =1
Saar = {1}, Sppr = {1, 2}, Seer = {1,3}

Saar = {2}, Seer = {2,3}, Sy = {3}

Tow = (2}, T = 11,2}, Too = {1,3)

Taw = (3}, Too = (2,31, Typ = {1}

The max-flow min-cut bound can be easily obtained as follows:
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1)+ H(X,
1)+ H(X;
)+ H(

)

Se RSl
alialle

(
(
(

~— ~— ~—

VAN VAR VAN VAN

2 X3
H(X1) + H(X2) + H(X3)

S = R e

Now, let us examine the network-sharing bound. Since the given
network is symmetric, which induces only cyclic permutations
of message set v, we only need to examine two orders y = {1 <
2 < 3} and vy = {1 < 3 < 2}. Since the bounds of subsets of
two or fewer source nodes are easy to be checked, here we just
give the derivation for the bound with three sources. For each
order, we examine each edge with the bound conditions in the
first table at the bottom of the page. Thus, only edges (b,b’),
(¢, ), (e,€'), and (f, f) satisfy the bound condition, thus we
obtain

H(X1)+H(X2)+H(X3) ngb1+Ccc/+Ceel+Cff/ =4,

Similarly, for v = {1 < 3 < 2}, we have the values in the
second table at the bottom of the page, and

H(X1)+ H(X2)+ H(X3)
< Cpyr + Ceer + Caar + Ceer + Cppr = 5.

Thus, by taking the minimum, we obtain the complete network-
sharing bound

H(X1) <2 H(X,) <2
H(X>) <2 H(X,) <2
H(X3) <2 H(X3) <2
vy={1<2<3}
(4,1") Y(Ziir) TNy #¢ S Ny € v(Tiw)
(a,a’) {1} v X
(b,0") ¢ v v
(c,c) ¢ v v
(d,d") {1,2} V4 X
(e,€’) {1} v v
(f, 1) ¢ v v
y={1<3<2}
(4,1") Y(Ziir) TNy #¢ S Ny € v(Tiw)
(a,a’) {1} v X
(b,) ¢ v v
(c,c) ¢ v v
(d,d") {1} v v
(e, €) {1} v v
(f, 1) ¢ v v
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H(X1)+ H(X2) <3
H(X1)+ H(X3) <3
H(X5)+ H(X3) <3
H(X1)+ H(X2) + H(X;) <4

which suggests a significant improvement over the max-flow
min-cut bound. Howeyver, it is not hard to see that the informa-
tion rate triple (2, 1, 1) is not achievable although it satisfies the
network-sharing bound. In this case, X is transmitting two bits
X1 and X5 at each time unit. At sink ¢, the side information
X3 fromedge (f, f') is not enough to decode both X7 and X5.
Thus, C ¢ should not be included in the outer bound. In fact, to
make the bound tight, the last inequality should be replaced by

H(Xy)+ H(X2) + H(X3)

SZRi+ Z

i€{1,2,3} i.j€{1,2,3},
<7
+ D Ry
i€{1,2,3},
i#{1,2,3}
=0+3+0
=3,

as implied by Theorem 2.

VI. MINIMUM-COST NETWORK CODING

An important consequence of the network-sharing bound is
the following observation. In a three-layer network, the net-
work-sharing bound implies that

infd > Rij:ReR)=> HX))

(i,7)€F JjES

(29)

where F is the set of coding channels. This result means that,
at least in the pairwise transmission case, coding among mes-
sages from different sources will not decrease the total rate of
data flow in the network. If our goal is to minimize the total
data rate of all channels in the network, coding messages from
different sources has no benefit. This point can be seen from the
following intuition: if we code messages from different sources,
then the data rate for some of the side-information channels
must be nonzero. This additional cost will not be compensable
by the saving of coding. This is an important observation since
it implies that coding in the single-source multicast case might
be sufficient to achieve minimum total transmission cost.

Let the total rate of the side-information channels in a three-
layer network be

R, 2 Y Ry (30)
(i,5):8:;NTij=¢
then we have the following.
Corollary 2:
ZH(XJ-) < Z Rij —2715IR,. (31)

JjES (i,5)€F
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Proof: Letting v = S in Theorem 1, we obtain

Y H(X))

JjES
(a) ]
< Z R;; + IIl{lIl Z R;;
(4,3):8:;NTij# (,9):8:;NTij=,
Si; Ev(Ti;)
1
< ) Rutggx X Ry

(4,3):8:;0T; 57

(®) Z

(4,7):8:;NT; 57

< (4,4):8:;NT =0,
S Ev(Tiy)

R; j

1 1
L | - - ..
+ |S]! Z S| (|5ij|+\7ij|) i
(1,5):8:;NTij=¢ ISi;
(c)
< Y Ry+ Y, (1-27FhRy

(1,5):8:;NTi;#¢ (13):Si;NTij=¢

= > R;-27VIR,
(i.5)eF
where
(a) follows from the fact that S;; N 7;; # ¢ implies
Sij ¢ ~v(7:;). The minimization is taken over all pos-
sible linear orders in S.
follows from that for all S;;,7;; satisfying |S;;| = a,
|7:;] = b,Sij N T;; = ¢, the total number of pairs
(Sij, Tij) is (a,b,\glﬁfla—b) ; furthermore, for a fixed order
< in S, the number of (S;;, 7;;) satisfying |S;;| = a,
(18
|75l = 6,855 N Ty = ¢, and Sy € y(Tij) is (15})-
This is obtained when we choose S;; and 7;; jointly
with a fixed order, then there is only one pair satisfying
S;; C y(7;j). From the property of symmetry, a portion

(b)

of
( S| ) 1
a-+b
= (32)
S Sijl+17Ti;
(pgdiiass) (95T
should be excluded from the bound.
(c) follows from the fact
(ISijl + ITijl) < 9ISuHIT| < 9ISl (33)
|Si;]
O

This result shows that once we code data from different
sources, the rate increase caused by using side-information
channels is greater than the savings achieved by coding. This
problem becomes much more complicated in a multisource
multisink network, even more so when costs are assigned to
bandwidth for each edge. In [16], a measure of bandwidth
saving is defined to determine the saving of bandwidth of
network coding over routing for a given network and cost
assignment. We extend the above measure as

S(a) = 1 - Leld)
R,.(a)
where R.(a) is the minimum total required cost with coding
data from different sources permitted and R,..(a) is the min-
imum total required cost without coding data from different
sources, and a is a cost factor assignment used to calculate the

1-—

(34)
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total cost. Depending on the topology and the assigned cost fac-
tors of the given network, the cost saving S(a) could be either
positive or zero. That is, sometimes coding data from different
sources does not bring any benefit over only coding data from
the same source. Therefore, we are interested in defining such a
cost factor region A for a given network which gives the set of
cost factors for which minimum cost is achieved without coding
data from different sources.
For a multisource multisink network G = (V, ) with cost
assignment a = (a;; : (i,7) € £), let
R(a, R) = ?él}zl Z AijTij
(i.j)€€
be the minimum total cost [17] of transmission in the code rate

region R. Let R. and R, denote the rate region with and
without coding data from different sources, respectively.

(35)

Definition 1: Given G with sources X = {X;}£ | and in-
formation rates { H (Xj)}£_,, define

A(X) ={a: R(a,Rnc) = R(a,Rc)} (36)

as the cost factor region for which minimum cost is achieved
without coding data from different sources.

Therefore, our goal is to characterizing .A(X) for a given net-
work with fixed sources X and information rates { H (X)}< .

Example 2: Consider the three-layer network discussed in
Section I. For clarity, we redraw its graph in Fig. 10. We assume
X and Y are both of information rate of one bit and pose no
constraint on the capacities except the coding channels. Leta =
(aij : (4,7) € F) be the cost assignments. Therefore, we have

R. = min{ai2 + azs + ase, 2a34}
Rnc = 20/34
= .A(X, Y) = {a tasg < app + a56}.

Corollary 2 simply says that the all-1 vector belongs to the re-
gion A(X) for all sources.

VII. CONCLUSION

In this paper, we proved an improved outer bound for the
admissible rate region (as well as the capacity region) for an
arbitrary acyclic multisource multisink network. Although the
proposed network-sharing bound is still not tight in general,
it provides significant improvement over the max-flow min-cut
bound. As a consequence of this bound, we made progress on
the minimum-cost network coding problem by defining a cost
factor region for which minimum cost is achieved by restricting
to strategies without coding data from different sources. The
characterization of this region is worthy of further investigation.

A method of simplifying the network capacity problem is
used in this paper when we derive an outer bound for the net-
work by considering all possible subnetworks with pairwise
(unicast) transmission requirements. Since this method gives a
tight result in the single-source multicast case, it is interesting
to know wether it still causes no losses in more general cases.

Besides the techniques used in the proof of the new outer
bound, another proof technique was also proposed which leads
to the determination of the capacity region for a class of simple
networks. Although this method is not fully developed in this
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(b)

Fig. 10. Minimum cost transmission in a three-layer two-source two-sink
network. (a) Coding among two sources. (b) No coding among two sources.

paper, we believe that it is a useful tool for further improving
the outer bound.
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