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ABSTRACTIn
remental sear
h algorithms, su
h as Generalized Fringe-Retrieving A* and D* Lite, reuse sear
h trees from previ-ous sear
hes to speed up the 
urrent sear
h and thus often�nd 
ost-minimal paths for series of similar sear
h problemsfaster than by solving ea
h sear
h problem from s
rat
h.However, existing in
remental sear
h algorithms have lim-itations. For example, D* Lite is slow on moving targetsear
h problems, where both the start and goal states 
an
hange over time. In this paper, we therefore introdu
eMoving Target D* Lite, an extension of D* Lite that usesthe prin
iple behind Generalized Fringe-Retrieving A* to re-peatedly 
al
ulate a 
ost-minimal path from the hunter tothe target in environments whose blo
kages 
an 
hange overtime. We demonstrate experimentally that Moving TargetD* Lite is four to �ve times faster than Generalized AdaptiveA*, whi
h so far was believed to be the fastest in
rementalsear
h algorithm for solving moving target sear
h problemsin dynami
 environments.
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1. INTRODUCTIONA moving target sear
h problem is a planning problemwhere a hunter has to 
at
h a moving target [5℄. One ap-pli
ation of this area of resear
h is 
omputer games, where
omputer 
hara
ters (= hunters) has to 
hase or 
at
h upwith other 
hara
ters (= targets), typi
ally in gridworldswhose blo
kages 
an 
hange over time [5, 13, 9℄. The movingtarget sear
h problem is solved on
e the hunter and targetare in the same state (= 
ell). The hunter has to deter-mine qui
kly how to move. The 
omputer game 
ompanyBioware, for example, re
ently imposed a limit of 1-3 mil-lise
onds on the sear
h time [1℄. There are generally two
lasses of approa
hes for solving moving target sear
h prob-lems with sear
h algorithms:� O�ine approa
hes take into a

ount all possible 
on-tingen
ies (namely, movements of the target and
hanges in the environment) to �nd the best plan forthe hunter, for example, using minimax or alpha-betasear
h [9℄. Unfortunately, o�ine approa
hes do nots
ale to large environments due to the large number of
ontingen
ies.� Online approa
hes sa
ri�
e optimality for smaller 
om-putation times by interleaving planning and move-ment, for example, by �nding the best plan for thehunter with the information 
urrently available andallowing the hunter to gather additional informationwhile moving. For example, they 
an determine a 
ost-minimal path (or a pre�x of it) from the 
urrent stateof the hunter to the 
urrent state of the target in the
urrent environment. This allows them to �nd plansfor the hunter eÆ
iently while being rea
tive to move-ments of the target and 
hanges in the environment.Examples in
lude real-time sear
h algorithms [5℄ andin
remental sear
h algorithms [13℄.Most real-time sear
h algorithms limit the lookahead ofea
h sear
h and thus �nd only a pre�x of a path from thehunter to the target before the hunter starts to move. Theiradvantage is that the hunter starts to move in 
onstant time,independent of the number of states. Their disadvantage isthat the traje
tory of the hunter 
an be highly suboptimaland that it is diÆ
ult to determine whether there exists apath from the hunter to the target, although there are re
entex
eptions [16℄. Furthermore, they do not s
ale to large en-vironments due to their memory requirements that typi
allygrow quadrati
ally in the number of states [2℄. In
rementalsear
h algorithms, on the other hand, �nd a path from the



hunter to the target before the hunter starts to move. Ifthey run suÆ
iently fast, they provide alternatives to real-time sear
h algorithms that avoid their disadvantages. Wetherefore investigate in
remental sear
h algorithms in thispaper. There are generally two 
lasses of in
remental sear
halgorithms:� In
remental sear
h algorithms of the �rst kind useinformation from previous sear
hes to update the h-values to make them more informed over time and fo-
us the (
omplete) sear
hes better. Examples in
ludeMT-Adaptive A* [8℄ and its generalization GeneralizedAdaptive A* (GAA*) [12℄, whi
h build on an idea in[4℄.� In
remental sear
h algorithms of the se
ond kindtransform the previous sear
h tree to the 
urrentsear
h tree. The 
urrent sear
h then starts with the
urrent sear
h tree instead of from s
rat
h. Exam-ples in
lude Di�erential A* [15℄, D* [11℄, D* Lite [7℄,Fringe-Retrieving A* (FRA*) [13℄ and its generaliza-tion Generalized FRA* (G-FRA*) [14℄.Most in
remental sear
h algorithms of the se
ond kindwere designed for sear
h problems with stationary startstates or in stati
 environments (whose blo
kages do not
hange over time). Thus, they are not eÆ
ient for mov-ing target sear
h problems in dynami
 environments (whoseblo
kages 
an 
hange over time) sin
e both the start andgoal states 
an 
hange over time for moving target sear
hproblems. For example, D* Lite 
an shift the map to keepthe start state stationary but then 
annot reuse mu
h of theinformation from previous sear
hes and 
an be slower thanrunning A* from s
rat
h [8℄. In this paper, we therefore in-trodu
e Moving Target D* Lite (MT-D* Lite), an extensionof D* Lite that uses the prin
iple behind G-FRA* to repeat-edly 
al
ulate a 
ost-minimal path from the hunter to thetarget in dynami
 environments. MT-D* Lite does not shiftthe map to keep the start state stationary and is four to �vetimes faster than GAA*, whi
h so far was believed to bethe fastest in
remental sear
h algorithm for solving movingtarget sear
h problems in dynami
 environments.
2. PROBLEM DEFINITIONAlthough all proposed sear
h algorithms 
an operate onarbitrary dire
ted graphs, for ease of illustration, we de-s
ribe their operation on known four-neighbor gridworldswith blo
ked and unblo
ked states. The hunter 
an movefrom its 
urrent unblo
ked state to any unblo
ked neighbor-ing state with 
ost one and to any blo
ked neighboring statewith 
ost in�nity. It always follows a 
ost-minimal pathfrom its 
urrent state to the 
urrent state of the target un-til it rea
hes the 
urrent state of the target, whi
h is oftena reasonable strategy for the hunter that 
an be 
omputedeÆ
iently. We make no assumptions about how the targetmoves.We use the following notation: S denotes the �nite setof all (blo
ked and unblo
ked) states, sstart 2 S denotes the
urrent state of the hunter and the start state of the sear
h,and sgoal 2 S denotes the 
urrent state of the target and thegoal state of the sear
h. 
(s; s0) denotes the 
ost of a 
ost-minimal path from state s 2 S to state s0 2 S. Su

(s) � Sdenotes the set of su

essors of state s 2 S, and Pred(s) � Sdenotes the set of prede
essors of state s 2 S. The 
ost of

moving from state s to its su

essors or from its prede
essorsto state s 
an be in�nity. In gridworlds, the prede
essors andsu

essors of a state are thus its (blo
ked and unblo
ked)neighbors.
3. BACKGROUNDWe now provide the ba
kground on A*, GeneralizedFringe-Retrieving A* and D* Lite that is ne
essary to un-derstand the proposed sear
h algorithms, 
losely followingthe des
riptions in [13, 14℄.
3.1 A*A* [3℄ is probably the most popular sear
h algorithmin arti�
ial intelligen
e and the basis of all sear
h algo-rithms des
ribed in this paper. A* maintains four valuesfor every state s 2 S: (1) The h-value h(s; sgoal) is a user-provided approximation of 
(s; sgoal). The h-values have tobe 
onsistent [10℄. (2) The g-value g(s) is an approxima-tion of 
(sstart; s). Initially, it is in�nity. (3) The f -valuef(s) := g(s) + h(s; sgoal) is an approximation of the smallest
ost of moving from the start state via state s to the goalstate. (4) The parent pointer par(s) 2 Pred(s) points to theparent of state s in the sear
h tree. Initially, it is NULL.The parent pointers are used to extra
t a 
ost-minimal pathfrom the start state to the goal state after the sear
h ter-minates. A* also maintains two data stru
tures: (1) TheOPEN list 
ontains all states to be 
onsidered for expansion.Initially, it 
ontains only the start state with g-value zero.(2) The CLOSED list 
ontains all states that have been ex-panded. Initially, it is empty. A
tually, none of the sear
h al-gorithms des
ribed in this paper require a CLOSED list but,for ease of des
ription, we pretend they do. A* repeatedlydeletes a state s with the smallest f -value from the OPENlist, inserts it into the CLOSED list and expands it by per-forming the following operations for ea
h state s0 2 Su

(s).If g(s) + 
(s; s0) < g(s0), then A* generates s0 by settingg(s0) := g(s) + 
(s; s0) and par(s0) := s and, if s0 is notin the OPEN list, inserting it into the OPEN list. A* ter-minates when the OPEN list is empty or when it expandsthe goal state. The former 
ondition indi
ates that no pathexists from the start state to the goal state, and the lat-ter 
ondition indi
ates that A* found a 
ost-minimal path.Therefore, one 
an solve moving target sear
h problems indynami
 environments by �nding a 
ost-minimal path withA* from the 
urrent state of the hunter to the 
urrent stateof the target whenever the environment 
hanges or the tar-get moves o� the known path.
3.2 G-FRA*Generalized Fringe-Retrieving A* (G-FRA*) [14℄ isan in
remental sear
h algorithm that generalizes Fringe-Retrieving A* (FRA*) from gridworlds to arbitrary dire
tedgraphs. We use the prin
iple behind G-FRA* in one of theproposed sear
h algorithms. G-FRA* 
annot solve mov-ing target sear
h problems in dynami
 environments but itsolves moving target sear
h problems in stati
 environmentsby �nding a 
ost-minimal path with A* from the 
urrentstate of the hunter to the 
urrent state of the target when-ever the target moves o� the known path. Ea
h A* run is
alled a sear
h iteration. In ea
h sear
h iteration, G-FRA*�rst transforms the previous sear
h tree to the initial sear
htree, whi
h 
onsists of the initial OPEN and CLOSED lists.It then starts A* with the initial OPEN and CLOSED lists
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(d) After Step 4Figure 1: Tra
e of G-FRA*instead of from s
rat
h. Thus, G-FRA* inherits the proper-ties of A*, for example, it �nds 
ost-minimal paths from the
urrent state of the hunter to the 
urrent state of the target.The initial sear
h tree is the subtree of the previous sear
htree rooted at the 
urrent start state. Thus, the initial andprevious sear
h trees are di�erent if the hunter moved. Todetermine the initial OPEN and CLOSED lists, G-FRA*maintains a DELETED list, whi
h 
ontains all states thatare in the previous sear
h tree but not the initial sear
h tree.Then, the initial CLOSED list 
ontains those states that arein the previous CLOSED list but not the DELETED list,and the initial OPEN list 
ontains both (O1) those statesthat are in the previous OPEN list but not the DELETEDlist and (O2) those states that are in the DELETED list andare su

essors of states in the initial CLOSED list.Figure 1 illustrates the steps of G-FRA*. Blo
ked statesare bla
k, and unblo
ked states are white. For ease of illus-tration, we use h-values that are zero for all states. The �rstsear
h iteration of G-FRA* runs A* from the 
urrent stateC2 of the hunter, labeled S, to the 
urrent state C6 of thetarget, labeled G (see Figure 1(a)). The g-value of a stateis shown in its upper left 
orner. The arrow leaving a statepoints to its parent. The CLOSED list 
ontains B2, B3, B4,B5, B6, C2, C3, C4, C6, D4, E4 and F4, and the OPEN list
ontains D6. A state is shaded i� it is in the OPEN list. The
ost-minimal path is C2, C3, C4, B4, B5, B6 and C6. Thehunter moves along this path to C4, at whi
h point in timethe target moves o� the path to D6 (see Figure 1(b)). Sin
ethe target moved o� the path, G-FRA* �nds a 
ost-minimalpath from the 
urrent state C4 of the hunter to the 
urrentstate D6 of the target using the following steps, where theprevious start state is C2 and the previous goal state is C6.� Step 1 (Starting A* Immediately): G-FRA* per-forms the following operations in this step if it did notterminate in Step 3 (Terminating Early) in the previ-ous sear
h iteration. If the 
urrent start state is thesame as the previous start state and the 
urrent goalstate is not in the CLOSED list, G-FRA* runs A* withthe OPEN and CLOSED lists, uses the parent pointersto extra
t a 
ost-minimal path from the 
urrent startstate to the 
urrent goal state and terminates the 
ur-rent sear
h iteration. If the 
urrent start state is thesame as the previous start state and the 
urrent goalstate is in the CLOSED list, G-FRA* uses the parentpointers to extra
t a 
ost-minimal path from the 
ur-rent start state to the 
urrent goal state and terminatesthe 
urrent sear
h iteration. In our example, G-FRA*

exe
utes the next steps sin
e the 
urrent start state isdi�erent from the previous start state.� Step 2 (Deleting States): G-FRA* sets the par-ent pointer of the 
urrent start state to NULL, deter-mines the DELETED list and deletes all states in theDELETED list from the CLOSED and OPEN lists.It then sets the parent pointers of all states in theDELETED list to NULL and their g-values to in�n-ity. In our example, G-FRA* sets the parent pointerof C4 to NULL, determines the DELETED list to 
on-tain B2, B3, C2 and C3 and deletes these states fromthe OPEN and CLOSED lists. The CLOSED list now
ontains B4, B5, B6, C4, C6, D4, E4 and F4, and theOPEN list 
ontains D6. The OPEN list is still in
om-plete sin
e it 
ontains only the states satisfying (O1)so far. G-FRA* then sets the g-values of B2, B3, C2and C3 to in�nity and their parent pointers to NULL(see Figure 1(
)).� Step 3 (Terminating Early): If the 
urrent goalstate is in the CLOSED list, G-FRA* uses the par-ent pointers to extra
t a 
ost-minimal path from the
urrent start state to the 
urrent goal state and ter-minates the 
urrent sear
h iteration. In our example,G-FRA* exe
utes the next steps sin
e the 
urrent goalstate is not in the CLOSED list.� Step 4 (Inserting States): G-FRA* adds thosestates to the OPEN list that satisfy (O2), whi
h makesthe OPEN list 
omplete. G-FRA* then sets the par-ent pointers of all states s added to the OPEN listto the state s0 in the CLOSED list that minimizesg(s0)+ 
(s0; s) and sets their g-values to g(s0)+ 
(s0; s)for this state s0. In our example, G-FRA* adds B3and C3 to the OPEN list, whi
h now 
ontains B3, C3and D6. It sets the parent pointers of B3 and C3 toB4 and C4, respe
tively, and their g-values to 4 and 3,respe
tively (see Figure 1(d)).� Step 5 (Starting A*): G-FRA* runs A* with theOPEN and CLOSED lists, uses the parent pointersto extra
t a 
ost-minimal path from the 
urrent startstate to the 
urrent goal state and terminates the 
ur-rent sear
h iteration.
3.3 D* LiteD* Lite [6℄ is an in
remental sear
h algorithm that formsthe basis of the proposed sear
h algorithms. D* Lite



01 fun
tion Cal
ulateKey(s)02 return [min(g(s); rhs(s)) + h(s; sgoal) + km;min(g(s); rhs(s))℄;03 pro
edure Initialize()04 OPEN := ;;05 km := 0;06 for all s 2 S07 rhs(s) := g(s) :=1;08 par(s) := NULL;09 sstart := the 
urrent state of the hunter;10 sgoal := the 
urrent state of the target;11 rhs(sstart) := 0;12 OPEN.Insert(sstart,Cal
ulateKey(sstart));13 pro
edure UpdateState(u)14 if (g(u) 6= rhs(u) AND u 2 OPEN)15 OPEN.Update(u, Cal
ulateKey(u));16 else if (g(u) 6= rhs(u) AND u =2 OPEN)17 OPEN.Insert(u, Cal
ulateKey(u));18 else if (g(u) = rhs(u) AND u 2 OPEN)19 OPEN.Delete(u);20 pro
edure ComputeCostMinimalPath()21 while (OPEN.TopKey() < Cal
ulateKey(sgoal)OR rhs(sgoal) > g(sgoal))22 u := OPEN.Top();23 kold := OPEN.TopKey();24 knew :=Cal
ulateKey(u);25 if (kold < knew)26 OPEN.Update(u,knew);27 else if (g(u) > rhs(u))28 g(u) := rhs(u);29 OPEN.Delete(u);30 for all s 2 Su

(u)31 if (s 6= sstart AND (rhs(s) > g(u) + 
(u; s)))32 par(s) := u;33 rhs(s) := g(u) + 
(u; s);34 UpdateState(s);35 else36 g(u) :=1;37 for all s 2 Su

(u) [ fug38 if (s 6= sstart AND par(s) = u)39 rhs(s) := mins02Pred(s)(g(s0) + 
(s0; s));40 if (rhs(s) =1)41 par(s) := NULL;42 else43 par(s) := argmins02Pred(s)(g(s0) + 
(s0; s));44 UpdateState(s);45 fun
tion Main()46 Initialize();47 while (sstart 6= sgoal)48 soldstart := sstart ;49 soldgoal := sgoal;50 ComputeCostMinimalPath();51 if (rhs(sgoal) =1) /*no path exists*/52 return false;53 identify a path from sstart to sgoal using the parent pointers;54 while (target not 
aught AND target on path from sstart to sgoalAND no edge 
osts 
hanged)55 hunter follows path from sstart to sgoal;56 if hunter 
aught target57 return true;58 sstart := the 
urrent state of the hunter;59 sgoal := the 
urrent state of the target;60 km := km + h(soldgoal; sgoal);61 if (soldstart 6= sstart)62 shift the map appropriately (whi
h 
hanges sstart and sgoal);63 for all dire
ted edges (u; v) with 
hanged edge 
osts64 
old := 
(u; v);65 update the edge 
ost 
(u; v);66 if (
old > 
(u; v))67 if (v 6= sstart AND rhs(v) > g(u) + 
(u; v))68 par(v) := u;69 rhs(v) := g(u) + 
(u; v);70 UpdateState(v);71 else72 if (v 6= sstart AND par(v) = u)73 rhs(v) := mins02Pred(v)(g(s0) + 
(s0; v));74 if (rhs(v) =1)75 par(v) := NULL;76 else77 par(v) := argmins02Pred(v)(g(s0) + 
(s0; v));78 UpdateState(v);79 return true;Figure 2: D* Lite for Moving Target Sear
h

80 pro
edure Basi
Deletion()81 par(sstart) := NULL;82 rhs(soldstart) := mins02Pred(soldstart)(g(s0) + 
(s0; soldstart));83 if (rhs(soldstart) =1)84 par(soldstart) := NULL;85 else86 par(soldstart) := argmins02Pred(soldstart)(g(s0) + 
(s0; soldstart));87 UpdateState(soldstart);88 pro
edure OptimizedDeletion()89 DELETED := ;;90 par(sstart) := NULL;91 for all s 2 S in the sear
h tree but not thesubtree rooted at sstart92 par(s) := NULL;93 rhs(s) := g(s) :=1;94 if (s 2 OPEN)95 OPEN.Delete(s);96 DELETED := DELETED [ fsg;97 for all s 2 DELETED98 for all s0 2 Pred(s)99 if (rhs(s) > g(s0) + 
(s0; s))100 rhs(s) := g(s0) + 
(s0; s);101 par(s) := s0;102 if (rhs(s) <1)103 OPEN.Insert(s, Cal
ulateKey(s));Figure 3: (Basi
) MT-D* Litesolves sequen
es of sear
h problems in dynami
 environ-ments where the start state does not 
hange over time byrepeatedly transforming the previous sear
h tree to the 
ur-rent sear
h tree. Resear
hers have extended it in a straight-forward way to solve moving target sear
h problems in dy-nami
 environments by �nding a 
ost-minimal path from the
urrent state of the hunter to the 
urrent state of the targetwhenever the environment 
hanges or the target moves o�the known path. In ea
h sear
h iteration, D* Lite �rst shiftsthe map to keep the start state stationary (for example, itshifts the map one unit south if the hunter moved one unitnorth) and then updates the g-values and parent pointers ofstates as ne
essary [8℄ until it has found a 
ost-minimal pathfrom the 
urrent state of the hunter to the 
urrent state ofthe target. Figure 2 shows the pseudo
ode of su
h a versionof D* Lite.1 We explain only those parts of D* Lite that aresuÆ
ient for understanding how to extend it to Moving Tar-get D* Lite. D* Lite maintains an h-value, g-value, f -valueand parent pointer for every state s with similar meanings asused by A* but it also maintain an rhs-value. The rhs-valueis de�ned to berhs(s) = ( 
 if s = sstart (Eq. 1)mins02Pred(s)(g(s0) + 
(s0; s)) otherwise (Eq. 2)where 
 = 0. Thus, the rhs-value is basi
ally is a one-step lookahead g-value. State s is 
alled lo
ally in
onsistenti� g(s) 6= rhs(s). The f -value of state s is de�ned to bemin(g(s); rhs(s)) + h(s; sgoal). Finally, the parent pointer ofstate s is de�ned to be1The pseudo
ode uses the following fun
tions to manage theOPEN list: OPEN.Top() returns a state with the smallest pri-ority of all states in the OPEN list. OPEN.TopKey() returnsthe smallest priority of all states in the OPEN list. (If theOPEN list is empty, then OPEN.TopKey() returns [1;1℄.)OPEN.Insert(s; k) inserts state s into the OPEN list with pri-ority k. OPEN.Update(s; k) 
hanges the priority of state s in theOPEN list to k. OPEN.Delete(s) deletes state s from the OPENlist. Priorities are 
ompared lexi
ographi
ally. The minimum ofan empty set is in�nity.



par(s) = 8><>: NULL if s = sstart ORrhs(s) =1 (Eq. 3)argmins02Pred(s)(g(s0) + 
(s0; s)) otherwise (Eq. 4)whi
h is exa
tly the de�nition used by A*.2 D* Lite alsomaintains an OPEN list with a similar meaning as used byA*. ComputeCostMinimalPath() determines a 
ost-minimalpath from the start state to the goal state. Before it is 
alled,states 
an have arbitrary g-values but their rhs-values andparent pointers have to satisfy Eqs. 1-4 and the OPEN listhas to 
ontain all lo
ally in
onsistent states. The runtimeof ComputeCostMinimalPath() is typi
ally the higher themore g-values it updates.
4. CONTRIBUTIONSThe blo
kage statuses of many states typi
ally 
hangewhen D* Lite shifts the map to keep the start state sta-tionary, whi
h in turn 
hanges the g-values of many states.For example, B3 inherits the blo
kage status of A3 when D*Lite shifts the map one unit south. Then, D* Lite updatesthe g-values of many states, whi
h makes it often slowerthan running A* from s
rat
h [8℄. We therefore introdu
eBasi
 Moving Target D* Lite (Basi
 MT-D* Lite) and Mov-ing Target D* Lite (MT-D* Lite), two extensions of D* Litethat solve moving target sear
h problems in dynami
 envi-ronments without having to shift the map. We �rst des
ribeBasi
 MT-D* Lite and then MT-D* Lite, an optimization ofBasi
 MT-D* Lite that uses the prin
iple behind G-FRA*to speed it up.
4.1 Basic MT-D* LiteBasi
 MT-D* Lite is an in
remental sear
h algorithm thatspeeds up the version of D* Lite that shifts the map by
hanging it slightly to avoid having to shift the map. Basi
MT-D* Lite solves moving target sear
h problems in dy-nami
 environments by �nding a 
ost-minimal path withComputeCostMinimalPath() from the 
urrent state of thehunter to the 
urrent state of the target whenever the en-vironment 
hanges or the target moves o� the known path.Figure 3 shows the ne
essary 
hanges to the pseudo
odefrom Figure 2. Basi
 MT-D* Lite 
alls Basi
Deletion() onLine 62 instead of shifting the map. At this point in time,the hunter has moved from the previous start state soldstart tothe 
urrent start state sstart. Before ComputeCostMinimal-Path() is 
alled again, the rhs-values and parent pointers ofall states have to satisfy Eqs. 1-4 and the OPEN list hasto 
ontain all lo
ally in
onsistent states. Fortunately, therhs-values and parent pointers of all states already satisfythese invariants, with the possible ex
eption of the previousand 
urrent start states. Basi
 MT-D* Lite therefore 
al
u-lates the rhs-value of the previous start state (a

ording toEq. 2 sin
e it is no longer the 
urrent start state), its par-ent pointer (a

ording to Eqs. 3-4) and its membership inthe OPEN list on Lines 82-87. The 
orre
tness proofs of D*Lite 
ontinue to hold if 
 is an arbitrary �nite value in Eq.1. instead of zero. Thus, the rhs-value of the 
urrent start2D* Lite typi
ally de�nes the parent pointers of both the startstate and states with rhs-values that are in�nity di�erently be-
ause they are not really needed. We set them to NULL in prepa-ration for Moving Target D* Lite that requires them to have thisvalue.

state 
an be an arbitrary �nite value, in
luding its 
urrentrhs-value sin
e its 
urrent rhs-value is �nite.3 Basi
 MT-D*Lite therefore does not 
al
ulate the rhs-value of the 
urrentstart state and its membership in the OPEN list and onlysets its parent pointer to NULL (a

ording to Eq. 3) on Line81.Figure 4 illustrates the steps of Basi
 MT-D* Lite us-ing the setup from Figure 1. The �rst sear
h iteration ofBasi
 MT-D* Lite runs ComputeCostMinimalPath() fromthe 
urrent state C2 of the hunter to the 
urrent state C6of the target (see Figure 4(a)). The rhs-value of a stateis shown in its upper right 
orner. The 
ost-minimal pathis C2, C3, C4, B4, B5, B6 and C6. The hunter then movesalong the path to C4, the target moves o� the path to D6 andC5 be
omes unblo
ked, whi
h 
hanges the 
osts 
(C4,C5),
(C5,C4), 
(C5,C6), 
(C6,C5), 
(C5,B5) and 
(B5,C5) fromin�nity to one (see Figure 1(b)). Sin
e the target moved o�the path and the environment 
hanged, MT-D* Lite �nds a
ost-minimal path from the 
urrent state C4 of the hunter tothe 
urrent state D6 of the target using the following steps.Basi
 MT-D* Lite sets the parent pointer of the 
urrent startstate C4 to NULL, updates the rhs-value and parent pointerof the previous start state C2 to 2 and C3, respe
tively, andinserts C2 into the OPEN list (see Figure 1(
)). It then pro-
esses the edges with 
hanged edge 
osts, like D* Lite, andruns ComputeCostMinimalPath(), whi
h expands C2, B2,C3, B3, C3, C5, B3, C2 and C6 (see Figures 4(d-l)). The
ost-minimal path is C4, C5, C6 and D6.Basi
 MT-D* Lite 
an be optimized. When it runs Com-puteCostMinimalPath(), the g-values of all states in the sub-tree of the previous sear
h tree rooted at the 
urrent startstate are based on the g-value of the 
urrent start state andthus 
orre
t. The g-values of all other states in the previ-ous sear
h tree 
ould be in
orre
t, in whi
h 
ase they aretoo small. Basi
 MT-D* Lite updates the g-values of thesestates by expanding them. When it expands one of them forthe �rst time, it sets its g-value to in�nity. When it expandsthe state a se
ond time, it sets its g-value to the 
orre
tvalue. In our example, the g-values of B2, B3, C3 and C4
ould be in
orre
t. Basi
 MT-D* Lite expands all of themto set their g-values to in�nity and then expands all of themagain (ex
ept for B2) to set their g-values to the 
orre
tvalue. Ea
h state expansion is slow sin
e Basi
 MT-D* Liteiterates over all su

essors of the expanded state to updatetheir rhs-values (a

ording to Eqs. 1-2), parent pointers (a
-
ording to Eqs. 3-4) and memberships in the OPEN list onLines 30-34 or 37-44. Basi
 MT-D* Lite also iterates over allprede
essors of ea
h su

essor. Thus, ea
h state expansion
an require n2 operations on n-neighbor gridworlds. Fur-thermore, ea
h state expansion manipulates the OPEN list,whi
h, if it is implemented as a binary heap, requires theexe
ution of heap operations to keep it sorted ea
h time Ba-si
 MT-D* Lite expands a state sin
e it needs to determinethe next state to expand, whi
h is a state with the small-est f -value in the OPEN list. We therefore optimize Basi
MT-D* Lite in the following.
4.2 MT-D* Lite3The rhs-value of the 
urrent start state is �nite be
ause it ison the 
ost-minimal path from the previous start state to theprevious goal state. The rhs-values of all states on this path areno larger than the rhs-value of the previous goal state, whi
h is�nite due to Line 51.
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e of (Basi
) MT-D* LiteMT-D* Lite is an in
remental sear
h algorithm that is anoptimized version of Basi
 MT-D* Lite. MT-D* Lite oper-ates in the same way as Basi
 MT-D* Lite ex
ept that it re-pla
es Basi
Deletion() with a more sophisti
ated pro
edure.Figure 3 shows the ne
essary 
hanges to the pseudo
odefrom Figure 2. Basi
 MT-D* Lite 
alls OptimizedDeletion()on Line 62 instead of shifting the map. Basi
 MT-D* Litelazily expands the states in the previous sear
h tree that arenot in the subtree rooted at the 
urrent start state one at atime to set their g-values to in�nity when needed. Wheneverit sets the g-value of a state to in�nity, it needs to update therhs-values, parent pointers and memberships in the OPENlist for all su

essors of the state. MT-D* Lite, on the otherhand, eagerly uses a spe
ialized pro
edure that operates intwo phases. MT-D* Lite maintains a DELETED list, whi
h
ontains all states in the previous sear
h tree that are notin the subtree rooted at the 
urrent start state, whi
h is ex-a
tly the de�nition that G-FRA* uses. First, MT-D* Litesets the parent pointer of the 
urrent start state to NULLon Line 90. Then, Phase 1 on Lines 91-96 eagerly sets theg-values of all states in the DELETED list to in�nity inone pass. Finally, Phase 2 on Lines 97-103 updates the rhs-values, parent pointers and memberships in the OPEN listof all potentially a�e
ted states in one pass, whi
h are thestates in the DELETED list. Their rhs-values, parent point-

ers and memberships in the OPEN list 
an be updated inone pass sin
e they depend only on the g-values of their pre-de
essors, whi
h do not 
hange in Phase 2. If the g-values ofall prede
essors are in�nity, whi
h is likely the 
ase for manyof these states due to Phase 1, their rhs-values have to beupdated to in�nity, their parent pointers have to be updatedto NULL and they have to be deleted from the OPEN listsin
e they are not lo
ally in
onsistent. Phase 1 therefore setsthe rhs-values of all states in the DELETED list to in�nity,their parent pointers to NULL and removes them from theOPEN list. Phase 2 then only updates the rhs-values (a
-
ording to Eqs. 1-2) and parent pointers (a

ording to Eqs.3-4) of the few ex
eptions and inserts them into the OPENlist if they are lo
ally in
onsistent. Overall, Phase 1 is thussimilar to Step 2 (Deleting States) of G-FRA*, and Phase 2is similar to Step 4 (Inserting States) of G-FRA*. The run-times of both phases are small. Phases 1 and 2 iterate overall states in the DELETED list. Phase 2 also iterates overall prede
essors of the states in the DELETED list. Thus,ea
h state in the DELETED list 
an require n operations onn-neighbor gridworlds. Both phases manipulate the OPENlist, whi
h, if it is implemented as a binary heap, requiresthe exe
ution of heap operations to keep it sorted only on
e,namely at the end of Phase 2, sin
e it 
an remain unsorteduntil then.



sear
hes moves expanded deleted runtimeper per states states pertest 
ase test 
ase per sear
h per sear
h sear
hA* 379 689 14156 (32.5) 5618Di�erential A* 379 689 14156 (32.5) 7557GAA* 379 689 12440 (30.0) 4531FRA* 381 689 451 (11.1) 349 (13.1) 395G-FRA* 382 689 514 (8.3) 435 (18.1) 405Basi
 MT-D* Lite 383 689 1147 (9.4) 1401MT-D* Lite 383 688 679 (8.4) 688 (25.5) 809Table 1: Stati
 EnvironmentsFigure 4 illustrates the steps of MT-D* Lite using thesetup from Figure 1. The only di�eren
e from the steps ofBasi
 MT-D* Lite is that MT-D* Lite does not perform thestate expansions from Figures 4(
-g). Instead, Optimized-Deletion() updates the rhs-values, parent pointers and mem-berships in the OPEN list of all states in the DELETED list,whi
h 
ontains B2, B3, C2 and C3 (see Figure 4(g)). Theremaining state expansions are the same as the ones of Basi
MT-D* Lite (see Figures 4(h-l)).
5. EXPERIMENTAL RESULTSWe now 
ompare Basi
 Moving Target D* Lite (Basi
 MT-D* Lite) and Moving Target D* Lite (MT-D* Lite) againstA*, Di�erential A*, Generalized Adaptive A* (GAA*),Fringe-Retrieving A* (FRA*) and Generalized FRA* (G-FRA*) for solving moving target sear
h problems. For fair-ness, we use 
omparable implementations. For example, allsear
h algorithms implement the OPEN list as binary heapand �nd a 
ost-minimal path from the 
urrent state of thehunter to the 
urrent state of the target whenever the envi-ronment 
hanges or the target moves o� the known path.We perform our experiments in four-neighbor gridworldsof size 1000� 1000 with 25 per
ent randomly blo
ked statesand randomly 
hosen start and goal states. We average ourexperimental results over the same 1000 test 
ases for ea
hsear
h algorithm. The hunter always knows the blo
kage sta-tuses of all states. The target always follows a 
ost-minimalpath from its 
urrent state to a randomly sele
ted unblo
kedstate and repeats the pro
ess whenever it rea
hes that stateor 
annot move due to its path being blo
ked. The targetskips every tenth move to ensure that the hunter 
at
hes it.We perform the experiments in two di�erent environments.In stati
 environments, the blo
kage statuses of states doesnot 
hange. In dynami
 environments, we randomly blo
kk unblo
ked states and unblo
k k blo
ked states after everymove of the hunter in a way that ensures that there alwaysexists a path from the 
urrent state of the hunter to the
urrent state of the target. We vary k from 1 to 1000. Weuse the Manhattan distan
es as 
onsistent h-values.We report two measures for the diÆ
ulty of the mov-ing target sear
h problems, namely the average number ofsear
hes and the average number of moves of the hunter un-til it 
at
hes the target. These values vary slightly amongthe sear
h algorithms due to their di�erent ways of break-ing ties among several 
ost-minimal paths. We report twomeasures for the eÆ
ien
y of the sear
h algorithms, namelythe average number of expanded states per sear
h and theaverage runtime per sear
h in mi
rose
onds on a PentiumD 3.0 Ghz PC with 2 GByte of RAM. We also report theaverage number of deleted states (from the sear
h tree) persear
h for FRA*, G-FRA* and MT-D* Lite. Finally, we re-port the standard deviation of the mean for the number ofexpanded and deleted states per sear
h (in parentheses) todemonstrate the statisti
al signi�
an
e of our results.

sear
hes moves expanded deleted runtimeper per states states pertest 
ase test 
ase per sear
h per sear
h sear
hA* 691 691 14489 (24.1) 6043Di�erential A* 691 691 14489 (24.1) 8385GAA* 691 691 11246 (20.3) 4432Basi
 MT-D* Lite 690 690 913 (5.2) 917MT-D* Lite 690 690 535 (4.5) 550 (18.4) 570k = 1A* 697 697 14297 (23.6) 6006Di�erential A* 697 697 14297 (23.6) 8270GAA* 697 697 11104 (19.9) 4401Basi
 MT-D* Lite 697 697 920 (5.2) 920MT-D* Lite 696 696 552 (4.4) 548 (18.1) 595k = 10A* 699 699 13740 (22.9) 5804Di�erential A* 699 699 13740 (22.9) 7956GAA* 700 700 10429 (18.9) 4642Basi
 MT-D* Lite 697 697 954 (5.3) 1054MT-D* Lite 697 697 652 (4.6) 499 (16.1) 794k = 100A* 707 707 12538 (21.1) 5311Di�erential A* 707 707 12538 (21.1) 7272GAA* 709 709 9859 (81.8) 6607Basi
 MT-D* Lite 695 694 1578 (6.9) 2129MT-D* Lite 693 693 1426 (6.8) 352 (11.2) 1932k = 1000Table 2: Dynami
 EnvironmentsTables 1 and 2 show our experimental results in stati
 anddynami
 environments, respe
tively. The version of D* Litethat shifts the map is not in
luded in the tables be
ause ithas been shown to be an order of magnitude slower than A*and is thus not 
ompetitive [13℄. D* is not in
luded in thetables be
ause it has been shown to be about as eÆ
ient asD* Lite [7℄. FRA* and G-FRA* are not in
luded in Table 2be
ause they 
annot solve moving target sear
h problems indynami
 environments. We make the following observations:� In dynami
 environments, A* and Di�erential A* haveruntimes that are independent of k be
ause they 
on-stru
t their sear
h trees from s
rat
h and thus expandabout the same number of states per sear
h indepen-dent of k.� In dynami
 environments, GAA* has a runtime thatin
reases with k be
ause it uses a 
onsisten
y pro
e-dure to update the h-values of those states whose h-values be
ome in
onsistent due to states be
oming un-blo
ked and the number of su
h states in
reases withk [12℄.� In dynami
 environments, Basi
 MT-D* Lite and D*Lite have runtimes that in
rease with k be
ause theyupdate more g-values as k in
reases and hen
e expandmore states per sear
h.� In both stati
 and dynami
 environments, A* has asmaller runtime than Di�erential A* be
ause Di�eren-tial A* 
onstru
ts its 
urrent sear
h tree from s
rat
hand thus expands the same number of states per sear
has A* but also deletes all states from the previoussear
h tree.� In both stati
 and dynami
 environments, GAA* hasa smaller runtime than A* be
ause GAA* updates theh-values to make them more informed over time andhen
e expands fewer states per sear
h.



� In stati
 environments, G-FRA* has a smaller runtimethan A* be
ause G-FRA* does not expand the statesin the subtree of the previous sear
h tree rooted at the
urrent start state. A*, on the other hand, expandssome of these states.� In both stati
 and dynami
 environments, Basi
 MT-D* Lite and MT-D* Lite have smaller runtimes thanGAA* be
ause GAA* 
onstru
ts its 
urrent sear
h treefrom s
rat
h. Basi
 MT-D* Lite and D* Lite, on theother hand, reuse the previous sear
h tree and hen
eexpand fewer states per sear
h.� In both stati
 and dynami
 environments, MT-D* Litehas a smaller runtime than Basi
 MT-D* Lite be
auseBasi
 MT-D* Lite expands the states in the previoussear
h tree that are not in the subtree rooted at the
urrent start state to set their g-values to in�nity. MT-D* Lite, on the other hand, uses OptimizedDeletion()instead, whi
h runs faster and results in only a slightlylarger number of deleted and expanded states.� In stati
 environments, FRA* and G-FRA* havesmaller runtimes than Basi
 MT-D* Lite and MT-D*Lite be
ause of two reasons: (1) FRA* and G-FRA*have a smaller runtime per state expansion than Ba-si
 MT-D* Lite and MT-D* Lite. For example, theapproximate overhead per state expansion (
al
ulatedby dividing the runtime per sear
h by the numberof expanded states per sear
h) is 0.77 and 0.71 mi-
rose
onds for FRA* and G-FRA*, respe
tively, whilethe approximate overhead per state expansion is 1.07and 1.13 mi
rose
onds for Basi
 MT-D* Lite and MT-D* Lite, respe
tively. (2) FRA* and G-FRA* expandfewer states than Basi
 MT-D* Lite and MT-D* Litein the following 
ase: If the target moves to a statein the subtree of the previous sear
h tree that rootedat the 
urrent start state, FRA* and G-FRA* termi-nate without expanding states due to Step 3 (Termi-nating Early). Basi
 MT-D* Lite and MT-D* Lite, onthe other hand, expand all lo
ally in
onsistent stateswhose f -values are smaller than the f -value of the goalstate.� In stati
 environments, FRA* has a smaller runtimethan G-FRA* be
ause G-FRA* reuses only the subtreeof the previous sear
h tree rooted at the 
urrent startstate. FRA*, on the other hand, uses an optimizationstep for gridworlds, des
ribed in [13℄, that allows it toreuse more of the previous sear
h tree. Thus, FRA*deletes and expands fewer states per sear
h.Overall, FRA* has the smallest runtime in stati
 envi-ronments, and MT-D* Lite has the smallest runtime in dy-nami
 environments, where it is four to �ve times faster thanGAA*.
6. CONCLUSIONSExisting in
remental sear
h algorithms are slow on mov-ing target sear
h problems in dynami
 environments. Inthis paper, we therefore introdu
ed MT-D* Lite, an exten-sion of D* Lite that uses the prin
iple behind GeneralizedFringe-Retrieving A* to solve moving target sear
h prob-lems in dynami
 environments fast. We demonstrated ex-perimentally that MT-D* Lite is four to �ve times faster

than Generalized Adaptive A*, whi
h so far was believed tobe the fastest in
remental sear
h algorithm for solving mov-ing target sear
h problems in dynami
 environments. It isfuture work to investigate how to speed up the 
omputationof more sophisti
ated strategies for the hunter [17℄.
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