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1 Bayesian estimation, Regularization Theory and
Vision

A central problem in the last half of this course is to understand how percep-
tual systems can make reliabe estimates of scene properties such as shapes,
distances, movements and material characteristics of objects from data con-
sisting of luminance values as a function of space and time. So far, we’ve seen
examples from motion flow estimation, shape-from-shading, and reflectance
estimation (lightness). Here, we summarize the fundamental computational
problems, and then show how the Bayesian framework unifies many of these
early to intermediate-level vision problems.

What are the key computational problems? On the one hand, when we
consider any particular source of visual information, the local image data
often underconstrains the solution of the scene property. That is, there are
too many interpretations of the world that could give rise to the same image.
On the other hand, the problem of how to satisfy multiple constraints is not
straightforward either. We’ve seen how requiring smoothness in the esti-
mated scene properties can lead to unique solutions. But many constraints
can lead to non-linear formulations through non-quadratic cost functions.
Bayesian inference unifies a number of image understanding problems in
early vision that have been discussed in previous lectures. Early theoret-
ical work along these lines incorporated Regularization theory, which can
be viewed as a special case of Bayesian inference. The “regularizers” are
the smoothness operators, which we will formalize below as Bayesian priors.
Certain forms of regularization are well-suited to neural network implemen-
tations (Poggio et al, 1985; Knill et al., 1991). The statistical framework
provides tools to model multiple constraints. Geman and Geman’s results
(1984) on Markov Random Fields provided tools for establishing constraints
and for solving non-linear scene- from-image problems (Kersten, 1990). Let’s
look at the formal structure of the “scene from image* problems we’ve stud-
ied so far.
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The computer graphics problem of calculating an image function, ¢ from
a scene representation s can be represented:

1= As

where A may be a non-linear operator representing the generative rendering
model. We’ve noted that modeling image formation is non-trivial, espe-
cially when one bases the model on the physics of imaging. However, from a
mathematical point of view, imaging is well-posed. Given a representation
of the scene, and a model of image formation, the image can, in principle,
be computed. However, the inverse problem, of computing s from i, given
A, is often ill-posed in the sense that there is not a unique s which satisfies
the equation. Additional constraints have to be imposed in order to force a
unique solution. In regularization theory, one incorporates a suitable con-
straint operator, P, which, together with a choice of norms, || e ||, serves to
constrain the search for s. One approach is then to find s that minimizes:

[[As — i[> + Al|Ps||*

For example, in discrete standard regularization theory, s and ¢ are vec-
tors, A and P matrices and the norm is vector length. There are stan-
dard methods for computing solutions using the pseudoinverse matrix (see:
Strang, 1988). The form of P is usually arrived at by a combination of
heuristics, mathematical convenience and experiment. We have seen an ex-
ample from motion measurement where we assumed optic flow fields calcu-
lated from contours are smooth almost everywhere along the contour. This
heuristic can be quantified by using a derivative constraint operator, P on
the velocity field (Hildreth, 1983). If the imaging operator, A is linear, then
above equation is a quadratic form in s, and thus in general convex with no
local minima.

2 Bayesian Inference

How can scene-from-image problems be formulated statistically? We can
try to solve the inverse problem as maximum a posteriori estimation (MAP)
(Geman and Geman, 1984; Marroquin, 1985). This can be illustrated by
showing how to relate it to the cost functions of regularization theory. Let
the image and scene parameters be represented discretely by vectors,

i = (i1,12,...,1p)
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s =(s1,82,-..,8n),

respectively. Suppose the probability of s conditional on ¢ is known. To
estimate a set of scene characteristics from an image, we must specify some
criterion on the posterior distribution, p(s|é), which defines an optimal so-
lution. The two most common are the mode and the mean of the distribu-
tion. In the first case, the optimal solution is defined as the most probable
scene given an image. This is referred to as maximum a posteriori estima-
tion (MAP). MAP estimation minimizes the probability of error (van Trees,
1968).

In the second case, the optimal solution is the one which minimizes
the mean squared error of the estimates. It is referred to as minimum
mean squared error (MMSE) estimation. We noted early in the course, that
Bayesian decision theory provides a general means to specify the task goals
through risk and loss functions.

Suppose the action X is one of the possible guess of scene parameter s.
A loss function L(X,s) specifies the penalty for performing action ¥ if the
scene is s. The risk R(3;1) of taking action ¥ when the input is ¢ is defined
to be the expected loss:

R(%:i) =) L(Z,5)P(s | i),

with respect to the a posterior probability, P(s|i) of s. One possible loss
function is that you pay penalty 0 for making any wrong interpretations and
receive the reward +1 for all of the correct interpretations. In other words,
L(X,s) = —1if ¥ = s and = 0 otherwise. In this case the risk reduces to

R(%;i) = —P(X |4),

and hence the best strategy is to pick the most likely interpretation. This
is then just MAP estimation. Other estimation strategies are sometimes
better (e.g. Brainard and Freeman, 1997). (Note that decision theory is
used in Signal Detection theory and adjusting payoff rewards can be used
to affect the observers’ decisions).

It is often difficult to write directly an expression for the conditional
probability. However, Bayes rule enables us to break the probability into
two parts:
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where p(i|s) and p(s) derive from the image formation and scene models, re-
spectively. Since 7 is held fixed, while searching for s, p(i) is constant. MAP
estimation is equivalent to maximum likelihood estimation when the prior
distribution, p(s) is uniform. Given certain assumptions, MAP estimation
is equivalent to regularization theory. If we assume:

1= As + noise

where the noise term is multivariate Gaussian with a (usually assumed)
constant diagonal covariance matrix, then

pils) = keap(— 55 (i = As)" (i = 43))

where k is a normalization constant. Superscript 7T indicates transpose.
Further, suppose p(s) is multivariate Gaussian:

exp(—3s’ Bs)
V27| B~
where B is the inverse of the covariance matrix p (1 = B™1). And s is

adjusted to have zero mean. By substitution and taking the logarithm,
maximizing p(s|i) is equivalent to minimizing the cost function:

p(s) =

(As —i)T(As — i) + A\sT Bs (1)

where A is a Lagrange multiplier (e.g. equal to the ratio of the noise to
scene variance). If the data are noise-free, MAP estimation is equivalent to
minimizing

s’ Bs

for those s that exactly satisfy

1= As

Thus, for quadratic norms, the MAP formulation gives the regularization
cost function if the image and scene are represented by discrete vectors, and
when B = PTP.

When the image formation process is linear with Gaussian noise, and the
prior distribution Gaussian, the cost function is quadratic (standard regular-
ization theory). Thus, the cost function is convex, and gradient descent or
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more efficient numerical techniques can be used to find the global minimum.
Further, fast matrix operators can be implemented with neural hardware,
avoiding the need for iteration. However, linear methods are extremely re-
strictive. They do not handle discontinuities, or many multiple constraint
interactions, essential to understanding vision. Research has shown how
the MAP formulation can be extended to solving non-linear problems in-
volving discontinuities and multiple constraints. An example, we show an
application of the MAP approach to the non-linear reflectance estimation
problem. Learning also provides an alternative to sculpting the cost function
landscape (next section).

Expressing regularization theory as a problem in statistical estimation
has several advantages. A major problem, not only in early and intermediate-
level vision, but in the programming of model neural networks generally, is
sculpting the topography of the cost function. This, for example, amounts
to finding a suitable B . We will look at two ways of doing it. One is to
develop a language for directly programming in suitable constraints, and
a second way is to learn the constraints. The statistical approach allows
the constraint term to be based on verifiable scene statistics in addition to
heuristics. However, it is difficult, in practice, to gather samples and an
alternative is to develop statistical models of scene and image synthesis.
Finding a good statistical model of natural scene parameters is a difficult
problem in itself. Here we may benefit from the rapidly expanding field of
computer synthesis of naturalistic scenes (e.g. Mandelbrot, 1977; Fournier
et al., 1982), and the recent work in density estimation of textures (Zhu
et al., 1997). We will see how the relationship between Markov Random
Fields and Gibbs distributions provides potentially powerful tools for devis-
ing appropriate prior models of the scene which are more general than the
Gaussian model.

Finding the MAP estimate, in general, is non-trivial. Gradient ascent
can be used, but is often inefficient and has to deal with local minima. Mean
field theory is one approach. But the statistical approach also shows that
consideration of the uncertainty in the estimates may also be important. Al-
gorithms for rapid convergence have been demonstrated for vision problems
using techniques from Bayes nets and graphical models (Weiss, 1997).
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3 Learning scene attributes from images by exam-
ple

So far, we have considered a formulation of the ideal observer independent of
the algorithm or hardware. It is useful to consider suboptimal observers that
are optimal except that they are constrained to compute an approximation
in a particular way. For example, the energy or cost function topography,
could be sculpted by a particular associative learning algorithm. The prob-
abilistic model of scenes provides input/output pairs to use associative algo-
rithms that can learn to estimate scene parameters from images (Kersten et
al., 1987; Hurlbert and Poggio, 1988; Lehky and Sejnowski, 1988; Knill and
Kersten, 1990). This becomes particularly interesting when it is difficult to
compute the posterior distribution, and we have a complete description of
the prior distribution and the image formation model. We may not be able
to directly address the optimality of the learning algorithm, but we may find
out whether a given architecture is capable of computing the desired map
to within some desired degree of accuracy. For example, suppose A and B
in equation (1) are linear, but unknown. Then, the generalized inverse of
A, A*, is the matrix (in general, rectangular) mapping i to s, which mini-
mizes the squared error over the set of training pairs s, ix. With training,
this approaches the MAP estimate when A is linear and the prior distribu-
tion and noise are Gaussian. A* can be estimated by associative learning
over the training set using Widrow-Hoff error correction. (Duda and Hart,
1973; Kohonen, 1984). Recent developments in more powerful associative
algorithms, such as error back-propagation (Rumelhart & McClelland, 1986)
may broaden the usefulness of learning constraints. On the other hand, even
if A and B are non-linear, it is worth finding out how well a linear inverse
operator approximates the optimal solution.

In an application of this idea to shape from shading, Knill and Ker-
sten (1990) estimated pseudoinverse mapping (Albert, 1972) from images to
surfaces

N = A*L,

such that the average error between the estimated surface normals, repre-
sented by a vector N (made up of pairs of the z and y components of surface
normals at each spatial location), and the real surfaces was minimized. The
image formation constraint was based on a lambertian model, with a known
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point source illumination, and assumed constant reflectance
L(z,y) xn-e.

Rather than image intensities, luminance at each point, normalized by
the average value, was used as image data. When the imaging function
is linear and the distribution of N is Gaussian, the optimal mapping is
linear. For shape from shading, neither of these conditions holds. A linear
mapping may, however, be near optimal. If the sample surfaces are randomly
drawn from the prior distribution, p(N); span its space, and the images
are calculated using the lambertian image formation function, the derived
mapping is the best linear estimate of the mean of p(N|L). The actual form
of the distribution need not be known, as it is implicitly defined by the set
of sample surfaces. An optimal mapping for a particular space of surfaces
may thus be learned through appropriate selection of samples.

Given pairs of sample surfaces and images, the Widrow-Hoff algorithm
was used to derive a linear mapping between them which minimizes the
mean squared error between estimated and real surfaces

Afiin = Af 4 p(Ng — ALy )Ly
where A* is the mapping being learned. The term in parentheses is the
error between estimated and actual values of Ng. Iterative application of
this rule to example vectors, N and Ly, with appropriate relaxation of the
learning constant, p, (typically 1/k) will result in a convergence of A* to
the desired mapping.

One could either use examples of real surfaces as the training set, or
draw them from a statistical model of surfaces. The latter approach avoids
the data collection problems of using real surfaces, and has the advantage
of providing a tool for analyzing the performance of the shape from shading
estimator. Because of the potential usefulness of fractal models to describe
surfaces (Pentland, 1986), a statistical fractal model was used to generate
surfaces for the training set. If the surface statistics are assumed to be
spatially invariant, the linear estimators of surface normal in the x and y
directions are just convolution filters as applied to the normalized luminance
values of the image. The filters learned were spatially oriented bandpass
filters. The figure shows results of an original and reconstructed surface. In
general, simulations showed that the linear approximation worked well for
a wide range of surfaces, including non-fractals.

For recent work on learning scenes from images, see Freeman and Pasztor

(1999).
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