ISIT 2006, Seattle, USA, July 9 - 14, 2006

Explicit Inner and Outer Bounds for Multi-source
Multi-sink Network Coding

Xijin Yan and Zhen Zhang
Dept. of Electrical Engineering-Systems
University of Southern California
Los Angeles, CA 90089-2565, U.S.A.
Email: xyan@usc.edu, zzhang @commscil.usc.edu

Abstract—In multi-source multi-sink network coding, mes-
sages across different sources are coded to increase the overall
throughput. The various types of coded information in the
network significantly complicate the determination of its capacity
region. In this work, we derive explicit inner and outer bounds
for acyclic multi-source multi-sink networks based on a cut-based
network decomposition technique and a role-based information
characterization technique. In particular, we derive a linear
programming inner bound for regular K-pairs acyclic three-
layer networks and a network sharing outer bound for arbitrary
acyclic multi-source multi-sink networks. The techniques used in
this paper reveal some of the basic mechanisms of multi-source
multi-sink network coding.

I. INTRODUCTION

Unlike messages that are coded within the same source
and requested at all sinks in single-source multicast networks,
messages in multi-source multi-sink networks are coded across
different sources and requested at possibly different sinks.
The various types of information flows from cross coding
significantly complicate the decoding at the sinks. For this
reason, the max-flow min-cut bound, which characterizes
the capacity region for single-source multicast networks [3]
can not be simply extended to the multi-source multi-sink
networks. In fact, it only gives a loose outer bound in general
[4], [2]. Therefore, it is an interesting problem to characterize
these information flows and find the underlying inner and outer
bounds.

In this paper, we derive a linear programming inner bound
for regular K -pairs acyclic three-layer networks and a network
sharing outer bound for general K -pairs acyclic multi-source
multi-sink networks based on a cut-based network decompo-
sition technique and a role-based information characterization
technique proposed in [1] and [2]. We further prove that the
network sharing outer bound can be extended to arbitrary
acyclic multi-source multi-sink networks via a sink decom-
position technique.

II. NETWORK MODEL
A. Some Notations

Let G = (V, &) denote an acyclic directed graph, where V
is the set of nodes and £ is the set of directed edges. A pair
(7,4) € £ is an edge directed from node 7 to node j. Let

Aj={ieV,(i,j) ey, Bi={ieV. (1) €&}, (D)
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and assume that Asj = ¢ for any source node s; and By, =
¢ for any sink node t;. We define a path p(ig,i;) in G to
be a sequence of distinct ordered nodes (g, %1, ...,7;), where
(1j—1,15) € £,1 < j < 1. For acyclic networks, a path consists
of distinct nodes. For an acyclic directed graph, define ¢ < j
if there exists a path from ¢ to j. The relation < is a partial
order.

B. A Model of Acyclic Multi-source Multi-sink Networks

Definition 1: A multi-source multi-sink network with a set
of transmission requirements D is specified by the following
elements:

1) S, the set of source nodes {s1,---,s|s|}:

2) 7, the set of sink nodes {t1,--- ,t7(};

3) C=(Cjj:(3,)) € E), the set of capacity constraints;

4) D= {D;:t; € T}, where D; € 2%\ ¢, the reconstruction
requirements of the sink nodes.

Definition 2: A K-pairs multi-source multi-sink network is
a multi-source multi-sink network with |S| = |7| = K and

We assume the sources X; = { X5 }72 , generated at source
nodes s;,j = 1,---,|S| are independent, where X,k =
1,2,... are independently and identically distributed copies
of a generic random variable X; with alphabet X ; < oo.

We define a cut U in G = (V, £) to be a subset Y C V. For
a cut U we define

Eu={G,5)e&:iel,jeV\U}. 2)

Suppose that a cut satisfies the condition that S, = {s; € S :
icatCUand Tg={t; €7 :i€ [} CV\U, then we say
U € Uq g, where U, g represents the set of all I that separate
the source subset S, and the sink subset 7 g. Define the cut
set of U € Uy g as

&ule, B) ={(i,j) € E(a, B) i €U and j U}, (3)
where &(a, 5) = {(i,j) € £ : 3 k € « such that s, < 1,
31 € [ such that j < ¢}, )
and the capacity of i/ € U, g as

C[,{(Oé,ﬁ) =

>

(i,5)€€u(a,B)

Cij. )



C. Admissible Rate Region and Capacity Region for Multi-
source Multi-sink Networks

Let G = (V, &) be a multi-source multi-sink network with
a set of transmission requirements D, we define

dii HXJ X

J€D;

I] %] — {01}

J€D;

as the Hamming distortion measure for ¢; € 7, i.e., for any x
and X’ in (HjE’Di X;) x (HjE’Di X;),
0, ifx=x
dixx)=4" "%
1, ifx#x

Let X' = (Xj1,...,Xj,). We consider an (n, (nj, (4,]) €
&), (A, 1 € T)) block code of block length n consisting of
1) for each (7,j) € £, an encoding function

Fy: ] xrx ] {01...mi—1}
i1 €S (i i)EE i ES:(i! i) EE
2) for each [ € 7, a decoding function
G : H [ H {0,1,...,mn — 1}
res:(I',1)eE res:(i e
- IT x% (7)
keD,

3) for each [ € 7, an average distortion

Ay =n""EY di((Xjk,j € Di), (X, j € D)), (8)
k=1

where (X;L, j € Dy) are the outputs of the decoder G
when the inputs are X7',j = 1,---,[S| and E is the
expectation over the source input distribution.
A rate vector R = (R;;, (¢,7) € £) is admissible if for every
€ > 0, there exists for sufficiently large n an (n, (1;5, (4, ) €
€),(A;,1 € T)) code such that

nillognij < R;;V(i,j)eEand A <eVIeT.

The capacity region H is defined as the region of all entropy
vectors H= (H(X}) : sp € S) for which the capacity vector
C is admissible.

D. The Cut-based Network Decomposition and The Role-
based Information Characterization Techniques

1) The Cut-based Network Decomposition. A three-layer
network, as defined in [1], is a special network whose coding
channels represent a cut in a general multi-source multi-sink
network. Therefore, any arbitrary acyclic multi-source multi-
sink network can be decomposed into a set of three-layer
networks when cuts are taken to provide constraints on the
total amount of information in transmission. An example of a
three-layer network is shown in Fig. 1, where channels (7,:’)
are the coding channels representing a cut and channels (.S}, )
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Fig. 1. An example of a three-layer network, where channels (z,3’) are the
only (coding) channels with capacity constraints.

and (i’, Tj,) are direct channels representing paths from S; to 4
and paths from ¢’ to T}, respectively in a general multi-source
multi-sink network.

2) The Role-based Information Characterization. As de-
scribed earlier, the various types of cross coded information in
a multi-source multi-sink network increase coding complexity.
However, it is not hard to differentiate them by the roles they
play in coding. Let G = (V, £) be a given multi-source multi-
sink network. For any (i,j) € &, define S;; = {k : s €
S,s, < i} and Ty = {l : 4, € T,j < t;}, we have the
following definitions:

Definition 3: For any (i,5) € &, (i,7) is said to be a main
channel and its output is called main information if S;; = T ;5;
(i,7) is said to be a side information channel and its output is
called side information if S;; N7 ;; = ¢; (i, ) is said to be an
irregular channel and its output is called irregular information
if Sij n Tij 7é (ZS and SYJ 7é T”

Definition 4: A regular three-layer network is a three-layer
network whose coding channels consist of only main channels
and side information channels. It is essentially a three-layer
network with arbitrary degree of cross coding [2].

III. MAIN RESULTS

A. A Linear Programming Inner Bound for Regular Acyclic
K-pairs Three-layer Networks via Matrix Tiling

In a regular K -pairs acyclic three-layer networks, there are
only two types of coding channels, i.e., the main channels
and the side information channels. Index the channels (7, j) by
(Sij,7T ;) and the capacity C;; by ng If two channels have
the same indexing, then they are viewed as a single channel
with capacity being the sum of the two capacities. Therefore,
by enumerating all possible ways of assigning side information
to the main channels, we obtain all possible source entropy
rates of linear coding. In fact, this rate assigning problem is
equivalent to the maximum weight matrix tiling problem and
can be readily solved through a linear programming approach.
This is seen through the following observations:

1) Each main channel (A, \) can be regarded as a supplier
that supplies diagonal tiles with rows and columns in-
dexed by § C A\ with weights R3(J). The sum of these
weights is upper bounded by the capacity of (A, \).

2) Each side information channel («, (), # (3 can be
regarded as a supplier that supplies rectangular tiles with
rows and columns indexed by « and (3 whose weights are
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RP(5) when used for matrices 6, aNd # ¢, 315 # ¢. The
sum of these weights is upper bounded by the capacity
of (a, ).
Therefore, the problem is to find an optimal tiling solution
that obtains the maximum sum weight of the tiled matrices
subject to the constraints of the supplies of the tiles.
Theorem 1: For any regular K-pairs acyclic three-layer
networks, let Z = {1,2,..., K} be the index set of both S
and 7, for any nonempty set v C Z, we have

D H(X:) > M(v) ©)
i€y
where
M) =max > > GRS (10
ACZ:ANy#p §CTANy
Subject to:
ST RO SCAVACT ANy #£6, (D)

SCANY

RP(0) < CPNaCT,fCT,anf=¢, (12)

>

S Crye ANSFED,
6Cy: Zam5¢¢

>

) (z,y)€ ACZT:
(@B (axpytisxs)

AD6S

13)
B. A Network Sharing Outer Bound for Arbitrary K-pairs
Acyclic Multi-source Multi-sink Networks

Suppose that v C {1,2,..., K},v # ¢ and <, is a linear
order in 7. Assuming v = {iy < - -+ <y 4|/}, We define

io £ min{Bn 7}, (14)
VB)R{i €y i<y igitis), (15)
U, 2 {U:8, CU T, CV\U}, (16)

where S, ={s; i€}, Ty={t;:i€~}, BCI,B#o.
Theorem 2: Given a K-pairs acyclic multi-source multi-
sink network G V,€) with T = {1,...,K}, if the
transmission problem is resolvable, then for any nonempty
subset v C Z, any order <, in <y and any cut i € U,

> H(xy) < > Cij.

key . TijNy#,
4,7)EEY:
) ] (.]) u Sijﬂw(_'y(??j) .
For a K-pairs transmission network, this new bound is an
improvement over the max-flow min-cut bound, i.e.,

an

> Cy< X Gy
o T, #9, - L Tij v # ¢,
(Z’])Egu:sijﬁ]’yz"/(ﬂj) (4,5)€Eu: S'i,]jmﬂ’#(b

This result can be seen as follows. Given a set of nodes
U, let ~ denote the set of messages whose source lies in
U and whose sink lies outside /. If the elements of
are numbered 1,2, ..., |v|, the network sharing bound states

REG) = 37 RA6), Y0 C . (w,y) € (6x0).
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that the combined transmission rate of the messages in vy is
bounded above by the combined capacity of the set consisting
of all edges from U to V \ U which lie on a path from the
source of a message in + to the sink of the same message or a
lower-ordered message in y. However, in this formulation of
the bound, if we relax the constraint on “the same message or
a lower-ordered message” to “any other message”, we obtain
the max-flow min-cut bound.

C. An Extended Network Sharing Outer Bound for Arbitrary
Acyclic Multi-source Multi-sink Networks via Sink Decompo-
sition

In a general multi-source multi-sink network, each sink
can request messages from multiple sources. However, this
problem can be easily solved by sink decomposition, i.e., we
decompose each sink ¢; into |D;| copies, each of them has
a single source reconstruction demand and has the same set
of connections with other nodes as ¢;. For example, by sink
decomposition, the network in Fig. 1 can be transformed into
the network in Fig. 2. Thus, any general multi-source multi-
sink network with arbitrary sink demands can be viewed as
a multi-source multi-sink network with non-multicast trans-
mission requirements in which each sink decodes only one
source.

Fig. 2. A sink decomposition for the three-layer network shown in Fig.1.

By enumerating all possible |S|-tuples in 77 X T2 X ... X
T\|s) where 7T; is the set of sink nodes at which the ith
source is to be decoded, we get [[;cry |sy17 ;| K-pairs
transmission subnetworks. Therefore, the intersection of our
new outer bounds on the capacity regions with respect to these
subnetworks gives an outer bound for the capacity region of
the general multi-source multi-sink network.

For any multi-source multi-sink non-multicast network G,
Y (j1.J2,---J|s|)» ji € T; with non-multicast transmission
requirements discussed above, we define G, j,, . 5 as a K-
pairs multi-source multi-sink subnetwork of G by considering
only the sinks with the given indices. Let Hj, j,,.. 5,5 be the
new outer bound on the entropy rates of the sources derived
from this subnetwork. The following is a direct consequence
of Theorem 2.

Corollary 1: Given a multi-source multi-sink network G =
(V,€) with arbitrary transmission requirements D, if the
source transmission problem is resolvable, then

HC N

(J1:325-591s)) €T, Ti

(18)

Hjl».jZ’---1j|S|'
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IV. PROOF OF MAIN RESULTS
A. Proof of Theorem 1:

Let a square matrix with rows and columns indexed by §
be denoted as matrix J.

1) Main channel capacity constraint (13): By observation 1)
in III.A., each diagonal tile supplied by the main channel
(A, A), AN~ = ¢ can be used to tile a matrix 6 € AN+,
thus contributing a weight R} () to the total weight of
matrix §. However, the total weight of such contributions
from (A, \) are constrained by the capacity Cﬁ.

2) Side information channel capacity constraint (14): By
observation 2) in II.A., each tile supplied by the side
information channel («, ) can be used to tile a matrix
6 C ~ as long as their intersection is nonempty, i.e.,
and # ¢, and SN # ¢. However, the total weight of
such tiles from (v, (3) is constrained by the capacity C2.

3) Matrix weight constraint (15): By 1), the weight of matrix
6 C v equals the total weight of diagonal tiles from the
main channels (A, \),d C A. In order for matrix J to be
tiled, the total weight of rectangular tiles used on any
off-diagonal element (x,y) € (0 x ) should be no less
than its weight.

4) Matrix sum weight function (12): The total entropy rate
from the sources can be measured by the sum weight of
all the tiled matrices. A tiled matrix § C = of unit weight
gives a source entropy rate |0]. |

B. Proof of Theorem 2:

Suppose a capacity vector C = (C;, (i,7) € £) is admis-
sible for the given network, then for every € > 0, there exists
for sufficient large n an (n, (1;5, (1,4) € £), (A, 1 € T)) code
such that

n~tlogn;; < Ci;,V (i,5) € Eand Ay < e, V1€ T.
Lemma 1: Define inductively,
Uij = F;({X7 i € S,(i,i) € £},
{Uii:d" ¢ 8,(i',1) € €}) (19)

as the information flow on edge (i,j) € £. Then we have

D

H(Ui;) <logni; < nCyj, (20)
2)
H(Uzj‘{XZ} 2! € Sa (Zlal) € 5}7
{Ui/i:i/¢8,(i/,i)65}):0, 21)

3) by Fano’s inequality, 3 6 depending on € such that § — 0
as e — 0 and for any [ € 7T,

nT H(XP{Us - (i,1) € E}) <6, (22)
4) furthermore,

H(Uy|{ X3 -1 € Si;}) =0, (23)
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5) for any [ € 7 and for any cut U € U7,
n H(X]{Uis - (i,5) € Eut) < 0. (24)
Proof: 1) follows from the definition of the (n, (1;;, (¢,7) €
&), (Al € T)) code. 2) and 3) are consequences of the
definitions of the encoders and decoders. And 4) and 5) can
be easily derived from 2) and 3) by induction. o
Let v = {i1 <y 42 <y --- =y i|5}. Consider any cut
U € U,,. For convenience of notation, we define a set

A={Ui;: (i,j) € Eu, Tij Ny # ¢, Si; Ny L v(Ti5)},

and another set A = {X}' : k ¢ v}.
Thus we have

(4,5)€A k¢~
> Y H(Uy)+) H(X)
(i,5)eA k¢~
= H(AA)
= H(A(X] ke SY) — HUXE k€ 7}IAA)
(a
> HU{XP ke SY) —nlyls
= Y H(XP)+ Y H(XP) —nlyl6.
key kg~
Therefore,

dnTIH(XE) < Y Cyj+ e,
key (i,9)€A
Let ¢ — 0 and n — oo, then § — 0 and we complete the
proof, where the key step (a) is proved as follows.
From the chain rule of entropy functions

7]

H{X} keq}AA) =) HX]X], ... X!
=1

-1

A, A).

(25)
Thus we only need to show that

H(XP|X] ooy X

11,17A’A)
< H(XZ‘XZ,7X271,{U” : (Z7j) S 51,{,
i€ Tij, Sij Ny Lv(Tij) ), A)

H(XXP o, X2 AUy : (i, 5) € Eu

Q10" i1—1"

®

=i € Ty,
Sij Ny ¢ {i1,...,it_1}} t=1,--- ,l)

H(X[{Uij : (3,7) € Eusi; = ir, 01 € Ty,
Sij ﬂ’y Q {Z.17...,7;t,1}} t= 1,~ . ,l,
Ui (4,5) € Eusit,; =i, i € Tij,

Sij ﬂ’y g {Z'17...,7;t,1}} t= 1,~ . ,l)

H(X[{Uij : (4,7) € Eusiz; = is, i1 € Tij}
=1, 0)

H(X}|Us

< nd.

iT;

=

: (Z,]) S gu,il c T”)
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The noted steps are explained as follows:

(b) iy € Ty; implies that i7;; < 4.
(c) by fact 2), it follows that

H(Us; : (i,5) € Eu, Sij Ny
C {in,ois 1 X, XD

-1

A) =0,

H(Y|X) < H(Y|g(X)), for any function g.

(d) similar to (b).
Therefore, Theorem 2 is proved. |

An intuitive sketch of the above argument is that given
all the messages in the complement of + (i.e., A) and given
the data transmitted on edges in A, one may decode all the
messages in v as follows: first one may decode message 1
(in the given order) because every path from any source to the
sink of message 1 either originates in A or crosses A; next one
may decode message 2 because every path from any source to
the sink of message 2 either originates in A U {s;} or crosses
A, and message 1 has already been decoded. Continuing in
this way, one may decode all messages in «y in the order <,
determined by their numbering.

V. AN EXAMPLE

Consider the regular 3-pairs three-layer network in Fig. 3.
The max-flow min-cut bound is

H(X,) <3,Vie{1,2,3),
H(X;)+ H(X;) <7,Vi,j € {1,2,3},1 # J,
H(X1) + H(X2) + H(X3) < 10.

By Theorem 1, it is not difficult to find that the linear
programming inner bound is

H(X;) > 3,Vi e {1,2,3},
H(X;)+ H(X;) >5,Vi,j € {1,2,3},i # ],
H(X1)+ H(X2)+ H(X3) > 7.

An optimal tiling solution for v = Z is given in Fig. 4.

Fig. 3. A regular 3-pairs three-layer network, where Cg'? = 1 for all
ij

channels (S;j,7 ;).
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Fig. 4.  An optimal tiling solution for the network in Fig. 3., where the
diagonal tile {1,2, 3} was used to tile a degraded matrix {3},7 € {1, 2, 3}.

By Theorem 2, the network sharing outer bound is
H(X;) <3,Vie{l,2,3},
H(Xy)+ H(X2)+H(X3) <7

For example, the outer bound for v = 7 can be achieved with
the order v = {1 < 2 < 3}, that is

H(X1) + H(X3) + H(X3)
< OP 4 CB4 0B 410+ CL+CE+C3 =T1.

Therefore, the inner and outer bounds are tight in this
example.

VI. CONCLUSION

In this paper, we proved a linear programming inner bound
for regular K -pairs acyclic three-layer networks and a network
sharing bound for general acyclic multi-source multi-sink
networks. The techniques used in the proofs reveal some of the
basic mechanisms of multi-source multi-sink network coding.

Although the network sharing outer bound provides signif-
icant improvements over the classic max-flow min-cut bound,
it is shown still not tight in general [2]. However, it is still an
open question whether the proposed linear programming inner
bound is tight.

A sink decomposition technique is used in this paper
when we derived the outer bound for networks with arbitrary
transmission requirements. Since this technique gives a tight
result in the single source multicast case, it will be interesting
to know wether it still causes no losses in more general cases.
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