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Abstract—Ignited by the pioneering work of Ahlswede et al
on the characterization of the capacity region for single-source
multicast networks, a number of works have been devoted to
determining the capacity regions for more general networks.
However, except a few interesting outer bounds that have been
derived so far, the exact characterization is still restricted to
rather simple networks. In this paper, we determine the capacity
region for a more general class of networks called degree-2 K-
pairs three-layer networks. The result suggests a characterization
technique for more general multi-source multi-sink networks.

I. INTRODUCTION

Consider a network in which several mutually independent
information sources are generated at possibly different nodes,
and the data of each information source is multicast to a
specific set of sink nodes. We call this type of networks
multi-source multi-sink networks. Specifically, if the source
set contains only one source node whose data is multicast
to the same set of sinks, then the network is called single-
source multicast network; otherwise it is called a single-
source non-multicast network. If the network contains more
than one source and the data from all sources are sent to
the same set of sinks, it is called a multi-source multi-sink
multicast network and has been treated as a trivial single-
source multicast problem [1]; otherwise it is a multi-source
multi-sink network with different multicast requirement for
each source, which we call the multi-source multi-sink non-
multicast case.

In [1], Ahlswede, Cai, Li and Yeung showed that the
capacity region of the single-source multicast network can
be characterized by the max-flow min-cut bound. Motivated
by this work, two natural questions that follow are “how far
can we extend the max-flow min-cut bound to more general
networks? ” and “ What is the capacity region for such general
networks if the max-flow min-cut bound fails? .

The earliest answer to the first question dated back to the
work by Erez, Feder [5] and Ngai, Yeung [6], where they
proved that the max-flow min-cut bound remains tight in
single-source two-sink non-multicast networks. Surprisingly, it
turns out that, although rather simple, these are by far the most
complicated networks that the max-flow min-cut bound can be
applied for an exact characterization. In fact, it is shown in [3]
and [7], the max-flow min-cut bound is in general quite loose.
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For this reason, the second question becomes a major focus
of recent research. However, in a general multi-source multi-
sink network, information from different sources is coded
for subsequent transmissions, the underlying roles played by
various types of side information [3] significantly complicate
the problem. Although several improved bounds [2], [3] and
[4] have been discovered recently, they still serve only as outer
bounds in exceptional cases. Therefore, a complete answer to
the second question is a very challenging task along this line
of research.

In this paper, we propose an approach to the second question
by a cut-based network decomposition which leads to a special
type of networks called three-layer networks and a role-based
information characterization which leads to the concept of the
so-called side information. Based on this model, we determine
the capacity region for a class of networks called degree-2
K -pairs three-layer networks. The obtained result suggests a
proof technique that can be used to characterize the capacity
region for more general multi-source multi-sink networks.

II. NETWORK MODEL
A. Some Notations

Let G = (W, &) denote an acyclic directed graph, where V
is the set of nodes and & is the set of directed edges. A pair
(i,7) € € is an edge directed from node i to node j. Let

Ay ={i €V, (i,j) € ),
By = {i e V,(j.i) € €}, (1)

and assume that A, = ¢ for any source node s; and B;, = ¢
for any sink node ¢;. We define a cut I/ in G as a subset &/ C V
and the corresponding cut set £, = {(i,j) € £E:i € U,j €
V\ U} as the set of edges across U.

B. Network Model

In this paper, we analyze the type of networks called three-
layer networks. A three-layer network is a special network of
which all the nodes are lined up in a three-layer architecture.
In a three-layer network, each directed edge is assumed to
be error free and thus is called an error-free channel. All
channels except the coding channels are considered straight



Fig. 1. An example of a degree-2 three-pairs three-layer network, the labeled
sets next to nodes 4 and ¢’ stand for .A; and B,/ respectively.

connections, therefore there is no constraint on the capacities
of these channels.

Definition 1: A three-layer network is specified by the
following elements:

1) S, the set of source nodes;

2) T, the set of sink nodes;

3) Z, the set of coding channels;

4 A={A;: A C S, (i,j) € I}, the set of connections
between the source nodes and the coding channels;

5) B={B;:B; C7T,(i,j) € I}, the set of connections
between the coding channels and the sink nodes;

6) C = (Cy; : (3,j) € I), the capacity constraints on the
coding channels;

7) D ={D; :t; € T}, where D; € 2%\, the reconstruction
requirements of the sink nodes.

We assume the sources X; = { X} 7, generated at source
nodes s;,j = 1,---,|S| are independent, where X,k =
1,2,... are independently and identically distributed copies
of a generic random variable X; with alphabet X'; < oo.

Definition 2: A K-pairs three-layer network is a three-layer
network with the additional constraints such that |S| = |7 | =
K and D; = {s;}.

Definition 3: A degree-2 K-pairs three-layer network is a
K-pairs three-layer network with the additional constraints
such that for all (¢,7) € Z,

e cither .A, = Bj and ‘Al| <2,

e or A, NB; =¢and |A;] =|B;| =1
An example of a degree-2 three-pairs three-layer network is
shown in Fig. 1.

Definition 4: For any (i, j) € Z, if A; N B; = ¢, then the
output of (i, 7) is said to be side information for the sinks B;.

We emphasize the importance of the above model with the
following observations:

1) A three-layer network serves essentially as a cut in a
multi-source multi-sink network when cuts are taken to
provide constraints on the total amount of information in
transmission. Therefore, they provide a natural decom-
position to an arbitrary acyclic multi-source multi-sink
network.

2) A network with arbitrary sink requirements can be de-
composed into a set of K-pairs subnetworks by a sink-
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node decomposition technique in [3]. Although, whether
this technique is tight is still an open question, it greatly
simplifies the network topology.

3) The constraint on degree-2 cross coding gives the sim-
plest case when coding among different sources is al-
lowed. Therefore, it reduces the complexity of the prob-
lem and may provide insights into more general cases.

C. Capacity Region for Multi-source Multi-sink Networks

Consider the block code (n, (15, (i,5) € £), (Al € T))
defined in [8]. A rate vector R = (R;;,(4,5) € &) is
admissible if for every e > 0, there exists for sufficiently large
n an (n, (0, (4,5) € £), (A, 1 € T)) code such that

nfllognz‘j < Ry, v (t,7) e and A, <eVIeT.

Let
R = {R: R is admissible} 2)

be the admissible rate region of the sources. If the capacity
vector C € R, then we say that the transmission problem
of the sources over the network with the given transmission
requirements at the sinks is resolvable. Let H be the region
consisting of all entropy vectors H = (H(Xy) : s, € S) for
which the capacity vector is admissible, i.e.,

H = {H: C is admissible}. 3)

We say that the entropy vectors in this region are achievable
and call this region the capacity region.

III. MAIN RESULTS

Consider a degree-2 K -pairs three-layer network defined in
the previous section, index the channels (¢,j) by (A;, B;).
Let 7 ={1,2,---, K} be the index set of both § and 7. For
convenience, we ignore the notation difference between S, 7
and J. If two channels have the same indexing, then they
are viewed as a single channel with capacity being the sum
of the two capacities. Then the channel index is either of the
form ({¢,5},{¢,7}), (i,7) or of the form (4,j),i # j by the
assumptions for this particular model. Let the information rate
on the first kind of channels be R;, R;; and the information
rate on the second kind of channels be denoted by R/, then
we have the following theorem.

Theorem 1: For any degree-2 K -pairs three-layer network,
the capacity region is given by

H=SH:VyCJ, Y H(X;,) <> Rit+

i€y i€y

> (Ry+min{Ryj,RLE)+ Y Ry, @
1€Y,IET,

i€V, IEY

where <, is an arbitrary linear order in ~.
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IV. PROOF OF MAIN RESULT
A. Proof of Achievability:

Let ‘H be the capacity region in (4). This region is defined
by 2% — 1 constraints, that is, for each non-empty subset v of
J, there is a constraint which will be simply called constraint
~. An extremal point of the region can be specified by at least
K active constraints (constraints with equality). We have the
following result.

Lemma 1: For each extremal point of the region H, there
exists K distinct active constraints v;: ¢ = 1,--- , K satisfying
the condition that 3 C v9 C ... C vy where |v;| = 1.

Proof: Let H be an extremal point of H C RE,

Observation: Suppose at H, there exist two sets «, 3, €
08,08 € «, for which the corresponding constraints in (4) are
active, i.e.,

Y H(X;) = Qq+To—T,
iCa
Y H(X;) = Q+Ts-1Ig,
i€l

where
Q'y = ZRza
i€y
Ly = Z Z Rij,
1€y JET jF1
I, = ) (Ry—min{Ry, R}, R}}).
1€, JE,

i<~j

Then the two sets a U 8 and o N 3 are both active.
The observation is proved as follows. We have

Z H(X;) + Z H(X;)

icaUp icang
= ZH(Xi) +ZH(X1)
i€ i€

= Qa+Qﬁ+Fa+Fﬁ—Ha—Hﬁ
= QaUB+Qaﬂﬁ+Fa+Fﬂ_Ha_Hﬁ
= Qauﬁ + Qaﬂ,@ + Fau,@ + Famﬂ - ]-_-[a - ]-_-[,8

(@)
> Qauﬁ + Qaﬂﬁ + Fau,@ + Faﬁﬁ - Hauﬂ - Haﬁﬁ;

which together with constraints
> H(X,) < Qaup + Taug — Maug,
icalp
> H(X:) € Qang + Tang — Hang,
icang
implies the desired conclusion.
The noted steps are explained as follows:
(a) Define the indicator function of channel (7,i) as

1, ifiey
17: e )
0, ifigy

then 1, + 13 = 1aup + lang, i.e., the number of counts
of (i,i) in o and (3 is the same as in « U 8 and o N G,
thus the sum of rates of such channels should be equal.

(b) Let Q; = Zjej’#i R;;, thus T, = Zia Q@;. Using a
similar indicator function for @);, we have 1, + 1g =
laug + lang- Therefore, @; appears the same number of
times in I'y, +T'g as in Taug + Cang.

(c) Define 6;; = R;; — min{Rij,Rf7R§} as the excessive
rate of R;; over the side information rate R{ and Rj To
show the inequality holds, we list and compare the counts
of ;5 in I, + g and Il g + Iang. To facilitate this
procedure, we decompose the sets «, 3 and aU 3, N 3
into common subregions, ie., = a\ 5, I = a N g,
I = 6\ @ and IV = a° N 3° where ¢ stands for the
complement of . Let A and B be two subregions, by
A & B, we mean the number of counts of terms with
indices i € A and j € B. We proceed as in the following
table.

| Ae B [Ty +1p | Taus +Mans |
[ 1
[< 10
[ < I
1< 1V
0o 1
M < I
0o IV
I = 11
Il = IV
Vo IV

o|lol—lo|~—volgl—|~
OO = O =N O -| —|—

Thus, in I < 1II, §;; is counted in Il + IIong but
not in II, + IIz. This asserts that II, + IIg < II,ug +
I14np, where the equality holds only if d;; = 0, for all
({7,7},{4,7}) such that i € 1, j € IIL

The observation is proved. Using this observation and induc-
tion, it is a simple matter to prove the conclusion of the
Lemma. That is, by replacing «, 5 with a N and o U g,
we will eventually reach a set of active constraints satisfying
the requirement of the lemma.

To prove the achievability of the region H, we need only to
prove the achievability of the extremal points. We simplify the
exposition by assuming that sources are i.i.d. binary symmetric
with rates per unit time being the entropies of the sources.
This does not lose generality since i.i.d. sources with other
alphabet size can be first compressed by binary source codes
to ”almost” i.i.d. binary data stream before transmission. By
using block channel codes of block length n, without essential
loss of generality, we assume that n times of the coding
channel capacities are integer valued.

We distinguish different coding strategies:

o Butterfly Coding _
Let R;; = min{R;;, R}, R}}. By assuming that m =
nli;; is an integer, we code two binary sequences X" =
(X;(1),---, X;(m)) of length m from source s; and
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X" = (X;(1),---,X;(m)) of length m from source
s; by transmitting X" and X" over side information
channels (¢,7) and (j,4) respectively. Meanwhile, we
transmit X" @ X" over the main channel ({4,7}, {i,7}),
where @ stands for the modulo 2 sum. At sink ¢;, both
X" @ X" and X" are received. Therefore, X;" can be
decoded. For the same reason, Xj’-” can be decoded at
sink ¢;.

o Transmission without Coding
If Z%LJ =R;; — Rij > 0, by assuming that | = nR” is an
integer, we can either transmit a binary sequence X! of
length ! from source s; over the channel ({i, 5}, {4,j}) or
a binary sequence X ]l of length [ from source s; over the
channel ({i, 7}, {4, j}). In both cases, the transmitted data
is received at sinks ¢; and t;. This coding method is also
used for channel (7,7) where nR; bits can be transmitted
from source s; to sink ;.

Remarks:

« It is obvious that for channels ({i,j},{%,}), (¢,7) and
(4, 1), the two coding strategies can be performed simul-
taneously without violating the rate constraints for the
channels.

o We always assume that the bits from the sources trans-
mitted by distinct coding methods described above over
channels are independent. Therefore, the total amount of
data transmitted by several distinct methods is simply the
summation of the amount of data transmitted by each of
these methods.

o When use the transmission without coding over channel
({7,7},{4,4}), we have two possible choices. That is, we
can either transmit a binary sequence from source s; or
a binary sequence from source s;. These two possible
coding strategies are distinguished by saying that the rate
Rij is assigned to source s; when Xf is transmitted over
the channel or assigned to source s; otherwise.

The different ways of assigning rates Rij for all possible
(7, 7) to the sources give different information rate vectors for
the sources. In the following, we describe a rate assignment
strategy which proves the achievability of the extremal point
with active constraints v, C --- C g, Where |y;| = k for
all k. There exists a linear order of the index set J : i1 <,
--+ <y ig such that v = {i1,--- ,ir}. We assign the rate
f%ij to s; if and only if ¢ <, j and assign to s; otherwise.

The total number of bits transmitted successfully from
source s; to sink ¢; in n time slots, i.e. nH(X;), is calculated
as follows:

nH(X;) = nR¢+anin{Rij7Rg,R;}
J
+n > (Ri; —min{Ry;, R/, R}
Jii<ng
n[R; + Z R;j +
jti=d
Z min{Rij,Rg,Ré}].

Gii=ni
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Therefore,
H(X;) = Ri+ Y, R+
Jit=~J
Z min{Rij,Rz,R;}.
Jid=i
For any k,
SUCTIEID SEED o SR
1€V 1€YKL TE€EYE Ji1=<~]
+3° Y min{Ry;, R/, Ri}
1€EYE J:J<~1
1€V HIEVE
1<~J
+ Y Ry
€YK, JEVE

This proves the achievability of the extremal point with
active constraints v; C 72 C --- C 7y and therefore the
achievability of the region H by time sharing argument.

B. Proof of Converse Part:

Suppose that the rate vector R = (R;; : (i,5) € &)
is admissible for sources with entropies H(X;) : i € J.
Then, for any € > 0 for sufficiently large n, there exists an
(n, (nsj, (4,5) € €),(A; : 1 € T)) code such that

n~logn;; < Rij,V (i,j) €E and A; < e,VI€T.

Let U;; be the information flow on channel ({7,5},{7,7}),
U, be the information flow on channel (i,7) and U/ be the
information flow on channel (i,5) : 7 # j. We have the
following facts:

D

2) the coded information rate meets the constraint of the
channel, i.e.,

H(U;;) <nRj, HU;) < nRi,H(Uij) < an (©6)

Thus, we have

> nH(X;)

[1Se7
= N I ULAUG £ {UL R #))
i€y
D TXI U AU < G £ Y {UL K #4)
= SCUXP U § # 3 {UL  k #i})

€Y

HI(XPUil{Uij = § # i}, (U -k #4)]
< S H@) A+ IXP Uy« #{UL & # i)

i€y
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D HT) +

EI(X;”;Uijl{Un U< jh AUk k # 1})]
§[H(Ui) + ZH(UMHUH <ULk #1i})
Z_G’Y%:H(Uiﬂ;;;v {Ua : 1< j} AUk - k # 1})]
;[H(Ui) + D {HWU[U}) — H(Uy|
g[H(Ui) +§I(Uij; X))
iX; (U X7 |U7)

+I(Uij;X;"|Uij)]+ Z I(Uij; X7'|U;)

1€, JEY
ZnRi +n Z [Ri; + min{R;;, Rg, R;}]
i€y

4,J €7, i<~yJ

1€y, J &Y

X"

) 7U]Z)}]

i€y

> HU)+

i€y

,\
IN®

Dividing by n, Theorem 1 is proved.
In the proof, the marked steps are explained as follows:

(a) follows from fact 1).
(b) follows from the independence of X" and U} : k # i.
(c) follows from the inequality

I(X]5UNUs; - # i3, {Up - k #4}) < H(Uy).

(d) follows from the following two facts:
o H(U;l[{Uu 1 < j} AU} : k #1i}) < H({U|U)),
e and
H(Ui | X AUu 1< 51Uk #4})
= H(Ulj‘Xlnv U;)v

because of the conditional independence of U;; and

{Uy : 1<}, {U} : k # i,k # j} given X[

(e) in this step, we use fact 2) and the following inequality,
I(Usj; XPMUD) + I(Uyy; X2UY)
< n(Ry; +min{Ry;, R}, R}}).
This inequality is proved below:

(Ui XPU}) + I(Uiy; X2|UY )
H(U|U;) + H(U|UY)
—H(U;| X!, U;) — H(U| X}, U7 )
H(U5|U;) + 1(Usy; X} X7, UGUY )
H(Uij) + 1(Usj; X35 X7, U;|UZJ)

IN
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Similarly, we can prove
I(Ui; X7'U;) + 1(Uigs X|U7 )
< H(Uy) + (Ui X7, UL XP|US).

We have,

[ ]
LUy X35 X7, U UF) < I(XT5 X7, U0
= I(X}5UJIX7, UY) = H(U}) < nR},
e similarly, we have
I(Uij; X7 U XPUT) < nRyj,

and ‘ ‘ }
(Ui X}, UL XP'|UT) < nRY.

These inequalities imply the desired result.

V. CONCLUSION

In this paper, we proved the capacity region for a simple
class of multi-source multi-sink networks called degree-2 K-
pairs three-layer networks. we proposed a new approach to the
multi-source multi-sink network capacity problem by intro-
ducing a cut-based network decomposition built on the three-
layer networks and a role-based information characterization
by analyzing the roles of side information.

For simplicity, we restricted to degree-2 cross coding.
However, the extension to the case of degree-3 could be an
important step toward a more general characterization.

Although the network model considered in this paper is
very preliminary and the method used in the proof is not fully
developed, we believe that it can be a useful tool to determine
the capacity regions for more general multi-source multi-sink
networks.
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