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Abstract— Estimation at a fusion center in a wireless sensor
network is examined. The problem at hand is to perform power
allocation subject to a total network power constraint while
minimizing the mean-squared error of the estimate. In particular,
amplify-and-forward and estimate-and-forward protocols are
considered in linear and tree topologies. Analytical solutions for
these cases appear to be intractable, and thus asymptotically
optimal (for increasing measurement noise variance) solutions
are derived. The optimal limiting power policy for the leaf nodes
in branch and tree topologies is power equalization, whereas
in linear networks, the optimal solution is weighted power
equalization.

. INTRODUCTION

Wireless sensor networks (WSN) consist of small-scale
nodes that cooperatively monitor physical and environmental
conditions. In contrast to classical networks, WSNs are limited
in energy, bandwidth and computational complexity, but are
deployed in very high densities. Due to WSN applications,
there has been much research in distributed estimation and
detection. Scalar parameter estimation [1]-[5] and spatia field
estimation [6] minimize the mean-squared error, for example.

We investigate optimal power alocation given a total net-
work transmit power constraint to minimize the mean-squared
error (MSE) for a parameter estimation problem. Optimizing
the communication power is motivated by [4] which states
that significantly more power (70%) is used by a node for
transmission than for sensing and signal processing. A similar
problem (focusing on gain alocation, instead of true power
alocation) and its “dua” (power minimization to meet an
MSE criterion) were considered in [2] and [3] for the simple
star topology.

We focus on a WSN topology wherein a fusion center
receives noisy measurements from geographically distributed
sensors as in Figure 1. All sensors make measurements,
and some aso relay information to the fusion center, which
determines the optimal power allocation strategy and con-
veys it, distortion-free, to the respective nodes. Multi-hop
networks necessitate defining information passing protocols,
so we consider the amplify-and-forward (AF) and estimate-
and-forward (EF) protocols. Determining an analytical optimal
power alocation scheme for an arbitrary topology appears in-
tractable. Thus for more complex branch and linear topologies,
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Fig. 1. WSN tree topology, and subset star, branch and linear topologies.

asymptotically optimal solutions (for increasing measurement
noise variance) are derived for both AF and EF protocols. We
highlight the trade-offs between measurement noise and chan-
nel quality. The optimal power policy evolves as a function of
both these factors; for example, for low measurement noise,
sensor/branch selection is optimal, but all sensors must remain
active as the measurement noise increases.

The remainder of this paper is organized as follows. Sec-
tion 1l defines the signal models and transmission protocols
used throughout. The optimal power alocation policy and
the asymptotic analysis for the star topology are presented
in Section Ill. Section 1V develops the optimization and its
asymptotic solution for the branch topology using AF and EF
protocols. The branch topology is extended to the tree topology
in Section V, and Section VI developsthe linear topology case.
Numerical results comparing different topol ogies are presented
in Section VII and Section VIII draws conclusions.

II. SYSTEM AND NETWORK MODELS
A. System Model

The simple star topology, with sensors directly connected
to the fusion center, is shown in Figure 1. Nodes send a hoisy
measurement of the scalar parameter 6 to the fusion center,
and the received signal from the i™ node is given by

Yi = \/]?Z-hzﬂ(zi)(& +2i) +ni

where P; and h; are the transmission power allocated and
non-random channel attenuation coefficient for node 7, re-
spectively. The noise terms z; and n; represent the zero-
mean measurement and channel noise terms with unknown
PDFs and variances o2 and o2, respectively. We define the
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normalization factors
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for generic noise and power terms n; and P;, respectively.
o2 is the variance of the random scalar parameter 6 to be
estimated at the fusion center.

We further assume that the channel and measurement noises
are independent, and that the channel gains are known at the
fusion center which allocates the optimal powers. Given the
model assumptions, the optimal linear estimate that minimizes
the mean-squared error is the best linear unbiased estimate
(BLUE) [7]*. We also denoter; = |h;|* /02, to bethe effective
channel SNR for the i sensor. The optimization problem
considered here is minimizing the BLUE MSE subject to a
total network power constraint >, P; = Pr. We assume the
measurements of 6 are orthogonally transmitted from the leaf
nodes to the fusion center.

)

B. Relay Transmission Protocols

The more complex multi-hop branch, tree and linear topolo-
gies consist of both relay nodes and leaf nodes. The relay
nodes make measurements and forward the leaf node measure-
ments to the fusion center, thus the need for transmission pro-
tocols. We first define the AF scheme where the measurement
from the leaf node is simply forwarded by the relay node. The
second is the EF protocol which estimates the parameter at the
relay using the received measurement and then transmits this
new estimate. For both relay protocols, as in the star topology,
the transmitted signal from any node is aways normalized.
Thus P; represents the physical power used by the ™ node to
forward information.

Consider a simple two-hop linear network (Figure 1) with
measurements made at both the leaf and relay nodes. In the
AF case, we assume that a relay node's power is split equally
between all measurements that are forwarded through it.

Using the AF protocol, the fusion center receives two
measurements

\/7]10’}/ P1 [\/Ehlﬁ 21 (9+21) +n1} +n63)
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Py
Y2 = Ehoﬁ(zo) (0 + z0) + no2 4)
from the leaf node and relay node, respectively. There is

no estimation at the relay, and the received signal is simply
re-transmitted. The two measurements received at the fusion
center are used to compute the final BLU estimate.

However, the EF protocol involves computing an interme-
diate parameter estimate at the relay. The two measurements
received are

yi = VPihB(z1) (0 + 21) +m ©)
Y2 = 042 ©)

11f the measurement and channel noises are Gaussian, the BLU estimate is
equivalent to the optimal MMSE estimate.

and the BLU estimate computed at the relay Or = 0+ wp is
transmitted to the fusion center which receives

y = \/PohoB(wo)8r + no

and uses it to compute the final estimate.

The above models can be generalized for more complex,
multi-hop networks. The communication power allocated to a
relay node is divided equally between all measurements that
must be transmitted through it. A key difference between the
AF and EF protocols is that in the former, it is the noise in
each link which is propagated through the system, while in
the latter, it is the estimation error from each relay.

)

I1l. THE STAR TOPOLOGY

A. Deriving the Optimal Solution

Recall the signal model for the star topology from Equation
(2). The MSE corresponding to the BLU estimate formed at
the fusion center is given by
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To minimize the MSE of the parameter estimate obtained at
the fusion center subject to a total network power constraint,
the following optimization problem is considered:

N
min MSEgar - Subject to ;PZ- = Pr

9)

whereP = (P4, ..., Py) are powers allocated to the N nodes.

We use Lagrange multiplier theory to solve the optimization
problem since the MSE is a convex function in P (as done
independently in [3] for gain optimization). The Lagrange
multiplier v is associated with the total network power equality
constraint; both the objective function and the power constraint
are convex, and the Karush-Kuhn-Tucker conditions are valid
[8].

The number of active sensors N’ < N isthe greatest integer
that satisfies the following inequality
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and the optimal power allocated to each sensor is
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where (z)* = 0 when 2 < 0, and is otherwise equal to z.
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Fig. 2. Optimal power allocation for N = 2, 3 star topology.

B. Analysis and Asymptotic Results

First consider the case when o2 = 0 Vi; we have noiseless
measurements. In this case, the equwalent objective function

iso} <Z ri P;
the pov(iér1 to the sensor(s) with the highest (common) SNR,
yielding a sensor selection solution?.

Since only “perfect” measurements of the same scalar
parameter are transmitted by all sensors, al the power is
alocated to the sensor(s) with the best channel SNR. The
optimal solution described in (11) is a type of waterfilling
solution [8] for low measurement noise variance. With o2 =
0 Vi, an example of extreme waterfilling, al power |sallocated
to the sensor with the maximum SNR. As the measurement
noise variance increases, waterfilling is not optimal.

Now let the measurement noise variance of al sensors
be equal, 02, = o2 Vi, and consider o2 — oc; i.e, all
measurements get noisier. Figure 2 shows the evolution of
the optimal powers as a function of o2.

As measurement noise variance increases, other sensors in
addition to that with the best SNR become active. For large o 2,
all sensors are active, and the optimal limiting power alocation
is given by

, and the optimal solution is alocating al

—1

N
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The form of the optimal I|m|t|ng solution P~ is termed
power equalization®. Since P is proportional to r; 7 (for
some v > 0), the sensor W|th the highest SNR is allocated
the smallest fraction of the total power.

2|f more than one sensor has the same maximum SNR, any arbitrary power
alocation amongst that subset of sensors is optimal.

3The optimal limiting power allocation policy P* is termed power equal-
ization and is defined as allocating the greatest fraction of the total power to
the node with the weakest channel SNR.

IV. THE BRANCH TOPOLOGY
A. Deriving the MSE Expressions

The branch topology, a generalization of the star topology,
consists of NV leaf nodes connected to the fusion center via
a single relay node as in Figure 1. Measurements are taken
at al nodes and transmitted to the fusion center using either
the AF or EF protocol. The time resources used to form the
estimate at the fusion center in the branch topology are the
same for both AF and EF protocols.

For the AF case, the fusion center receives N + 1 measure-
ments given by

Py

Yo = N+1hoﬁ(zo)(9+zo)+no (13)
o= o (P)[VERB() (1)

(9+27)+n1} +ng, t=1,....,N

from the relay node and the N leaf nodes, respectively. As
before, we assume equal powers are used to forward each of
the N 4+ 1 measurements from the relay to the fusion center.
The fusion center forms the optimal BLU estimate which has
the corresponding MSE in Equation (15).

In the case of EF, the relay node receives N + 1 measure-
ments given by

Yo — 9—|—ZO (17)
Y = \/thﬁ(zq)(e—l—zq)—l-nz , 1=1 -;N-(18)

The relay makes the BLU estimate 6g and transmits this single
measurement to the fusion center which receives

y = /PohoB(ng) (0 +ng) + no

and computes the final estimate §Fc with an estimation error
given by

(19)

1
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The minimization of the MSE expressions in (15) and (20)
under a total network power constraint can only be solved
numerically, so we now derive an upper bound which is
asymptotically optimal for increasing measurement noise vari-
ance.

B. Asymptotic Analysis of the Branch Topology

Recall the arithmetic mean — harmonic mean (AM-HM)
inequality [9] which can be expressed as

1 1 1\ !
m(:c1+...+a:N) > $—1+...+E . (22
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For the simple case with equal measurement noise variances
for al nodes, applying (22) to the MSE expression in (15)
yields* the upper bound in Equation (16).

Substituting Equation (2) for 32(P;) into (16) and re-writing
the upper bound yields

1
t; P;

N
MSEbranch.aF = 5 + (23)
i=1

for some constants S and {¢;}Y . This illustrates the depen-
dence of MSEpranch aF On the leaf node powers {P;} Y ;.
As an aside, we can show that the optimization problem

N
subjectto  » x;=Xr  (24)

i=1

N
minimize Z
o i

is optimized by 27 = %XT. Applying this result

to the AF upper bound (Zﬁ), we obtain

—1
N
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(T o= (S 0)

(25)
which minimizes Equation (16); the optimal power alocated to
the relay node can be computed as the result of a one-variable
numerical optimization.

Similarly, the corresponding upper bound for the branch
EF case can be computed, and is minimized by Equation
(25) with ¢t; = r;, and whose relay node optimal power is
also computed numerically. In both the AF and EF cases, the
optimal limiting power allocated to the leaf nodes corresponds
to power equalization.

This limiting power scheme is intuitive. Since the relay
node is used by all leaf nodes to forward measurements to the
fusion center, FS is not a function of any one of the individual
leaf node SNRs. On the other hand, the optimal limiting leaf
node powers are alocated using power equalization; the leaf
nodes resemble a star topology with respect to the relay node.
Sensors with weaker channel SNRs are allocated a greater
fraction of the remaining power P — E*).

V. THE TREE TOPOLOGY

The single branch topol ogy can be replicated to form a‘ one-
layer’ tree topology. Assume K relaying nodes connected to
the fusion center, each with NV, leaf nodes attached to the k-th

4The MSE upper bound is denoted by MSE, and thus MSE < MSE.

relay node. The MSE for the tree topology is

K 1 -1
ree At (; MSEEranch,AF/EF) ( )
which suggests that the MSE for the tree can be minimized
by independently minimizing the estimation errors for each
individual branch. The asymptotically optimal power policy
for the AF/EF branch case can be used to obtain the limiting
power solution for the one-layer tree topology.

We find that the optimal powers assigned to the branches of
atree are simply scaled versions of the single branch optimal
powers. In particular, power equalization is used to allocate
leaf node powers to ensure that all measurements are useful
at the fusion center.

V1. POWER ALLOCATION IN LINEAR TOPOLOGIES
The linear topology is shown in Figure 1. For both AF and
EF protocols, measurements are made at all nodes.
A. Problem Formulation for the AF Protocol

We have assumed that each relay node equally divides its
allocated power amongst the measurements forwarded through
that relay. Thusthe N signals received at the fusion center are

given by
Yy = \/%h15(21)(9+21)+n1 (27)
P P
YN = \/%}L17<N—:>("'7(PN)<\/§}1N

xB(zN) (9+ZN)+nN)---)+n1 (28)

and these are used to compute the BLUE. The optimization
problem in this case can only be solved numerically as power
variables are non-separable.

B. Problem Formulation and Solution for the EF Protocol

Using EF, each relay combines two measurements (its own
and the one received) to compute 6. Finally the fusion center
computes the BLUE with the MSE given recursively as:

1 2
|V|SEIinear,EF = WQ(El) + 0z, (29)
1 1 -
where o2 = <—2 +— T ) (30)
T O—Z’Hl + rit1Pit182(Zit1)

fori=1,....N—1,andoZ =02 .
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Fig. 3. Different topologies imposed on the same set of nodes.

Even in the linear EF case, {P, }1Y, is difficult to charac-
terize due to non-separable variables. Thus we further assume
that total power Pr is high®. For increasing Pr, the upper
bound on the MSE expression can be written as

N
1
lim lim MSEincarer =

)
02—o0 Pri = cirib;

(31)

where ¢; = N/(N —i+1). The asymptotically optimal power
allocation strategy (for increasing Pr) is given by

—1
i , (32
e — \/cirk>

which is a weighted power equalization solution; c¢; is a
“weighting” for the position of a sensor relative to the fusion
center. The ¢; values show that nodes closer to the fusion
center are given more weight. Furthermore, for low o 2, sensors
further away from the fusion center remain inactive.

« N 1
P = ——=Pr where o= <

VIl. NUMERICAL RESULTS

The optimal power solutions for different topologies, ob-
tained using AMPL [10], are globally optimal and unique since
the MSEs can be shown to be convex functions.

Consider different topologies imposed on the same set of
nodes in Figure 3. The EF protocol is used to compare the
linear, branch, and “mixed” topologies for increasing o 2. Note
we assume o2 is equal for al the nodes, and that the channel
SNRisr; = Cd;®, where d; is the distance between adjacent
communicating nodes, and C' is an arbitrary constant. Assume
C = 20 and path-loss exponent o = 2. We find

|vlSEIinear > MSEbranch > |V|SE“mixed"a (33)

which suggests that MSE decreases as the depth of branching
increases. Figure 4 compares the MSE for these topologies as
we vary « € [2.0,4.0]. We see that the linear topology, with
shorter hops, yields a lower M SE than the branch topology as
the distance increases. The mixed topology yields the lowest
MSE V «, so more hierarchical networks seem preferable for
the constant o2 case.

VIII. CONCLUSIONS

A power allocation problem for parameter estimation with
distributed observations under atotal network power constraint
was considered for various topologies. An analysis of the star
topology was presented which noted that the measurement

5The relative value of Pr depends on the channel SNRs {r;} Y |
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Fig. 4. MSE of different topologies for varying path-loss exponent «.

noise variance changes the nature of the optimal solution.
For 02 ~ 0, sensor selection is optimal, but as o2 increases,
the solution evolves from waterfilling to power equalization:
sensors with lower SNRs are alocated a greater fraction of
the total power.

A similar solution space is derived for the leaf nodes of
the branch topology, but only when an alternate optimization
problem is solved. An upper bound is obtained for the MSE
that is asymptotically equal to the true MSE. The single branch
topology is easily extended to the generic one-layered tree
topology, which exhibits the same limiting power allocation.
The linear topology has a limiting optimal weighted power
equalization solution.

For common values of the path-loss exponent, hierarchical
networks yield the lowest MSE for the equal measurement
noise variance case. Future work includes investigating the
suboptimality of decentralized power alocation schemes that
do not require perfect knowledge of all the channel gains at
the fusion center.

REFERENCES

[1] V. Delouille, R. Neelamani, and R. Baraniuk, “Robust Distributed Esti-
mation in Sensor Networks using the Embedded Polygons Algorithm,”
in 3rd IPSN Proceedings, Los Angeles, CA, April 2004.

[2] J-J. Xiao, S. Cui, Z.-Q. Luo, and A. Goldsmith, “Power Scheduling
of Universal Decentralized Estimation in Sensor Networks,” in IEEE
Transactions on Signal Processing, vol 54, no. 3, March 2006.

[3] S. Cui, J. Xiao, A. Goldsmith, Z.-Q. Luo, and H. V. Poor, “Estimation
Diversity and Energy Efficiency in Distributed Sensing,” submitted to
|EEE Transactions on Signal Processing, 2006.

[4] W.Li and C. Cassandras, “A Minimum-Power Wireless Sensor Network
Self-Deployment Scheme,” in WCNC Proceedings, New Orleans, LA,
March 2005.

[5] Z.-Q. Luo, “Universal decentralized estimation in a bandwidth con-
strained sensor network,” in IEEE Transactions on Information Theory,
vol 51, no. 6, pp. 2210-2219, June 2005.

[6] R. Nowak, U. Mitra, and R. Willett, “Estimating Inhomogenous Fields
using Wireless Sensor Networks® in |EEE Journal on Selected Areasin
Communications, vol. 22, pp. 999-1006, August 2004.

[7] S. M. Kay, Fundamentals of Satistical Sgnal Processing: Estimation
Theory. Englewood Cliffs, New Jersey: Prentice Hall, 1993.

[8] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge, Eng-
land: Cambridge University Press, 2004.

[9] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions

with Formulas, Graphs, and Mathematical Tables, NY: Dover, 1964.

R. Fourer, D. Gay and B. Kernighan, AMPL: A Modeling Language for

Mathematical Programming. Pacific Grove, CA: Duxbury Press, 2002.

(1]



