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Abstract—Optimal power allocation for distributed parameter
estimation in a wireless sensor network with a fusion center under
a total network power constraint is considered. For the simple
star topology, an analysis of the effect of the measurement noise
variance on the optimal power allocation policy is presented.
The optimal solution evolves from sensor selection, to water-
filling, to channel inversion as the measurement noise variance
increases; in the last solution, the sensor with the weakest channel
signal-to-noise ratio (SNR) is allocated the largest fraction of the
total power. Relaying nodes are then introduced to form the more
complex branch, tree, and linear topologies. The optimal power
allocation strategies for these complex topologies are then con-
sidered for both amplify-and-forward and estimate-and-forward
transmission protocols. Analytical solutions for these cases appear
to be intractable, and thus asymptotically optimal (for increasing
measurement noise variance) solutions are derived. The solu-
tions to this asymptotic problem offer near-optimal performance
even for modest measurement noise. The optimal limiting power
policy for the leaf nodes in branch and tree topologies is channel
inversion, whereas in linear networks, the optimal solution is a
form of weighted channel inversion. The results are extended to
a multipath channel model and to the estimation of a vector of
random parameters.

Index Terms—Multisensor systems, parameter estimation, re-
source management.

1. INTRODUCTION

IRELESS SENSOR NETWORKS (WSNs) have gar-
Wnered recent interest due to their potential for sensing
the physical world. In contrast to classical networks, WSNs
have strict limitations on resources such as energy, bandwidth,
and computational complexity, but are deployed in very high
densities. Since limited power resources represent a challenge
for the design and implementation of WSNs, consideration of
performance per a power constraint and power minimization
per a performance constraint are approaches of interest. In
this paper, we study the problem of optimal power allocation
given a total network transmit power constraint with the goal
of minimizing the mean-squared error (MSE) for a parameter
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estimation problem. Motivated by [1], which suggests that com-
munication power consumption accounts for 70% of the total
power in a sensor network, our work focuses on optimizing
the power used to communicate measurements rather than
considering resources used for sensing and signal processing.

Due to the anticipated applications of WSNs, there has
been significant activity in the areas of distributed estima-
tion and detection. For example, scalar parameter estimation
[2]-[8] and spatial field estimation [9] based on minimizing
the mean-squared error have been previously considered.
Examples of deployed sensor networks sensing scalar param-
eters, e.g., the surface temperature of a lake, and transmitting
measurements to a leader node include [10]-[12]. Maximum
likelihood estimation of a correlated Gaussian source, as in
[13], relies on explicit knowledge of the underlying statistics of
the phenomenon to be sensed.

Distributed estimation is realized in one of two ways: either
using decentralized schemes, as in [2], or in a centralized frame-
work with a fusion center or leader node, as in [14]. In the latter,
a leader node iterates over all as yet unincorporated sensors and
chooses among them in order to maximize a utility functional.
For the type of distributed estimation problem we consider, the
MSE functional captures both the utility of the nodes and the
measurement quality. Both a similar problem to what is consid-
ered here and the “dual” of that problem (power minimization to
meet an MSE criterion) were considered in [3] and [4] respec-
tively for the simple star topology.

In contrast to [13], the linear MMSE-based approaches
considered in our work only require second order statistics,
and no other knowledge of the underlying distributions, with
some subsequent potential loss of performance. We focus
on a particular instantiation of a WSN topology wherein a
fusion center receives noisy measurements! from a number of
geographically distributed sensors, as shown in Fig. 1(a)-(c)
for different topologies. All sensors make measurements, but
some also act as relay nodes that forward information to the
fusion center. We assume that the fusion center determines the
optimal power allocation strategy to minimize the estimation
error, and that this optimal strategy is conveyed, distortion-free,
to the respective nodes. Our previous work [15] extended the
parameter estimation problem to the branch and tree topolo-
gies for the case where relaying nodes do not have individual
measurements. This work further considers measurements at

10ur work focuses on an analog transmission of measurements to the fusion
center. We refer the reader to [3], [7] and [8] for the effect of quantization on
the optimization problem.
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Fig. 1. Sensor network (a) star; (b) branch; and (c) linear topologies.

all nodes, and develops strategies for optimal power allocation
for the branch, tree, and linear topologies with relaying nodes.
The main contributions of this paper are as follows.

» [t extends the work of [4], which provides the optimal so-
lution to the gain allocation problem. The power alloca-
tion strategy for the simple star topology is derived and
characterized for different ranges of the measurement noise
variance.

e The more complex multihop linear, branch, and tree
topologies are examined and appear to have intractable
analytic solutions. Therefore, asymptotically optimal so-
lutions for increasing measurement noise variance are de-
rived for both amplify-and-forward and estimate-and-for-
ward protocols. It is observed that the solutions to the
limiting problem offer near-optimal performance even for
modest measurement noise.

e The tradeoff between channel quality and measurement
quality is assessed; the optimal power policy evolves as a
function of both these factors. For example, we find that
sensor/branch selection is optimal for low measurement
noise, but all sensors should remain active as measurement
noise increases.

It must be noted that for the simple star topology, the optimal
power allocation strategy in the low measurement noise vari-
ance case resembles the waterfilling? power allocation strategy
for single-user multiple-input multiple-output (MIMO) chan-
nels [16]. On the other hand, the optimal solution for high mea-
surement noise variance has no MIMO equivalent, and the com-
plex topologies considered in this work cannot be meaningfully
correlated to the theory of multiuser communications.

The remainder of this paper is organized as follows.
Section II defines the signal models, topologies, and transmis-
sion protocols that are used throughout the paper. The optimal
power allocation policy for the star topology is presented in
Section III, along with the analysis that extends the work of [4]
and [15]. Section IV develops the power allocation problem
and asymptotic solution for the branch topology using both
amplify-and-forward and estimate-and-forward protocols. The
branch topology is extended to the tree topology in Sections V,

2The waterfilling power policy allocates more power to the sensor with the
better channel SNR.
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and VI develops the linear topology case. Numerical results
comparing the estimate-and-forward and amplify-and-forward
transmission protocols, as well as the different topologies, are
presented in Section VII. Section VIII provides conclusions
and future work. The appendices examine an argument for
time-orthogonal communication, and extensions to multipath
channels and vector parameter estimation, respectively.

II. SYSTEM AND NETWORK MODELS

A. System Model

A star topology with sensors directly connected to the fusion
center is depicted in Fig. 1(a). Each of the IV leaf nodes sends
a noisy measurement of a deterministic function3 f;( -) of the
random zero-mean scalar parameter f with variance o3 < oo to
the fusion center; the received signal from the th node is given
by

yi = VPihiB(z:)[f:(0) + 2] + n;

where P; and h; are the allocated transmission power and the
nonrandom channel attenuation coefficient for node ¢, respec-
tively. The noise terms z; and n; represent the zero-mean mea-
surement noise with variance crfq_ and the channel noise with
variance 072” , respectively, both with unknown pdfs. We define
the normalization factor*

) =1/ \[o%, +02 @)

for a generic noise term z, where 02(9) is the variance of the
deterministic function of the random scalar parameter 6 to be
estimated at the fusion center. The function f;(6) observed by
the sensors could depend on the sensor-source distance, for ex-
ample, but it is assumed not to be a function of the transmission
power. Thus any deterministic function can be incorporated into
our framework, but to simplify the notation and analysis, we
simply consider the scalar parameter measurement for the re-
mainder of our paper.

Note that the measurement noise z; is defined generally; two
main types are envisioned.

1) In one instance, measurement noise is interpreted as the
quality of the measurement taken by a particular sensor. A
sensor being closer to the source results in a lower mea-
surement noise variance, and thus the measurement noise
variances are topology-dependent.

2) In the other instance, the measurement noise variance rep-
resents the intrinsic error present due to hardware limita-
tions in each sensor. In this case, the measurement noise
variance is identical for all sensors.

We further assume that the channel and measurement noises
are independent and that the channel gains are known at the fu-
sion center via channel estimation algorithms using training se-
quences (see, for example, the work of Caire and Mitra [17]).

i=1,...,N (1)

3The function of the scalar random variable f;(#) must have finite first and
second moments, i.e., C’i-(o) < oo.

4This normalization factor is chosen to ensure that the transmitted signal from
any node has unit variance. Thus the term P; represents the physical power used
to communicate the measurement.
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Given the model assumptions, the optimal linear estimate that
minimizes the mean-squared error is the best linear unbiased es-
timate (BLUE) [18].5 We denote r; = |h;|* /o2, to be the effec-
tive channel SNR for the :th sensor. The optimization problem
considered in this paper is minimizing the BLUE MSE subject
to a total network power constraint ), P; = Pr.

Note that the signal model in (1) assumes that measurements
of the scalar parameter £ are transmitted time-orthogonally from
the leaf nodes to the fusion center. This transmission scheme
is proven to be optimal® in the case of estimating a vector of
parameters [19]. For orthogonal communication, in this scalar
parameter estimation framework, [4] proves that the MSE does
not approach zero as the number of sensors increases to infinity
for a fixed total power, although systems based on nonorthog-
onal schemes can drive the MSE to zero. On the other hand, as
the measurement noise variance increases, the MSE for the or-
thogonal scheme is lower than for the other extreme (the parallel
transmission case), as shown in Appendix I. Thus, the orthog-
onal transmission scheme offers a good trade-off between per-
formance, practical implementation, and tractability.

The more complex branch, tree, and linear topologies are
considered in Sections IV—VI. Unlike the star topology, these
topologies consist of both relay nodes and leaf nodes. The relay
nodes make measurements, and also forward the leaf node mea-
surements to the fusion center, thus necessitating the need for
transmission protocols.

B. Relay Transmission Protocols

For the multihop topologies, we first define the am-
plify-and-forward (AF) scheme wherein the measurement
from the leaf node is simply scaled and forwarded by the relay
node. The second scheme is the estimate-and-forward (EF)
protocol which estimates the parameter at the relay using the
received measurement, and then transmits this new estimate
onwards. For both relay protocols, the transmitted signal from
any node is always normalized; thus P; actually represents the
physical power used to forward a measurement or estimate.
Furthermore, in these topologies, time-orthogonal transmission
is assumed within each level, e.g., leaf nodes to relay nodes
and relay nodes to the fusion center in any generic two-hop
topology.

For example, consider a simple two-hop linear network as
shown in Fig. 1(c) with measurements made at both the leaf and

SIf the measurement and channel noises are Gaussian, the BLU estimate is
equivalent to the optimal MMSE estimate.

The optimality of the transmission scheme in [19] is with respect to the sum
distortion.
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relay nodes. In the AF case, we assume that the power allocated
to a relay node is divided equally between all the measurements
that are forwarded through that relay.” Using this protocol, the
fusion center receives two measurements

=\ hor (PO P ()0 + 22) 4 ma] + o

P,
Y2 =1/ 70h0ﬂ(20)(9 + 20) + no2

from the leaf node and relay node, respectively. We define an-
other normalization function

1/\/PZ‘}L1-2 -I—J%l_

for any power term P;, and (3(z;) is as defined in (2). Note that
there is no estimation at the relay node because this node simply
uses its allocated power, Py, to retransmit the signal, instead
of processing it. The two measurements received at the fusion
center are used to compute the BLU estimate with the corre-
sponding estimation error given by

3)
“

v(F%;)

(&)

1

MSEar = 5

2
T roPo5%(20)
“1

1

+ Q)

e (U )
o5t r1P13?(21) b roPoy?(P1)
where ro and r; are the effective channel SNRs of the fusion
center to relay node link and relay to leaf node link, respectively.

On the other hand, the estimate-and-forward protocol in-
volves obtaining an estimate for the parameter at the relay. The
two measurements received at the relay are given by

y1 = VPihiB(z1)(0 + 21) + na @)
Yo =0+ 2o ®

and the BLU estimate computed at the relay, denoted gR, is
shown in (9) at the bottom of the page.

7An unequal division of relay node power is analogous to a different “branch”
(see Section IV) with the same channel gain; thus assuming equal powers for
all measurements transmitted from a relay node allows for a fair comparison
between topologies.
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This single measurement 6 + wy is transmitted from the relay
to the fusion center, which receives

Y= Pohoﬂ(’wo)aﬁt + no.

The received measurement y is used to compute the final es-
timate at the fusion center, denoted Opc, as

(10)

Opc =0 — 11
FC + wo + Poh2B2(wo) (11
with the corresponding MSE derived as
-1
1 1 1
MSE= ————+ | =5 +
ro o 3%(wo) o2, 2 4 1
R TonbfA(a))
o2
wo
(12)

Although the signal models and MSE expressions are derived
for the simple two-hop network, the two protocols remain the
same for multihop networks. The communication power allo-
cated to a relaying node is divided equally between all the mea-
surements that must be transmitted through that node. A key dif-
ference between the AF and EF protocols is the fact that in the
former, the noise in each link is propagated through the system,
whereas in the latter, the estimation error from each relay is
transmitted through the network.

III. THE STAR TOPOLOGY

A. Optimal Power Allocation and Sensor Selection

Recall the signal model for the star topology from (1). The
MSE corresponding to the BLU estimate formed at the fusion
center is given by

-1
N
13)

To minimize the MSE of the parameter estimate obtained at
the fusion center subject to a total network power constraint, the
following optimization problem is considered:

N
min MSEy,  subject to Z;P,L- = Pr
and — P, <0,:=1,...,N (14)
where P = (Py, Pa,..., Py) are the powers allocated to the

N nodes. We use Lagrange multiplier theory to solve the op-
timization problem since the MSE is a convex function in P
(as done independently in [4] for gain optimization). Define v
and A = (A1, Mg, ..., Aw) as the Lagrange multipliers associ-
ated with the equality total network power constraint and the in-
equality constraints, respectively. The solutions derived for the
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star topology, as well as for the branch, tree, and linear topolo-
gies in the later sections, are globally optimal and unique since
the MSE functionals for all the topologies are convex. We can
prove convexity using the positive-definiteness of the Hessian
matrix, and the results of [20] as follows.
1) If f(z) is positive and convex (concave), then 1/ f(z) is
concave (convex).
2) Weighted nonnegative sums of concave (convex) functions
are necessarily concave (convex).
Given that both the objective function and the power con-
straint are convex, the Karush-Kuhn-Tucker conditions are valid
[20]. The optimal solution is derived as

02 + 02 ;
e 1) ifAr=0
P* == ’ria.z'l l/* (09 + 0-31)
7 T
0 ifA\f=v*— ——"—.
1 i 14 o'g n 0_31

5)
This solution suggests that some sensors should remain inac-
tive in order to minimize the estimation MSE. Once the number
of active sensors has been determined, (15) gives the optimal
power allocated to each of the active sensors.
The number of active sensors N’ < N is the greatest integer
that satisfies the inequality

Zi

(16)

and the optimal power allocated to each of the sensors is com-
puted as

+
* Ug +J§v T3 .
Pr = s . —1| ,vi a7
Tioz, v (00 + qu‘)

where (z)" equals 0 when = < 0, and is otherwise equal to .

B. Analysis and Asymptotic Results

We first consider the case where afi = 0 Vi—we have noise-
less measurements. In this case, the optimization problem is
stated as

]\T
minimize 03 (E riPi)

i=1

subject to Zl’q-, = Pr

i=1

(18)

and the optimal solution would be to allocate all the power to
the sensor(s) with the highest (common) SNR, yielding a sensor
selection solution.8

Prop: Given M sensors with the same maximum SNR,
Tmax = T1 = --- = rp,and N — M sensors with lower SNRs,
Tmax > TM+1 > --- > TN, the power strategy that optimizes
(18) is arbitrary allocation of the total power Py amongst these
M sensors.

8For multiple sensors with the same maximum SNR, any arbitrary power al-
location amongst those sensors is optimal.
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Proof: Consider two distinct power allocation schemes

7PN)

where P* arbitrarily allocates power only to the subset of M
sensors with the maximum SNR. The scheme P 5 also requires
P; > 0fore = M +1,..., N, which results in power being
allocated to weaker SNR sensors. The MSE for the power allo-
cation strategies can be computed as

MSE(P*) = %
B TmaxPT
and MSE(Pg) = %
B TmaxPT — AP

where AP = (’I”maX—T]u+1)P]\,[+1 +---+ (rmax_rK)PN >0
since P; > 0 for i > M. This implies MSE(P*) < MSE(P ),
and concludes the proof. ]

Since only “perfect” measurements of the same scalar param-
eter are transmitted by all the sensors, this optimal strategy is
intuitive because all the power is allocated to the sensor(s) with
the best channel SNR to ensure that the measurement is received
with minimum distortion (due to channel noise) at the fusion
center. We observe that the optimal solution described in (17) is
a type of waterfilling solution [20] for low measurement noise
variance. The Ugi = 0 V7 case is an example of extreme water-
filling wherein the sensor with the maximum SNR is allocated
all the power. As the measurement noise variance increases, wa-
terfilling is not optimal. The optimal power allocation policy
evolves to channel inversion.”

To facilitate analysis and the development of intuition, let
the measurement noise variance of all the sensors be equal,
02 = o2 Vi. Now consider the case of 62 — o0, i.e., all the
available measurements get noisier. Note that for o2 = 0, only
the sensor with the best SNR is active; as the measurement noise
variance increases, other sensors become active. A method to
analytically compute the threshold o2 | at which each of the
sensors becomes active is enumerated below. Without loss of
generality, assume r; > r9 > --- > 1 so that the Nth sensor
becomes active when the measurement noise variance is cr(ZN).

N—-1

1) Rewrite MSE = f(Py,..., Py)using Py =1 - Y _ P,

as MSE = g(P1, ..., Pxy_1). =

2) Compute the quantity (0g/0F;) fori = 1,2,...,N — 1,

and solve the N — 1 equations

99
— =0,2=1,2,..., N -1
8Pi y ¢ )
to obtain the optimal allocation { P;", P3,..., Py _;}.

3) Find the threshold a(zN) that satisfies the equation P +
Py+---+ Py, =1
The optimal allocated powers for the N = 2, 3 sensor cases
as a function of equal measurement noise variance are shown in
Fig. 2, represented by the bold and regular lines, respectively.

9The optimal limiting power allocation policy P~ is termed channel inver-
sion (or power equalization in [21]), which is defined as allocating the greatest
fraction of the total power to the node with the weakest channel SNR.

2653

1.2 T T T T
=— Pwithr;=11,N=2 —— Pywithr,=11,N=3
] = = =P,withr,=0.6,N=2 - — = Pwithr,=06,N=3 |
Pywithr;=0.1,N=3
_ 08f g
[
2
o
a
» 06
o
wv
o
A
| 1
0.4 '
1
]
02r1
1
1
1
0 ‘ ! ! ‘
0 5 10 15 20 25

Measurement noise variance o}

Fig.2. Optimal power allocation for increasing o2 for N' = 2, 3 star topology.

‘We see that for of = (), all the power is allocated to the sensor
with the maximum SNR (r; = 11), as predicted by Proposition
1. As the measurement noise variance increases, the remaining
sensors are activated in order of descending channel SNRs. In
the N = 3 sensor case, when the sensor with the weakest SNR
is inactive, the optimal power allocation { Py, Py} is the same
as that for the N = 2 sensor case. When 03 > 20, the optimal
solution has evolved to channel inversion (from waterfilling),
wherein the weakest sensor (r3 = 0.1) is allocated the greatest
fraction of the total power. The threshold 0(23) at which the third
sensor becomes active can be computed using the algorithm de-
scribed above. Since the fusion center has perfect channel state
information, it can perform these computations in the N sensor
case to determine which sensors should be activated as the mea-
surement noise variance increases.

Notice that for large 03, all the sensors are active; we denote
. C . . —* N .
the optimal limiting power allocation as { P; },;L,. For all active
sensors, (17) can be simplified to

1/\/ri g4 +o?
Pr=—'Y _  Pr+ <T

i N/
Z]:ll/m z
1/ 11
- . =2 | 19
21:1 1/\/E =i T

Now we can explicitly compute the limiting optimal power for
the nodes in the star topology as

N
Pr=tm Pr= Pt Y |-
02—00 \/ﬁ = T T
N ~1
.1
where o = ;—\/ﬁ (20

The form of the optimal limiting solution P" is termed
channel inversion. Since the optimal power F; is proportional
tor; 7 (for some v > 0), the sensor with the highest SNR is
allocated the smallest fraction of the total power.
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Fig. 3. Percentage of active sensors versus increasing o2 for different R.

The evolution of the optimal power allocation scheme from
sensor selection and waterfilling to channel inversion is similar
(in the extreme cases) to the mercury/waterfilling solution de-
rived in [21], where mutual information in parallel channels is
maximized. The asymptotic behavior is with respect to the total
available power in [21], and measurement noise variance in our
work. Note that the optimal power allocation strategy is unaf-
fected by the total power available in the case of high measure-
ment noise variance. In the case of low measurement noise vari-
ance, increasing the total available power Pr results in channel
inversion being asymptotically optimal, as is suggested by (19)
wherein the first term dominates.

C. Numerical Results

From (16), we see that the number of active sensors depends
on the distribution of the channel SNRs and the measurement
noise variances. These simulations use K = 500 sensors and
channel SNRs r; ~ UJ0,25] dB. The channel SNRs are ran-
domly generated, but once selected, they are fixed and known at
the fusion center. Let R be any positive random variable, and as

in [3], define
V/var(R)

normalized deviation of R, R= E(R) 21

which is used as a measure of heterogeneity of R. For r ~
Ula,b], we have 7 = (b—a)/[v/3(b+ a)]. The number of active
sensors is computed using (16) for the equal measurement noise
variance case, and the results are averaged over 100 realizations
of the channel gains.

The effect that increasing the measurement noise variance
has on the percentage of active sensors is shown in Fig. 3 for
three values of 2. As expected from the discussion in the pre-
vious subsection, a larger measurement noise variance requires
a higher percentage of active sensors. Since only “imperfect”
measurements are available, a greater number of observations
are needed to average out the effects of the measurement noise.
Also notice for a fixed o2, that as Ri increases, the percentage
of active sensors decreases. A higher R value corresponds to a
greater diversity in channel SNRs, so the optimal power allo-
cation strategy selects sensors with better SNRs, resulting in a
smaller number of active sensors.
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IV. THE BRANCH TOPOLOGY
A. Deriving the MSE Expressions

We now focus on a generalization of the star topology, i.e.,
the branch topology. The generic branch topology consists of
N leaf nodes connected to the fusion center via a single relay
node, as shown in Fig. 1(b). Measurements are taken at all nodes
and transmitted to the fusion center using either the AF or EF
protocol. As stated earlier, the time resources utilized to form
the estimate at the fusion center in the branch topology are the
same for both AF and EF protocols.10

For the amplify-and-forward case, the fusion center receives
N + 1 measurements, which are given by

Yo = \/N+1hoﬁ(20)(9+20)+n0

Py
Nl PV PihiB(2:)(0 + z:) + ni] + nos
(23)

forv = 1,..., N, from the relay node and the N leaf nodes,
respectlvely As before, we assume that equal powers are used
to forward each of the IV + 1 measurements from the relay node
to the fusion center. The fusion center forms the optimal BLU
estimate, for which we derive the corresponding MSE as

(22)

yi = hoy(

1
MSEpranch,AF = - N1
O-Z
° " roPo3?(20)
—1
N

(24)

1
+ Z 1 <1 LRS! )
P;3%(z;) o Poy?(P;)

In the case of estimate-and-forward, the relay node receives
N + 1 measurements, given by

1/0=9+70

= V/P:hif(z

The relay estimates fr and transmits this single measurement
to the fusion center, which receives

(25)

YO+ zi)+n;, i=1,...,N. (26)

y =/ PohoB(ng) (8 + ng) + no 27)

and computes the final estimate frc with an estimation error
given by

1
MSEpranch £F = ——————— + 02 28
branch EF = L ) + o5, (28)
where
-1
N
1 1
2 _
Tnw = | 5z T > 1

EN i=1 g2 I
z
Lo PB%(z)
10Since we have assumed that sensors communicate time-orthogonally within
each level, both protocols require N + 1 transmission slots in order to send

N measurements from the leaf nodes to the relay node, and then to the fusion
center.
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The minimization of the MSE expressions in (24) and (28)
under a total network power constraint cannot be solved ana-
lytically. Since only numerical solutions are available, we next
derive an upper bound which is asymptotically optimal for in-
creasing measurement noise variance.

B. Asymptotic Analysis of the Branch Topology

Recall the arithmetic mean—harmonic mean (AM-HM) in-
equality [22], which can be expressed as

1 1\
Ty + - +xN)Z<—+--+—> L))

N2( I . N

For the simplified case with equal measurement noise vari-
ances for all nodes, applying (29) to the MSE expression in (24)
yields!!

MSEbranch,AF
o . [ N+1
o N + 1 (N + 1)2 Topgﬂz(ZO)

N+1
* Z mPﬂ ) <1 + rOPom(Pi))

i=1
Substituting (5) for 8%(P;) into (30) and rewriting the upper
bound yields

(30)

N
1\/-[SEbranch,AF =5+ (31)
where
N +1)02. -1
= (N +1)%r;,8%z) (1 N+ Do,
(32)
and
o2 1
= +
N+1 (N+1)
N+1 N +1
33
r0Po5%(20) T0P0 LZ B2 (2 1 @3

to illustrate the dependence of MSEpanch,aF on the leaf node
powers { P; }I¥ | . As an aside, consider the optimization problem

N

1
minimize E
a;x

: ilg
1=1

N
subject to Z z, =z (34)

=1

which is optimized by zf = 1/y/a;v* where v* =
(Zf;l 1//z;)? is the optimal value of the Lagrange multiplier
associated with the power constraint. Applying this result to
the AF upper bound, we obtain

—1
—% ¢
P- =

N
Vii =V

11We denote the upper bound for the MSE as MSE, and thus it is always the
case that MSE < MSE.

(PT - FS) with o = (35)
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Fig. 4. Optimal and asymptotically optimal powers for the branch topology.

which minimizes (30), and where ¢; is given in (36). Thus, the
optimal power allocated to the relay node can be computed as
the result of a one-variable numerical optimization. Similarly,
the corresponding upper bound for the branch EF case is given
by

MSE _ 9 (1 !
branch,EF — TOPO TOPO (N T 1)2

which has the optimal limiting powers for the leaf nodes given
by (35) with t; = r;, and whose relay node optimal power can
also be computed numerically. In both the AF and EF cases, the
optimal limiting power allocated to the leaf nodes corresponds
to channel inversion.

This optimal limiting power allocation scheme is intuitive.
Since the relay node is utilized by all the leaf nodes to forward
measurements to the fusion center, P0 is not a function of any
one of the individual leaf node SNRs. On the other hand, the
optimal limiting leaf node powers are allocated using channel
inversion since the leaf nodes resemble a star topology with re-
spect to the relay node. Sensors with weaker SNRs are allocated
a greater fraction of the remaining power Pr — ﬁé.

The upper bound for the branch topology, as well as for the
tree and linear topologies, is tight for modest values of o2, as
shown in Fig. 4. The bold lines represent the optimal powers al-
located to the relay Py, and the three leaf nodes { Py, P>, Ps},
and the regular dotted lines represent their respective asymp-
totically optimal powers. The optimal powers allocated to the
nodes are nearly equal to those computed using the upper bound
for 02 > 1.5, but the upper bound is clearly ineffective when
03 ~ 0 and sensor selection is optimal. Thus, these bounds are
useful analytic solutions in the case of moderate to high mea-
surement noise, and a viable alternative to purely numerical so-
lutions for many practical scenarios.
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V. THE TREE TOPOLOGY

A. Algorithm for Optimal Power Allocation

The single branch topology can be arbitrarily replicated to
form a generic “one-layer” tree topology. Assume that there are
K relaying nodes connected to the fusion center, and that each
relaying node has N}, leaf nodes attached to the kth relay node.
The MSE for the tree topology can be computed as

K -1

MSEiree Ar/er = —
kzzl MSEbranch,AF/ EF

1
(37)

which suggests that the MSE for the entire tree can be min-
imized by independently minimizing the estimation error for
each of the individual branches, each of which operates under its
own sum power constraint. The asymptotically optimal power
policy for the AF/EF branch case can directly be used to ob-
tain the optimal limiting power allocation for the one-layer tree
topology. In particular, an algorithm for the asymptotically op-
timal power allocation is outlined as follows.
1) Assign dummy total powers to each of the branches
Pr;,i=1,...,K

2) Each branch is optimized by the optimal limiting power
allocations described in the previous section, but using a
sum power constraint of Pr ;.

3) The resulting MSEye can now be optimized over the set
of total powers for each branch {Pr;} X ,.

Analytic solutions for the tree topology are unavailable be-
cause step (3) requires a numerical optimization. This algo-
rithm highlights the fact that the optimal powers assigned to the
branches of a tree are simply scaled versions of the single branch
optimal powers. In particular, channel inversion is used to opti-
mally allocate leaf node powers to ensure that all measurements
are useful at the fusion center.

B. Numerical Results

Consider a symmetric tree topology with K = 3, N, = 2Vk,
wherein the MSE of the parameter estimate at the fusion center
is minimized for a source placed at different locations on the
dashed line, shown in Fig. 5 for the x-coordinate € [—15,15].
Note that “target tracking” is not considered here. Rather, the
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Fig. 6. MSE error and variance in o2 for target with C' = 0.5.

transmission power is optimized to reduce the estimation error
at the fusion center at each source location on the trajectory.!2
Since the distances between the leaf and relay nodes and the
relay nodes and the fusion center are the same, the channel SNR
r is assumed to be constant for all links. The measurement noise
variance at the leaf and relay nodes is modeled as a function of
the distance between that node and a point on the trajectory, i.e.,

ol = Cd* (38)
where C is arbitrarily chosen to vary the dependence of the mea-
surement noise on the distance parameter. Thus, the measure-
ment noise varies with changing target location. The error in the
upper bound of the MSE for the tree topology (the upper plot)
and the corresponding average measurement noise variance (the
lower plot) are shown in Fig. 6 for » = 10 dB, C' = 0.5. We
see in this figure that the upper bound of the MSE is tight for
moderate and large values of the measurement noise variance.
In fact, the error between the upper bound and the optimal solu-
tion increases only when o2 ~ 0. Thus, the asymptotically op-
timal solution derived for increasing o2 is tight even for modest
values of the measurement noise variance.

VI. POWER ALLOCATION IN LINEAR TOPOLOGIES

The two-hop linear topology is shown in Fig. 1(c). In the
N -hop topology, we assume for both AF and EF protocols that
measurements are made at both the leaf and NV — 1 relay nodes.

A. Problem Formulation for the AF Protocol

Since a relay node equally divides the power allocated to it
among the measurements forwarded through it, as well as its
own measurement, the NV received signals at the fusion center
are given by

P
Y1 =1/ Nlhlﬁ(h)(@ +z1)+m

12A5 seen in Fig. 5, the track is not perfectly symmetric with respect to the
fusion center, and thus, the maximum error in the upper bound (in the upper plot
of Fig. 6) does not occur at x = 0.

(39)
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_ ﬁh Py
Y2 = N 1Y N —1

(\/ %hﬁ(@)(a +22) + n2> +ny

: (40)
P P.
=3 (57 ) Gt
X (\/PAT}LNﬁ(ZAr)(H-l-ZN)+TLN)-")+TL1 41

which are used to compute the BLU estimate 5, with an estima-
tion error derived as

MSEIinear,AF =

-1

oo @

S
(]

N

P <1+ N >
T2P2[32(22) Tlpl’yz(Pg)

In this linear AF case, the optimal power allocation policy
is obtained using numerical optimization techniques. Even an
analytic solution, in the asymptotic o2 — oo limit, appears in-
tractable since the power variables are nonseparable. However,
for estimate-and-forward, we can determine closed form solu-
tions for optimizing the limiting MSE.

B. Problem Formulation and Solution for the EF Protocol

Using the EF protocol, each relay node combines two mea-
surements to compute f: the one made at that relay node and
the one received from the previous node. Finally, the fusion
center computes a BLU estimate, with the corresponding MSE
given recursively as

1 2

MSEiinear,eF = —5 57—~ + 0%
linear,EF 7”1P1ﬂ2(21> +0z1

(43)
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where
1 1 -
2
Oz, = <O'_2 + 02 T 1 ) (44)
Zi Zig1 rig1Pip182(Zit1)
fori = 1,...,N — 1, and o%N = o2, . In this case, the op-

timization problem can only be solvedjnumerically. As in the
branch topology, we develop intuition by considering the lim-
iting minimization problem wherein the optimal solution is a
weighted channel inversion type solution. Because the variables
are nonseparable, the asymptotic solution is difficult and awk-
ward to characterize for the general N sensor linear EF case.
Thus, we further consider the limit P — oo. For increasing
Pr, the upper bound on the MSE expression can be written as

N
1
lim Tim MSEpo e = 5™ 1 45
1mm lim linear,EF ; C,L?Tipi ( )

o2—o00 Prt

where ¢; = N/(N —i+1). Note that the asymptotically optimal
power allocation strategy (for increasing Pr) is given by

—1
N
e 1
pr= where « = — 46)

which is a weighted channel inversion solution, and where c;
represents the position of that particular sensor with respect to
the fusion center. Nodes closer to the fusion center are given
“more weight,” as is indicated by 1/ cf in (45). Further note that,
in the case of low measurement noise, sensors further away from
the fusion center remain inactive to minimize the MSE.

VII. NUMERICAL RESULTS

Reconsider the symmetric tree topology shown in Fig. 5. To
compare the amplify-and-forward protocol to the estimate-and-
forward protocol, we choose parameters » = 10 dB and C' =
0.5,0.01. The MSE and number of active sensors as a function
of the target x-axis position for the AF and EF protocols are
shown in Figs. 7 and 8, respectively. Notice that the EF protocol
consistently outperforms the AF case in this particular simula-
tion, and the difference is relatively constant for both cases of
the measurement noise variance. This is so because the prop-
agation of the channel noise, given the simulation parameters,
affects the MSE at the fusion center to a greater extent than the
estimation errors at the relay nodes. Note that we do not claim
EF outperforms AF under all circumstances; merely that it does
so for the case under examination in this paper. An overlay of
Figs. 7 and 8 shows that, for the C' = 0.5 case, the minimum
MSE is achieved via sensor selection for both protocols when
the measurement noise variance is low. In the C' = 0.01 case,
af = 0, and, thus, sensor selection is always optimal as reflected
in Fig. 8.

Now consider different topologies imposed on a common set
of nodes, as shown in Fig. 9. The EF protocol is used to com-
pare the linear, branch, and “mixed” topologies for increasing
measurement noise variance. The “mixed” topology is simply a
two-level branch that incorporates features of both the linear
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Fig. 9. Star, linear, branch, and mixed topologies imposed on the same set of
nodes.

and branch topologies. Note that we assume o2

the nodes, and that the channel SNR is given by

is equal for all

r, =Cd; © (47)
where d; is the distance between adjacent communicating
nodes, C' is an arbitrary constant that varies the dependence of
the SNR on the distance, and we assume o = 2 is the path-loss
exponent. For C' = 20, 13we find that

MSEMixed < MSEBranch < MSEStar < 1\/[SELinear (48)

for all values of 02 > 0. The linear topology yields the highest
optimal MSE, and the minimum MSE decreases as the depth
of branching increases. The increased branching results in the
transmission of measurements over shorter distances and greater
data fusion at the relay nodes. Fig. 10 compares the MSE for
these topologies, in the high measurement noise variance case,
as the path-loss exponent & € [2, 4] varies. We see that the linear
topology, with shorter hops, yields a lower MSE than both the
branch and star topologies as the attenuation due to distance
increases. However, the mixed topology yields the lowest MSE
V «, and thus more hierarchical networks appear to be preferable
for the constant measurement noise variance case.

13The C' value for this simulation is significantly larger because we require
all sensors to be active for the topology comparison.
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VIII. CONCLUSION

A power allocation problem for parameter estimation with
distributed observations under a total network power constraint
was considered for various topologies. An analysis of the star
topology was presented which noted that the measurement noise
variance changes the nature of the optimal solution. For o2 = 0,
sensor selection is optimal, but as JE increases, the solution
evolves from waterfilling to channel inversion. If only noisier
measurements are available, the fusion center uses all the sen-
sors to obtain a better estimate, and to this end, sensors with
lower SNRs are allocated a greater fraction of the total power
(channel inversion).

A similar solution space is derived for the leaf nodes of the
branch topology, but this is observed only when an alternate op-
timization problem is solved. An upper bound is obtained for the
MSE that is asymptotically equal to the true MSE in the limit of
large measurement noise. This approach allows us to derive the
optimal power allocation for complex topologies whose exact
MSE:s can only be solved numerically. For the scenarios we have
examined, we see that the optimization of the limiting MSE re-
sults in a power allocation that is near optimal even for modest
measurement noise. The single branch topology is easily ex-
tended to the generic one-layered tree topology, which, though it
requires some numerical optimization, exhibits a channel inver-
sion limiting power allocation for the leaf nodes of each branch.
For common values of the path-loss exponent, hierarchical net-
works yield the lowest MSE for the equal measurement noise
variance case.

Future work includes investigating the performance of the EF
and AF protocols for different and more generic topologies, and
for varying values of C. Power allocation schemes that do not
require perfect knowledge of the channel gains at the fusion
center are also of further interest.
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APPENDIX |
NOTE ON ORTHOGONAL COMMUNICATION

In the orthogonal communication case, the fusion center re-
ceives the following N measurements from the sensors!4

¥i = V Pihi(0 + z;) + ny,

The BLU estimate computed at the fusion center has a corre-
sponding estimation error given by

i=1,...,N. (49

-1
al 1
MSEorthogonaI = Z 1

i:lU?—i—ﬁ
il

(50)

Minimizing the MSE shown above subject to a total network
. N . .
power constraint ) .." , P; = Pr yields the optimal power allo-

cation policy
+
1 i
e ( 7 _ 1)
Tio; v

where v* is the optimal value of the Lagrange multiplier. As-
sume that all the measurement noise variances are equal, and
compute the minimum MSE as

61y

MSEorthogonal 03 PTU + Z "

=1
N’ N’

x | N’ Ppo? —|—N’Z—— Z\/_ (52)

where N’ is the number of active sensors.
On the other hand, in the parallel communication case, the
fusion center receives a single measurement given by

y=(VPihi+ -+ /Pxhy)(@ +2) +n

and the BLUE MSE is derived as

(53)

2
ag
MSEparaliel = 72 + & 5. (54)
(VPihi+ -+ /Pxhy)

The optimal power allocation policy in the parallel commu-
nication case is

-1

Pr. (55)

h2 (L k2
pr =t “k
=g\
k=1
Thus, we can rewrite the minimum MSE as

N -1
PTZ}LLZ‘|

* _ =2 —2
MSEparalIeI =0, + On
=1

N —1
=No2+ N (PT > r) (56)

i=1

14Since the orthogonal communication aspect is not analyzed asymptotically
(for increasing o), the normalization functions 3(-) and ~(-) have been
omitted from the signal model to simplify the analysis.
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where we have assumed the measurement and channel noise
variances for the single measurement are equal to the sum of
the noise variances from the orthogonal case.

For low measurement noise variance, sensor selection is op-
timal in the orthogonal communication case. Thus, comparing
the analytical MSE expressions is difficult, but numerical simu-
lations indicate that MSEqthogonal 18 smaller. In the limit UZ —
00, all the sensors are active, i.e., N’ = N, and we can compute

_ 0'2
MSEorthogonal = Fz
MSEparaIIeI = 53 = NU?

The orthogonal communication MSE is lower than the par-
allel case, even if we assume that the single measurement in
the parallel case has measurement noise variance o2 instead of
No?2.

APPENDIX II
SIGNAL MODEL EXTENSIONS

A. Multipath Channel Model

Multipath models exist for several environments of interest,
such as wireless and underwater channels [24]. We show here
that multipath is easily accommodated in our framework. A
multipath channel with known channel attenuation coefficients
at the fusion center is considered. Assume that each sensor in
a star topology sends a single measurement (corrupted by mea-
surement noise) to the fusion center over L multipath fingers.
From each sensor, the fusion center receives the observation

:E—\/7}L

where the generic vector a; is defined as [a;1,ai2,. .., a;r]T,
and z,, h; and n; represent the received signals, channel atten-
uation coefficients, and channel noises of the ¢th sensor, respec-
tively. Note that h;; represents the channel attenuation coeffi-
cient of the jth path for the ith sensor.

The fusion center has all N L observations available and con-
structs the NI, x 1 vector

)0+ zi) + ny (57)

X:[£17£27---;£N]T (58)
where z; is as defined in (57). A RAKE receiver [16] is imple-
mented at the fusion center that computes the sufficient statistic
z = HX using the N x N L block-diagonal channel matrix
H = diag(hy, by, ..., hy).

The output of the RAKE receiver is

(59)

L
Zi = VPl |?B(zi)(0 + 2:) + D hijni
j=1

fori =1,..., N, which is now used to compute the BLUE and
corresponding MSE. Equation (59) can be rewritten as

= VPl *A(=i

)0 + w; (60)
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where
on. = 1ill” (Pillhs|1*B(zi)o2, + o)) (61)

if we assume that the channel noise is independent for each mul-
tipath finger. The MSE corresponding to the best linear unbiased
estimate is computed as

K
Pi||h|1252(z:)
MSE = —t .
2 Pif|h; 282 ()02, + o2,

(62)

Compare this to the original MSE in the “single path” case,

K
Pihi B (zi)
MSEsp = : . 63
=L e v @
We find that we can simply replace h? by ||h;||?, given the

noise and channel state information assumptions. Thus, the op-
timal power allocation solution is still given by (17), but now
r; = ||h;||?/o2, . Note that these results also hold for the other
more complex topologies considered.

B. Vector Parameter Estimation

Vector estimation in the more complicated topologies has sev-
eral real-world applications. The scalar parameter estimation
framework presented in this work can easily be extended to the
estimation of a vector of distinct independent parameters. Note
that the deterministic channel from the node to the fusion center
is the same for all sensors at that particular node. Given the star
topology, we assume N nodes, each with M sensors, and thus
the fusion center receives N X M measurements given by

Yij = / PijhiB(2i;)(0; + zi5) + nij (64)

fori =1,....Nandj=1,..., M.

In the case that all the measurement noise and channel noise
terms are independent, the BLU estimate at the fusion center has
a corresponding estimation error given by

-1
M N 1
MSE =
2 || X =
j=1 i=1 3 4 Mij
v Piglhil? 02 (2ij)
M
= Z MSEj“‘parameter' (65)
j=1

Thus, the MSE at the fusion center for vector parameter esti-
mation is simply the sum of the MSEs for each of the M inde-
pendent parameters!S (with a nonseparable total network power
constraint). An algorithm similar to the one used to solve the
one-layer tree topology may be employed here.
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15Tn the case of correlated parameters, the MSE at the fusion center can only
be expressed in matrix notation with a nondiagonal covariance matrix, and
yields a more complicated expression than the sum of the individual MSEs.
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