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Abstract

This is a supplementary material that contains all the omitted proofs and derivations of the
results in Moon and Weidner (2009). This note is not for publication.

S.1 Proofs for Appendix A (Examples of Error Distributions)

Here we give the proof of the result ‖e‖ = Op(
√

max(N,T )) for the different examples of error
distributions presented in the main text.

Proof of example (i). Latala (2005) showed that for a N × T matrix e with independent entries we
have

E‖e‖ ≤ c

max
i

√∑
t

Ee2
it + max

j

√∑
i

Ee2
it + 4

√∑
i,t

Ee4
it

 , (S.1.1)

where c is some universal constant (independent of N and T , and of the distribution of e). Since we
assumed uniformly bounded 4’th moments for eit we thus have E‖e‖ = O(

√
T )+O(

√
N)+O((TN)1/4),

which implies E‖e‖ = O(
√

max(N,T )). Therefore ‖e‖ = Op(
√

max(N,T )).

Proof of example (ii). Let ψj = (ψ1j , . . . , ψNj) be a N × 1 vector for each j ≥ 0. Let U−j be a N ×T
sub-matrix of (uit) consisting of uit, i = 1 . . . N , t = 1 − j, . . . , T − j. We can then write equation
(A.1) in matrix notation as

e =
∞∑
j=0

diag(ψj)U−j

=
T∑
j=0

diag(ψj)U−j + rNT , , (S.1.2)

where we cut the sum at T , which results in the remainder rNT =
∑∞
j=T+1 diag(ψj)U−j . When
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approximating an MA(∞) by a finite MA(T ) process we have for the remainder

E (‖rNT ‖F )2 =
N∑
i=1

T∑
t=1

E (rNT )2
ij ≤ σ2

u

N∑
i=1

T∑
t=1

∞∑
j=T+1

ψ2
ij

≤ σ2
uN T

∞∑
j=T+1

max
i

(
ψ2
ij

)
≤ σ2

uN

∞∑
j=T+1

j max
i

(
ψ2
ij

)
, (S.1.3)

where σ2
u is the variance of uit. Therefore, for T →∞ we have

E

(
(‖rNT ‖F )2

N

)
−→ 0 , (S.1.4)

which implies (‖rNT ‖F )2 = Op(N), and therefore ‖rNT ‖ ≤ ‖rNT ‖F = Op(
√
N).

Let V be the N × 2T matrix consisting of uit, i = 1 . . . N , t = 1 − T, . . . , T . For j = 0 . . . T the
matrices U−j are sub-matrices of V , and therefore ‖U−j‖ ≤ ‖V ‖. From example (i) we know that
‖V ‖ = Op(

√
max(N, 2T )). Furthermore, we know that ‖ diag(ψj)‖ ≤ maxi

(∣∣ψij∣∣).
Combining these results we find

‖e‖ ≤
T∑
j=0

‖ diag(ψj)‖ ‖U−j‖+ ‖rNT ‖

≤
T∑
j=0

max
i

(∣∣ψij∣∣) ‖V ‖+ op(
√
N)

≤

 ∞∑
j=0

max
i

(∣∣ψij∣∣)
Op(√max(N, 2T )) + op(

√
N)

≤ Op(
√

max(N,T )) . (S.1.5)

This is what we wanted to show.

Proof of example (iii). Since σ and Σ are positive definite, there exits a symmetric N ×N matrix φ
and a symmetric T ×T matrix ψ such that σ = φ2 and Σ = ψ2. The error term can then be generated
as e = φuψ, where u is a N × T matrix with iid entries uit such that E(uit) = 0 and E(u4

it) < ∞.
Given this definition of e we immediately have Eeit = 0 and Eeitejτ = σijΣtτ . What is left to show
is that ‖e‖ = Op(

√
max(N,T )). From example (i) we know that ‖u‖ = Op(

√
max(N,T )). Using the

inequality ‖σ‖ ≤
√
‖σ‖1 ‖σ‖∞ = ‖σ‖1, where ‖σ‖1 = ‖σ‖∞ because σ is symmetric we find

‖σ‖ ≤ ‖σ‖1 ≡ max
j=1...N

N∑
i=1

|σij | < L , (S.1.6)

and analogously ‖Σ‖ < L. Since ‖σ‖ = ‖φ‖2 and ‖Σ‖ = ‖ψ‖2, we thus find ‖e‖ ≤ ‖φ‖‖u‖‖ψ‖ ≤
LOp(

√
max(N,T )), i.e. ‖e‖ = Op(

√
max(N,T )).

S.2 Comments on assumption 4 on the regressors

Consistency of the QMLE β̂ requires for the regressors not only to satisfy the standard no-collinearity
condition in assumption 4(a), but also the additional conditions on high- and low-rank regressors in
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assumption 4(b). Bai (2009) considers the special cases of only high-rank and only low-rank regressors.
As low-rank regressors he considers only cross-sectional invariant and time-invariant regressors, and
he shows that if only these two types of regressors are present, one can show consistency under the
assumption plimN,T→∞WNT > 0 on the regressors (instead of assumption 4), where WNT is the K×K
matrix defined by WNT,k1k2 = (NT )−1 Tr(Mf0 X ′k1 Mλ0 Xk2). This matrix appears as the approximate
Hessian in the likelihood expansion in theorem 3.1, i.e. the condition plimN,T→∞WNT > 0 is very
natural in the context of the interactive fixed effect models, and one may wonder whether also for the
general case one can replace assumption 4 with this weaker condition and still obtains consistency of
the QMLE. Unfortunately, this is not the case, and below we present two simple counter examples
that show this.

(i) Let there only be one factor (R = 1) f0
t with corresponding factor loadings λ0

i . Let there only
be one regressor (K = 1) of the form Xit = wivt + λ0

i f
0
t . Assume that the N × 1 vector w =

(w1, . . . , wN )′, and the T ×1 vector v = (v1, . . . , vN )′ are such that the N×2 matrix Λ = (λ0, w)
and and the T×2 matrix F = (f0, v) satisfy plimN,T→∞ (Λ′Λ/N) > 0, plimN,T→∞ (F ′F/T ) > 0.
In this case, we have WNT = (NT )−1 Tr(Mf0 vw′Mλ0 wv′), and therefore plimN,T→∞WNT =
plimN,T→∞(NT )−1 Tr(Mf0 vw′Mλ0 wv′) > 0. However, β is not identified because β0X +
λ0f0′ = (β0 + 1)X − wv′, i.e. it is not possible to distinguish (β, λ, f) = (β0, λ0, f0) and
(β, λ, f) = (β0 + 1,−w, v). This implies that the QMLE is not consistent (both β0 and β0 + 1
could be the true parameter, but the QMLE can not be consistent for both).

(ii) Let there only be one factor (R = 1) f0
t with corresponding factor loadings λ0

i . Let the N × 1
vectors λ0, w1 and w2 be such that Λ = (λ0, w1, w2) satisfies plimN,T→∞ (Λ′Λ/N) > 0. Let the
T × 1 vectors f0, v1 and v2 be such that F = (f0, v1, v2) satisfies plimN,T→∞ (F ′F/T ) > 0. Let
there be four regressors (K = 4) defined by X1 = w1v

′
1, X2 = w2v

′
2, X3 = (w1 + λ0)(v2 + f0)′,

X4 = (w2 + λ0)(v1 + f0)′. In this case, one can easily check that plimN,T→∞WNT > 0.
However, again βk is not identified, because

∑4
k=1 β

0
kXk + λ0f0′ =

∑4
k=1(β0

k + 1)Xk − (λ0 +
w1 + w2)(f0′ + v1 + v2)′, i.e. we can’t distinguish between the true parameters and (β, λ, f) =
(β0 + 1, −λ0 −w1 −w2, f

0′ + v1 + v2). Again, as a consequence the QMLE is not consistent in
this case.

In example (ii), there are only low-rank regressors with rank(Xl) = 1. One can easily check that
assumption 4 is not satisfied for this example. In example (i) the regressor is a low-rank regressor with
rank(X) = 2. In our present version of assumption 4 we only consider low-rank regressors with rank
rank(X) = 1, but (as already noted in a footnote in the main paper) it is straightforward to extend the
assumption and the consistency proof to low-rank regressors with rank larger than one. Independent
of whether we extend the assumption or not, the regressor X of example (i) fails to satisfy assumption
4. This justifies our formulation of assumption 4, because it shows that in general the assumption can
not be replaced by the weaker condition plimN,T→∞WNT > 0.

S.3 Some Matrix Algebra

The following statements are true for real matrices – throughout this paper no complex numbers
appear.

Let A be an arbitrary n×m matrix. In addition to the operator (or spectral) norm ‖A‖ and to the
Frobenius (or Hilbert-Schmidt) norm ‖A‖F , it is also convenient to define the 1-norm, the ∞-norm,
and the max-norm by

‖A‖1 = max
j=1...m

n∑
i=1

|Aij | , ‖A‖∞ = max
i=1...n

m∑
j=1

|Aij | , ‖A‖max = max
i=1...n

max
j=1...m

|Aij | . (S.3.1)
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Theorem S.3.1 (Some useful Inequalities). Let A be a n ×m matrix, B be a m × p matrix, and C
and D be n× n matrices. Then we have:

(i) ‖A‖ ≤ ‖A‖F ≤ ‖A‖ rank (A)1/2
,

(ii) ‖AB‖ ≤ ‖A‖ ‖B‖ ,
(iii) ‖AB‖F ≤ ‖A‖F ‖B‖ ≤ ‖A‖F ‖B‖F ,

(iv) |Tr(AB)| ≤ ‖A‖F ‖B‖F , for n = p,
(v) |Tr (C)| ≤ ‖C‖ rank (C) ,

(vi) ‖C‖ ≤ Tr (C) , for C symmetric and C ≥ 0,

(vii) ‖A‖2 ≤ ‖A‖1 ‖A‖∞ ,

(viii) ‖A‖max ≤ ‖A‖ ≤
√
nm ‖A‖max ,

(ix) ‖A′CA‖ ≤ ‖A′DA‖ , for C symmetric and C ≤ D.
For C, D symmetric, and i = 1, . . . , n we have:

(x) µi(C) + µn(D) ≤ µi(C +D) ≤ µi(C) + µ1(D) ,
(xi) µi(C) ≤ µi(C +D) , for D ≥ 0,

(xii) µi(C)− ‖D‖ ≤ µi(C +D) ≤ µi(C) + ‖D‖ .

Proof. Here we use notation si(A) for the i’th largest singular value of a matrix A.
(i) We have ‖A‖ = s1(A), and ‖A‖2F =

∑rank(A)
i=1 (si(A))2. The inequalities follow directly from this

representation. (ii) This inequality is true for all unitarily invariant norms, see e.g. Bhatia (1997).
(iii) can be shown as follows

‖AB‖2F = Tr(ABB′A′)

= Tr[‖B‖2AA′ −A(‖B‖2I−BB′)A′]

≤ ‖B‖2Tr(AA′) = ‖B‖2 ‖A‖2F , (S.3.2)

where we used that A(‖B‖2I − BB′)A′ is positive definite. Relation (iv) is just the Cauchy Schwarz
inequality. To show (v) we decompose C = UDO′ (singular value decomposition), where U and O are
n× rank(C) that satisfy U ′U = O′O = I and D is a rank(C)× rank(C) diagonal matrix with entries
si(C). We then have ‖O‖ = ‖U‖ = 1 and ‖D‖ = ‖C‖ and therefore

|Tr(C)| = |Tr(UDO′)| = |Tr(DO′U)|

=

∣∣∣∣∣∣
rank(C)∑
i=1

η′iDO
′Uηi

∣∣∣∣∣∣
≤

rank(C)∑
i=1

‖D‖‖O′‖‖U‖ = rank(C)‖C‖ . (S.3.3)

For (vi) let e1 be a vector that satisfied ‖e1‖ = 1 and ‖C‖ = e′1Ce1. Since C is symmetric such an e1

has to exist. Now choose ei, i = 2, . . . , n, such that ei, i = 1, . . . , n, becomes a orthonormal basis of
the vector space of n× 1 vectors. Since C is positive semi definite we then have Tr (C) =

∑
i e
′
iCei ≥

e1Ce1 = ‖C‖, which is what we wanted to show. For (vii) we refer to Golub, van Loan (1996), p.15.
For (viii) let e be the vector the vector that satisfies ‖e‖ = 1 and ‖A′CA‖ = e′A′CAe. Since A′CA is
symmetric such an e has to exist. Since C ≤ D we then have ‖C‖ = (e′A′)C(Ae) ≤ (e′A′)D(Ae) ≤
‖A′DA‖. This is what we wanted to show. For inequality (ix) let e1 be a vector that satisfied ‖e1‖ = 1
and ‖A′CA‖ = e′1A

′CAe1. Then we have ‖A′CA‖ = e′1A
′DAe1 − e′1A′(D − C)Ae1 ≤ e′1A

′DAe1 ≤
‖A′DA‖. Statement (x) is a special case of Weyl’s inequality, see e.g. Bhatia (1997). The Inequalities
(xi) and (xii) follow directly from (ix) since µn(D) ≥ 0 for D ≥ 0, and since −‖D‖ ≤ µi(D) ≥ ‖D‖
for i = 1, . . . , n.
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Definition S.3.2. Let A be an n × r1 matrix and B be an n × r2 matrix with rank(A) = r1 and
rank(B) = r2. The smallest principal angle θA,B ∈ [0, π/2] between the linear subspaces span(A) =
{Aa| a ∈ Rr1} and span(B) = {Bb| b ∈ Br2} of Rn is defined by

cos(θA,B) = max
06=a∈Rr1

max
0 6=b∈Rr2

a′A′Bb

‖Aa‖‖Bb‖
. (S.3.4)

Theorem S.3.3. Let A be an n × r1 matrix and B be an n × r2 matrix with rank(A) = r1 and
rank(B) = r2. Then we have the following alternative characterizations of the smallest principal angle
between span(A) and span(B)

sin(θA,B) = min
0 6=a∈Rr1

‖MB Aa‖
‖Aa‖

= min
06=b∈Rr2

‖MAB b‖
‖Ab‖

. (S.3.5)

Proof. Since ‖MB Aa‖2 + ‖PB Aa‖2 = ‖Aa‖2 and sin(θA,B)2 + cos(θA,B)2 = 1, we find that proving
the theorem is equivalent to proving

cos(θA,B) = min
06=a∈Rr1

‖PB Aa‖
‖Aa‖

= min
06=b∈Rr2

‖PAB b‖
‖Ab‖

. (S.3.6)

This result is theorem 8 in Galantai, Hegedus (2006), and the proof can be found there.

Proof. Proof of Theorem B.1 Let

S1(Z) = min
f,λ

Tr
[
(Z − λf ′)

(
Z ′ − fλ′

)]
,

S2(Z) = min
f

Tr(ZMf Z
′) ,

S3(Z) = min
λ

Tr(Z ′Mλ Z) ,

S4(Z) = min
λ̄,f̄

Tr(Mλ̃ ZMf̃ Z
′) ,

S5(Z) =
T∑

i=R+1

µi(Z
′Z) ,

S6(Z) =
N∑

i=R+1

µi(ZZ
′) . (S.3.7)

The theorem claims

S1(Z) = S2(Z) = S3(Z) = S4(Z) = S5(Z) = S6(Z) . (S.3.8)

We find:

(i) The non-zero eigenvalues of Z ′Z and ZZ ′ are identical, so in the sums in S5(Z) and in S6(Z)
we are summing over identical values, which shows S5(Z) = S6(Z).

(ii) Starting with S1(Z) and minimizing with respect to f we obtain the first order condition

λ′ Z = λ′ λ f ′ . (S.3.9)

Putting this into the objective function we can integrate out f , namely

Tr
[
(Z − λf ′)′ (Z − λf ′)

]
= Tr (Z ′Z − Z ′λf ′)

= Tr
(
Z ′Z − Z ′λ(λ′λ)−1(λ′λ)f ′

)
= Tr

(
Z ′Z − Z ′λ(λ′λ)−1(λ′λ)λ′ Z

)
= Tr (Z ′Mλ Z) . (S.3.10)

This shows S1(Z) = S3(Z). Analogously, we can integrate out λ to obtain S1(Z) = S2(Z).
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(iii) Let Mλ̂ be the projector on the N −R eigenspaces corresponding to the N −R smallest eigen-
values1 of ZZ ′, let Pλ̂ = IN −Mλ̂, and let ωR be the R’th largest eigenvalue of ZZ ′. We then
know that the matrix Pλ̂[ZZ ′−ωRIN ]Pλ̂−Mλ̂[ZZ ′−ωRIN ]Mλ̂ is positive semi-definite. Thus,
for an arbitrary N ×R matrix λ with corresponding projector Mλ we have

0 ≤ Tr
{(
Pλ̂[ZZ ′ − ωRIN ]Pλ̂ −Mλ̂[ZZ ′ − ωRIN ]Mλ̂

) (
Mλ −Mλ̂

)2}
= Tr

{(
Pλ̂[ZZ ′ − ωRIN ]Pλ̂ +Mλ̂[ZZ ′ − ωRIN ]Mλ̂

) (
Mλ −Mλ̂

)}
= Tr [Z ′Mλ Z]− Tr

[
Z ′Mλ̂ Z

]
+ ωR

[
rank(Mλ)− rank(Mλ̂)

]
, (S.3.11)

and since rank(Mλ̂) = N −R and rank(Mλ) ≤ N −R we have

Tr
[
Z ′Mλ̂ Z

]
≤ Tr [Z ′Mλ Z] . (S.3.12)

This shows that Mλ̂ is the optimal choice in the minimization problem of S3(Z), i.e. the optimal
λ = λ̂ is chosen such that the span of the N -dimensional vectors λ̂r (r = 1 . . . R) equals to the
span of the R eigenvectors that correspond to the R largest eigenvalues of ZZ ′. This shows that
S3(Z) = S6(Z). Analogously one can show that S2(Z) = S5(Z).

(iv) In the minimization problem in S4(Z) we can choose λ̃ such that the span of the N -dimensional
vectors λ̃r (r = 1 . . . R1) equals to the span of the R1 eigenvectors that correspond to the R1

largest eigenvalues of ZZ ′. In addition, we can choose f̃ such that the span of the T -dimensional
vectors f̃r (r = 1 . . . R2) equals to the span of the R2 eigenvectors that correspond to the (R1+1)-
largest up to the R-largest eigenvalue of Z ′Z. With this choice of λ̃ and f̃ we actually project
out all the R largest eigenvalues of Z ′Z and ZZ ′. This shows that S4(Z) ≤ S5(Z). (This result
is actually best understood by using the singular value decomposition of Z.)

We can write Mλ̃ ZMf̃ = Z − Z̃, where

Z̃ = Pλ̃ ZMf̃ + Z Pf̃ . (S.3.13)

Since rank(Z) ≤ rank(Pλ̃ ZMf̃ ) + rank(Z Pf̃ ) = R1 +R2 = R, we can always write Z̃ = λf ′ for
some appropriate N ×R and T ×R matrices λ and f . This shows that

S4(Z) = min
λ̄,f̄

Tr(Mλ̃ ZMf̃ Z
′)

≥ min
{Z̃ : rank(Z̃)≤R}

Tr((Z − Z̃)(Z − Z̃)′)

= min
f,λ

Tr
[
(Z − λf ′)

(
Z ′ − fλ′

)]
= S1(Z) . (S.3.14)

Thus we have shown here S1(Z) ≤ S4(Z) ≤ S5(Z), and actually this holds with equality since
S1(Z) = S5(Z) was already shown above.

S.4 Supplement to the Consistency Proof (Appendix B)

Lemma S.4.1. Under assumption 1 and 4 there exists a constant B0 > 0 such that for the matrices
w and v introduced in assumption 4 we have

w′Mλ0 w − B0 w
′ v ≥ 0 , wpa1,

v′Mf0 v − B0 v
′ v ≥ 0 , wpa1. (S.4.1)

1If an eigenvalue has multiplicity m, we count it m times when finding the N − R smallest eigenvalues. In this
terminology we always have exactly N eigenvalues of ZZ′, but some may appear multiple times.
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Proof. We can decompose w = w̃ w̄, where w̃ is a N×rank(w) matrix and w̄ is a rank(w)×K1 matrix.
Note that w̃ has full rank, and Mw = M ew.

By assumption 1(i) we know that λ0′λ0/N has a probability limit, i.e there exists some B1 > 0
such that λ0′λ0/N < B1IR wpa1. Using this and assumption 4 we find that for any R×1 vector a 6= 0
we have

‖Mv λ
0 a‖2

‖λ0 a‖2
=

a′ λ0′Mv λ
0 a

a′ λ0′ λ0 a
>

B

B1
, wpa1. (S.4.2)

Applying theorem S.3.3 we find

min
06=b∈Rrank(w)

b′ w̃′Mλ0 w̃ b

b′ w̃′ w̃ b
= min

06=a∈RR
a′ λ0′Mw λ

0 a

a′ λ0′ λ0 a
>

B

B1
, wpa1. (S.4.3)

Therefore we find for every rank(w)× 1 vector b that b′ (w̃′Mλ0 w̃ − (B/B1)w̃′w̃ ) b > 0, wpa1. Thus
w̃′Mλ0 w̃ − (B/B1) w̃′ w̃ > 0, wpa1. Multiplying from the left with w̄′ and from the right with w̄ we
obtain w′Mλ0 w − (B/B1)w′ w ≥ 0, wpa1. This is what we wanted do show. Analogously we can
show the statement for v.

As a consequence of the this lemma we obtain some properties of the low-rank regressors summa-
rized in the following lemma.

Lemma S.4.2. Let the assumptions 1 and 4 be satisfied and let Xlow,α =
∑K1
l=1 αlXl be a linear

combination of the low-rank regressors. Then there exists some constant B > 0 such that

min
{α∈RK1 ,‖α‖=1}

∥∥∥Xlow,αMf0 X ′low,α

∥∥∥
NT

> B , wpa1,

min
{α∈RK1 ,‖α‖=1}

∥∥∥Mλ0 Xlow,αMf0 X ′low,αMλ0

∥∥∥
NT

> B , wpa1. (S.4.4)

Proof. Note that
∥∥∥Mλ0 Xlow,αMf0 X ′low,αMλ0

∥∥∥ ≤ ∥∥∥Xlow,αMf0 X ′low,α

∥∥∥, because ‖Mλ0‖ = 1, i.e. if
we can show the second inequality of the lemma we have also shown the first inequality.

We can write Xlow,α = w diag(α′) v′. Using lemma S.4.1 and part (v), (vi) and (ix) of theorem
S.3.1 we find∥∥Mλ0 Xlow,αMf0 X ′low,αMλ0

∥∥ =
∥∥Mλ0 w diag(α′) v′Mf0 v diag(α′)w′Mλ0

∥∥
≥ B0 ‖Mλ0 w diag(α′) v′ v diag(α′)w′Mλ0‖

≥ B0

K1
Tr [Mλ0 w diag(α′) v′ v diag(α′)w′Mλ0 ]

=
B0

K1
Tr [v diag(α′)w′Mλ0w diag(α′) v′]

≥ B0

K1
‖v diag(α′)w′Mλ0w diag(α′) v′‖

≥ B2
0

K1
‖v diag(α′)w′w diag(α′) v′‖

≥ B2
0

K2
1

Tr [v diag(α′)w′w diag(α′) v′]

=
B2

0

K2
1

Tr
[
Xlow,αX

′
low,α

]
. (S.4.5)

Thus we have
∥∥∥Mλ0 Xlow,αMf0 X ′low,αMλ0

∥∥∥ /(NT ) ≥ (B0/K1)2 α′W low
NT α , where the K1×K1 matrix

W low
NT is defined by W low

NT,l1l2
= (NT )−1Tr

(
Xl1X

′
l2

)
, i.e. it is a submatrix of WNT . Since by assumption

WNT and thus W low
NT converges to a positive definite matrix the lemma is proven by the inequality

above.
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Using the above lemmas we can now prove the lower bound on S̃
(2)
NT (β, f) that was used in the

consistency proof. Remember that

S̃
(2)
NT (β, f) =

1
NT

Tr

(λ0 f0′ +
K∑
k=1

(β0
k − βk)Xk

)
Mf

(
λ0 f0′ +

K∑
k=1

(β0
k − βk)Xk

)′
P(λ0,w)

 .

(S.4.6)

We want to show that under the assumptions of theorem 2.1 there exist finite positive constants a0,
a1, a2, a3 and a4 such that

S̃
(2)
NT (β, f) ≥

a0

∥∥∥βlow − βlow
0

∥∥∥2

∥∥∥βlow − βlow
0

∥∥∥2

+ a1

∥∥∥βlow − βlow
0

∥∥∥+ a2

− a3

∥∥∥βhigh − βhigh
0

∥∥∥− a4

∥∥∥βhigh − βhigh
0

∥∥∥ ∥∥∥βlow − βlow
0

∥∥∥ , wpa1. (S.4.7)

Proof of the lower bound on S̃
(2)
NT (β, f). Applying theorem B.1 and part (xi) of theorem S.3.1 we find

that

S̃
(2)
NT (β, f) ≥ 1

NT
µR+1

(λ0 f0′ +
K∑
k=1

(β0
k − βk)Xk

)′
P(λ0,w)

(
λ0 f0′ +

K∑
k=1

(β0
k − βk)Xk

)
=

1
NT

µR+1

[(
λ0 f0′ +

K1∑
l=1

(β0
l − βl)wl v′l

)′(
λ0 f0′ +

K1∑
l=1

(β0
l − βl)wl v′l

)

+

(
λ0 f0′ +

K1∑
l=1

(β0
l − βl)wl v′l

)′
P(λ0,w)

K∑
m=K1

(β0
m − βm)Xm

+
K∑

m=K1

(β0
m − βm)X ′mP(λ0,w)

(
λ0 f0′ +

K1∑
l=1

(β0
l − βl)wl v′l

)

+
K∑

m=K1

(β0
m − βm)X ′mP(λ0,w)

K∑
m=K1

(β0
m − βm)Xm

]

≥ 1
NT

µR+1

[(
λ0 f0′ +

K1∑
l=1

(β0
l − βl)wl v′l

)′(
λ0 f0′ +

K1∑
l=1

(β0
l − βl)wl v′l

)

+

(
λ0 f0′ +

K1∑
l=1

(β0
l − βl)wl v′l

)′
P(λ0,w)

K∑
m=K1

(β0
m − βm)Xm

+
K∑

m=K1

(β0
m − βm)X ′mP(λ0,w)

(
λ0 f0′ +

K1∑
l=1

(β0
l − βl)wl v′l

)]

≥ 1
NT

µR+1

(λ0 f0′ +
K1∑
l=1

(β0
l − βl)wl v′l

)′(
λ0 f0′ +

K1∑
l=1

(β0
l − βl)wl v′l

)
− a3

∥∥∥βhigh − βhigh
0

∥∥∥− a4

∥∥∥βhigh − βhigh
0

∥∥∥∥∥∥βlow − βlow
0

∥∥∥ , wpa1, (S.4.8)

where a3 > 0 and a4 > 0 are appropriate constants. For the last step we used part (xii) of theorem
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S.3.1 and the fact that

1
NT

∥∥∥∥∥
K∑

m=K1

(β0
m − βm)X ′mP(λ0,w)

(
λ0 f0′ +

K1∑
l=1

(β0
l − βl)wl v′l

)∥∥∥∥∥
≤ K

∥∥∥βhigh − βhigh
0

∥∥∥max
m

∥∥∥∥ Xm√
NT

∥∥∥∥(∥∥∥∥λ0 f0′
√
NT

∥∥∥∥+K
∥∥∥βlow − βlow

0

∥∥∥ max
l

∥∥∥∥ wlv′l√
NT

∥∥∥∥) . (S.4.9)

Our assumptions guarantee that the operator norms of λ0 f0′/
√
NT and Xm/

√
NT are bounded from

above as N,T →∞, which results in finite constants a3 and a4.
We write the above result as S̃(2)

NT (β, f) ≥ µR+1(A′A)/(NT ) + terms containing βhigh, where we
defined A = λ0 f0′ +

∑K1
l=1(β0

l − βl)wl v′l. Also write A = A1 + A2 + A3, with A1 = Mw APf0 =
Mw λ

0 f0′, A2 = Pw AMf0 =
∑K1
l=1(β0

l − βl)wl v′lMf0 , A3 = Pw APf0 = Pw λ
0 f0′ +

∑K1
l=1(β0

l −
βl)wl v′l Pf . We then find A′A = A′1A1 + (A′2 +A′3)(A2 +A3) and

A′A ≥ A′A− (a1/2A′3 + a−1/2A′2)(a1/2A3 + a−1/2A2)

= [A′1A1 − (a− 1)A′3A3] + (1− a−1)A′2A2 , (S.4.10)

where ≥ for matrices refers to the difference being positive definite, and a is a positive number, namely
a = 1 + µR(A′1A1)/(2 ‖A3‖2). The reason for this choice becomes clear below.

Note that [A′1A1 − (a− 1)A′3A3] has at most rank R (asymptotically it has exactly rank R).
The non-zero eigenvalues of A′A are therefore given by the (at most) R non-zero eigenvalues of
[A′1A1 − (a− 1)A′3A3] and the non-zero eigenvalues of (1 − a−1)A′2A2, the largest one of the latter
being given given by the operator norm (1− a−1)‖A2‖2. We therefore find

1
NT

µR+1 (A′A) ≥ 1
NT

µR+1

[
(A′1A1 − (a− 1)A′3A3) + (1− a−1)A′2A2

]
≥ 1
NT

min
{

(1− a−1)‖A2‖2 , µR [A′1A1 − (a− 1)A′3A3]
}
. (S.4.11)

Using theorem S.3.1(xii) and our particular choice of a we find

µR [A′1A1 − (a− 1)A′3A3] ≥ µR(A′1A1)− ‖(a− 1)A′3A3‖

=
1
2
µR(A′1A1) . (S.4.12)

Therefore

1
NT

µR+1(A′A) ≥ 1
2NT

µR(A′1A1) min
{

1 ,
2 ‖A2‖2

2 ‖A3‖2 + µR(A′1A1)

}
≥ 1
NT

‖A2‖2 µR(A′1A1)
2 ‖A‖2 + µR(A′1A1)

, (S.4.13)

where we used ‖A‖ ≥ ‖A3‖ and ‖A‖ ≥ ‖A2‖.
Our assumptions guarantee that there exist positive constants c0, c1, c2 and c3 such that

‖A‖√
NT

≤ ‖λ
0 f0′‖√
NT

+
K1∑
l=1

|β0
l − βl|

‖wl v′l‖√
NT

≤ c0 + c1

∥∥∥βlow − βlow
0

∥∥∥ , wpa1 ,

µR(A′1A1)
NT

=
µR
(
f0 λ0′Mw λ

0 f0′)
NT

≥ c2 , wpa1 ,

‖A2‖2

NT
= µ1

[
K1∑
l1=1

(β0
l1 − βl1)wl1 v

′
l1 Mf0

K1∑
l2=1

(β0
l2 − βl2) vl2 w

′
l2

]

≥ c3
∥∥∥βlow − βlow

0

∥∥∥2

, wpa1 , (S.4.14)
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were for the last inequality we used lemma S.4.2.
We thus have

1
NT

µR+1 (A′A) ≥
c3

∥∥∥βlow − βlow
0

∥∥∥2

1 + 2
c2

(
c0 + c1

∥∥∥βlow − βlow
0

∥∥∥)2 , wpa1 . (S.4.15)

Defining a0 = c2c3
2c21

, a1 = 2c0
c1

and a2 = c2
2c21

we thus obtain

1
NT

µR+1 (A′A) ≥
a0

∥∥∥βlow − βlow
0

∥∥∥2

∥∥∥βlow − βlow
0

∥∥∥2

+ a1

∥∥∥βlow − βlow
0

∥∥∥+ a2

, wpa1 , (S.4.16)

i.e. we have shown the desired bound on S̃
(2)
NT (β, f).

S.5 Proof of Corollary 3.4

As discussed in the main text, all that is left to prove corollary 3.4 is that the matrix WNT =
WNT (λ0, f0, Xk) does not become singular as N,T →∞.

Proof. Remember that

WNT =
1
NT

Tr(Mf0 X ′k1 Mλ0 Xk2) . (S.5.1)

The smallest eigenvalue of the symmetric matrix W (λ0, f0, Xk) is given my

µK (WNT ) = min
{a∈RK , a 6=0}

a′WNT a

‖a‖2

= min
{a∈RK , a 6=0}

1
NT ‖a‖2

Tr

[
Mf0

(
K∑

k1=1

ak1 X
′
k1

)
Mλ0

(
K∑

k2=1

ak2 Xk2

)]

= min
{α ∈ RK1 , ϕ ∈ RK2

α 6= 0, ϕ 6= 0}

Tr
[
Mf0

(
X ′low,ϕ +X ′high,α

)
Mλ0 (Xlow,ϕ +Xhigh,α)

]
NT (‖α‖2 + ‖ϕ‖2)

, (S.5.2)

where we decomposed a = (ϕ′, α′)′, with ϕ and α being vectors of length K1 and K2, respectively,
and we defined linear combinations of high- and low-rank regressors2

Xlow,ϕ =
K1∑
l=1

ϕlXl , Xhigh,α =
K∑

m=K1+1

αmXm . (S.5.3)

We have Mλ0 = M(λ0,w) + P(Mλ0w), where w is the N ×K1 matrix defined in assumption 4(ii), i.e.

2As in assumption 4 the components of α are denoted αK1+1, . . . , αK to simplify notation.
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(λ0, w) is N × (R+K1) matrix, while Mλ0w is also a N ×K1 matrix. Using this we obtain

µK (WNT )

= min
{ϕ ∈ RK1 , α ∈ RK2

ϕ 6= 0, α 6= 0}

1
NT (‖ϕ‖2 + ‖α‖2)

{
Tr
[
Mf0

(
X ′low,ϕ +X ′high,α

)
M(λ0,w) (Xlow,ϕ +Xhigh,α)

]
+ Tr

[
Mf0

(
X ′low,ϕ +X ′high,α

)
P(Mλ0w) (Xlow,ϕ +Xhigh,α)

]}
= min
{ϕ ∈ RK1 , α ∈ RK2

ϕ 6= 0, α 6= 0}

1
NT (‖ϕ‖2 + ‖α‖2)

{
Tr
[
Mf0 X ′high,αM(λ0,w)Xhigh,α

]
+ Tr

[
Mf0

(
X ′low,ϕ +X ′high,α

)
P(Mλ0w) (Xlow,ϕ +Xhigh,α)

]}
.

(S.5.4)

We note that there exists finite positive constants c1, c2, c3 such that

1
NT

Tr
[
Mf0 X ′high,αM(λ0,w)Xhigh,α

]
≥ c1‖α‖2 , wpa1,

1
NT

Tr
[
Mf0

(
X ′low,ϕ +X ′high,α

)
P(Mλ0w) (Xlow,ϕ +Xhigh,α)

]
≥ 0 ,

1
NT

Tr
[
Mf0 X ′low,ϕ P(Mλ0w)Xlow,ϕ

]
≥ c2 ‖ϕ‖2 , wpa1,

1
NT

Tr
[
Mf0 X ′low,ϕ P(Mλ0w)Xhigh,α

]
≥ −c3

2
‖ϕ‖‖α‖ , wpa1,

1
NT

Tr
[
Mf0 X ′high,α P(Mλ0w)Xhigh,α

]
≥ 0 , (S.5.5)

and we want to justify these inequalities now. The second and the last equation in (S.5.5) are true
because e.g. Tr

[
Mf0 X ′high,α P(Mλ0w)Xhigh,α

]
= Tr

[
Mf0 X ′high,α P(Mλ0w)Xhigh,αMf0

]
, and the trace

of a symmetric positive semi-definite matrix is non-negative. The first inequality in (S.5.5) is true
because rank(f0) + rank(λ0, w) = 2R+K1 and using theorem B.1 and assumption 4(i) we have

1
NT‖α‖2

Tr
[
Mf0 X ′high,αM(λ0,w)Xhigh,α

]
≥ 1
NT‖α‖2

µ2R+K1+1

[
Xhigh,αX

′
high,α

]
> b , wpa1,

(S.5.6)

i.e. we can set c1 = b. The third inequality in (S.5.5) is true because according theorem S.3.1(v) we
have

1
NT

Tr
[
Mf0 X ′low,ϕ P(Mλ0w)Xhigh,α

]
≥ − K1

NT
‖Xlow,ϕ‖ ‖Xhigh,α‖

≥ − K1

NT
‖Xlow,ϕ‖F ‖Xhigh,α‖F

≥ −K1K1K2 ‖ϕ‖ ‖α‖ max
k1=1...K1

∥∥∥∥ Xk1√
NT

∥∥∥∥
F

max
k2=K1+1...K

∥∥∥∥ Xk2√
NT

∥∥∥∥
F

≥ −c3
2
‖ϕ‖ ‖α‖ , (S.5.7)

where we used that assumption 4 implies that
∥∥∥Xk/

√
NT

∥∥∥
F
< C holds wpa1 for some constant C

as, and we set c3 = K1K1K2 C
2. Finally, we have to argue that the third inequality in (S.5.5) holds.

Note that X ′low,ϕ P(Mλ0w)Xlow,ϕ = X ′low,ϕMλ0 Xlow,ϕ, i.e. we need to show that

1
NT

Tr
[
Mf0 X ′low,ϕMλ0 Xlow,ϕ

]
≥ c2 ‖ϕ‖2 . (S.5.8)
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Using part (vi) or theorem S.3.1 we find

1
NT

Tr
[
Mf0 X ′low,ϕMλ0 Xlow,ϕ

]
=

1
NT

Tr
[
Mλ0 Xlow,ϕMf0 X ′low,ϕMλ0

]
≥ 1
NT

∥∥Mλ0 Xlow,ϕMf0 X ′low,ϕMλ0

∥∥ , (S.5.9)

and according to lemma S.4.2 this expression is bounded by some positive constant times ‖ϕ‖2 (in the
lemma we have ‖ϕ‖ = 1, but all expressions are homogeneous in ‖ϕ‖).

Using the inequalities (S.5.5) in equation (S.5.4) we obtain

µK (WNT ) ≥ min
{ϕ ∈ RK1 , α ∈ RK2

ϕ 6= 0, α 6= 0}

1
‖ϕ‖2 + ‖α‖2

{
c1‖α‖2 + max

[
0, c2‖ϕ‖2 − c3‖ϕ‖‖α‖

]}
≥ min

(
c2
2
,

c1c
2
2

c22 + c23

)
, wpa1. (S.5.10)

Thus, the smallest eigenvalue of WNT is bounded from below by a positive constant as N,T → ∞,
i.e. WNT is non-degenerate and invertible.

S.6 Supplement to the Proof of Theorem 4.1

Proof of lemma D.1. # We start with the proof for the operator norm of the weakly exogenous part
of the regressors. We can rewrite equation (4.1) as

Xweak
k =

T−1∑
τ=1

Ck,τ e(τ) , (S.6.1)

where the Ck,τ are diagonal N × N matrices with diagonal entries Ck,τ,ii = ck,iτ , and the e(τ) are
N × T matrix obtained by shifting all entries of e downwards by p rows and filling the upper p rows
with zeros, i.e. e(τ),it = ei,t−τ for t > p, and e(τ),it = 0 otherwise. We then have ‖e(τ)‖ ≤ ‖e‖ and
‖Ck,τ‖ = maxi |ck,iτ | ≤ ατ . Therefore

∥∥Xweak
k

∥∥ ≤ T−1∑
τ=1

‖Ck,τ‖ ‖e(τ)‖

≤
T−1∑
τ=1

ατ ‖e‖

≤ α

1− α
Op(N1/2) = Op(N1/2) . (S.6.2)

This is what we wanted to show.
# To prove the result on the operator norm of Pλ0ePf0 , we first find that 1√

NT

∥∥f0′eλ0
∥∥
F

= Op (1),
because

E

(∥∥f0′eλ0
∥∥
F√

NT

)2

=
1
NT

E

(
N∑
i=1

T∑
t=1

eitf
0′
t λ

0
i

)2

=
1
NT

N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

E (eitejs) f0′
t λ

0
iλ

0′
j f

0
s

=
1
NT

N∑
i=1

T∑
t=1

E
(
e2
it

)
f0′
t λ

0
iλ

0′
i f

0
t

= O (1) . (S.6.3)
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Using this we obtain

‖Pλ0ePf0‖ = ‖λ0(λ0′λ0)−1λ0′ef0(f0′f0)−1 f0′‖
≤ ‖λ0‖

∥∥(λ0′λ0)−1
∥∥ ‖λ0′ef0‖

∥∥(f0′f0)−1
∥∥ ‖f0′‖

≤ Op(N1/2)Op(N−1)‖λ0′ef0‖FOp(T−1)Op(T 1/2) = Op(1) , (S.6.4)

where we used part (i) and (ii) of theorem S.3.1.
# To show the next statement of the lemma we first note that N−1T−1/2‖λ0 ′eXstr ′

k ‖F = Op(1),
which is true because

E
(
N−1T−1/2‖λ0 ′eXstr ′

k ‖F
)2

= N−2T−1E

 R∑
r=1

N∑
j=1

(
N∑
i=1

T∑
t=1

λ0
ireitX

str
k,jt

)2


= N−2T−1
R∑
r=1

N∑
j=1

N∑
i=1

T∑
t=1

E
(
e2
it

)
(λ0
ir)

2E
[
(Xstr

k,jt)
2
]

= O(1) . (S.6.5)

Therefore we find

‖Pλ0eXstr ′
k ‖ = ‖λ0(λ0′λ0)−1λ0′eXstr ′

k ‖
≤ ‖λ0(λ0′λ0)−1‖‖λ0′eXstr ′

k ‖

≤ ‖λ0(λ0′λ0)−1‖‖λ0′eXstr ′
k ‖F = Op(

√
NT ) , (S.6.6)

where we used part (i) and (ii) of theorem S.3.1. This is what we wanted to show.
The proof for ‖Pf0e′Xstr

k ‖ = Op(
√
NT ) is analogous.

Lemma S.6.1. Suppose that A and B are a T × T and an N ×N matrices that are independent of
e such that E ‖A‖2F = O (NT ) and E ‖B‖2F = O (NT ), and let assumption 5 be satisfied. Then there
exists a finite constant c0, independent of N,T , such that

(a) E {Tr [(e′e− E (e′e))A]}2 ≤ c0N E
(
‖A‖2F

)
,

(b) E {Tr [(ee′ − E (ee′))B]}2 ≤ c0 T E
(
‖B‖2F

)
. (S.6.7)

Proof. # Part (a): Denote Ats to be the (t, s)th element of A. We have

Tr {(e′e− E (e′e))A} =
T∑
t=1

T∑
s=1

(e′e− E (e′e))tsAts

=
T∑
t=1

T∑
s=1

(
N∑
i=1

(eiteis − E (eiteis))

)
Ats. (S.6.8)

To compute its variance, we write

E (Tr {(e′e− E (e′e))A})2

=
T∑
t=1

T∑
s=1

T∑
p=1

T∑
q=1

E


(

N∑
i=1

(eiteis − E (eiteis))

) N∑
j=1

(ejpejq − E (ejpejq))

AtsApq.

(S.6.9)
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Let Σit = E(e2
it). Then we find

E


(

N∑
i=1

(eiteis − E (eiteis))

) N∑
j=1

(ejpejq − E (ejpejq))


=

N∑
i=1

N∑
j=1

{E (eiteisejpejq)− E (eiteis) E (ejpejq)}

=


ΣitΣis if (t = p) 6= (s = q) and (i = j)
ΣitΣis if (t = q) 6= (s = p) and (i = j)
E
(
e4
it

)
− Σ2

it if (t = s = p = q) and (i = j)
0 otherwise.

(S.6.10)

Therefore,

E (Tr {(e′e− E (e′e))A})2 ≤
T∑
t=1

T∑
s=1

N∑
i=1

ΣitΣis
(
E
(
A2
ts

)
+ E (AtsAst)

)
+

T∑
t=1

N∑
i=1

(
E
(
e4
it

)
− Σ2

it

)
EA2

tt.

(S.6.11)

Define Σi = diag (Σi1, ...,ΣiT ) . Then, we have

T∑
t=1

T∑
s=1

N∑
i=1

ΣitΣis
(
EA2

ts

)
= E

(
N∑
i=1

Tr
(
A′ΣiAΣi

))

≤
N∑
i=1

E
∥∥AΣi

∥∥2

F
≤

N∑
i=1

∥∥Σi
∥∥2 E ‖A‖2F

≤ N

(
sup
it

Σ2
it

)
E ‖A‖2F . (S.6.12)

Also,

T∑
t=1

T∑
s=1

N∑
i=1

ΣitΣisE (AtsAst) = E

[
N∑
i=1

Tr
(
ΣiAAΣi

)]

≤
N∑
i=1

E
∥∥ΣiA

∥∥
F

∥∥AΣi
∥∥
F
≤

N∑
i=1

∥∥Σi
∥∥2 E ‖A‖2F

≤ N

(
sup
it

Σ2
it

)
E ‖A‖2F . (S.6.13)

Finally,

T∑
t=1

N∑
i=1

(
E
(
e4
it

)
− Σ2

it

)
EA2

tt ≤ N

(
sup
it

E
(
e4
it

))
E ‖A‖2F . (S.6.14)

# Part (b): The proof is analogous to that of part (a).

We can now give the proof of the two lemmas in appendix D of the main text.

Proof of lemma D.2.
# First, we want to prove the statements (a), (b), (c), (d) and (e). We have ‖λ0 (λ0′λ0)−1 (f0′f0)−1 f0′‖ =
Op((NT )−1/2), ‖e‖ = Op(N1/2), and according to lemma D.1 also ‖Xweak

k ‖ = Op(N1/2). Using this
and part (v) of theorem S.3.1 we find, e.g.

1
NT

Tr(Mf0 Xweak′
k1 Pλ0 Xweak

k2 ) ≤ R

NT

∥∥Xweak′
k1

∥∥∥∥Xweak
k2

∥∥ = Op(N−1) = op(1) , (S.6.15)
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and

1√
NT

Tr
(
eMf0 e′Mλ0 Xweak

k f0 (f0′f0)−1 (λ0′λ0)−1 λ0′)
≤ R√

NT
‖e‖2

∥∥Xweak
k

∥∥∥∥f0 (f0′f0)−1 (λ0′λ0)−1 λ0′∥∥ = Op(N−1/2) = op(1) , (S.6.16)

and analogously for the three statements (b), (d) and (e).
# The proofs for part (f), (g) and (h) are similar, but in addition we use ‖Xstr

k ‖ = Op(
√
NT ) and

‖Pλ0ePf0‖ = Op(1), which was shown in lemma D.1. We then obtain e.g.

1√
NT

Tr
(
ePf0 e′Mλ0 Xstr

k f0 (f0′f0)−1 (λ0′λ0)−1 λ0′)
=

1√
NT

Tr
(
Pλ0ePf0 e′Mλ0 Xstr

k f0 (f0′f0)−1 (λ0′λ0)−1 λ0′)
≤ R√

NT

∥∥Pλ0ePf0

∥∥ ‖e‖‖Xstr
k ‖

∥∥f0 (f0′f0)−1 (λ0′λ0)−1 λ0′∥∥ = Op(N−1/2) = op(1) ,

(S.6.17)

and analogously for part (f) and (h).
# To prove statement (i) we need to use additionally ‖Pf0e′Xstr

k ‖ = Op(
√
NT ), which was also

shown in lemma D.1. We find

1√
NT

Tr
(
e′Mλ0 Xstr

k Mf0 e′ λ0 (λ0′λ0)−1 (f0′f0)−1 f0′)
=

1√
NT

Tr
(
Pf0 e′Xstr

k Mf0 e′ λ0 (λ0′λ0)−1 (f0′f0)−1 f0′)
− 1√

NT
Tr
(
Pf0 e′Pλ0 Xstr

k Mf0 e′ λ0 (λ0′λ0)−1 (f0′f0)−1 f0′)
≤ R√

NT
‖Pf0 e′Xstr

k ‖‖e‖ ‖λ
0 (λ0′λ0)−1 (f0′f0)−1 f0′‖

− R√
NT
‖Pf0 e′Pλ0‖‖Xstr

k ‖‖e‖‖λ
0 (λ0′λ0)−1 (f0′f0)−1 f0′‖

= Op(T−1/2) = op(1) . (S.6.18)

# Statement (j) follows if we can show that the second moment of e′Pλ0Xweak
k /

√
NT is o(1). We

find

E
(

1√
NT

Tr
(
e′Pλ0Xweak

k

))2

=
1
NT

E

 N∑
i=1

N∑
j=1

T∑
t=1

eitX
weak
k,jt λ

0′
i

(
λ0′λ0

)−1
λ0
j

2

=
1
NT

N∑
i=1

N∑
j=1

N∑
k=1

N∑
l=1

T∑
t=1

T∑
s=1

E
(
eitX

weak
k,jt eksX

weak
k,ls

)
λ0′
i

(
λ0′λ0

)−1
λ0
jλ

0′
k

(
λ0′λ0

)−1
λ0
l .

(S.6.19)

Notice that E
(
eitX

weak
k,jt eksX

weak
k,ls

)
= 0 unless (t = s) and (i = k) and (j = l). Therefore

E
(

1√
NT

Tr
(
e′Pλ0Xweak

k

))2

=
1
NT

N∑
i=1

N∑
j=1

T∑
t=1

E
(
e2
it

)
E
[(
Xweak
jt

)2] (
λ0′
i

(
λ0′λ0

)−1
λ0
j

)2

≤
B̄ ‖Pλ0‖2F

N
= O

(
N−1

)
= o(1) , (S.6.20)
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where we used supit E
(
e2
it

)
≤ B̄ and supit E

[(
Xweak
it

)2] ≤ B̄. This is what we wanted to show.
# Now we want to prove part (k) and (l) of the present lemma. For part (k) we define (we fix the

regressor index k here)

B = Mλ0 Xstr
k f0 (f0′f0)−1 (λ0′λ0)−1 λ0′ . (S.6.21)

Using part (i) and (ii) of theorem S.3.1 we find

‖B‖F ≤ R1/2‖B‖
≤ R1/2‖Xstr

k ‖
∥∥f0 (f0′f0)−1 (λ0′λ0)−1 λ0′∥∥

≤ R1/2‖Xstr
k ‖F

∥∥f0 (f0′f0)−1 (λ0′λ0)−1 λ0′∥∥ . (S.6.22)

and therefore

E
(
‖B‖2F

)
≤ R

∥∥f0 (f0′f0)−1 (λ0′λ0)−1 λ0′∥∥2 E‖Xstr
k ‖2F

= O(1) , (S.6.23)

where we used E‖Xstr
k ‖2F = O(NT ), which is true since we assumed uniformly bounded second (actu-

ally even higher) moments of Xstr
k,it. Applying lemma S.6.1 we therefore find

E
(

1√
NT

Tr {[ee′ − E (ee′)]B}
)2

≤ c0
T

NT
E
(
‖B‖2F

)
= o(1) , (S.6.24)

and thus

1√
NT

Tr {[ee′ − E (ee′)]B} = op(1) , (S.6.25)

which is what we wanted to show. The proof for part (l) is analogous.
# Finally, we want to show part (m) of the lemma. Write f̃ts = f ′t (f ′f)−1

fs. The required result
follows by showing

E

[
1
N

T∑
t=1

T∑
s=1

N∑
i=1

(
eitf̃tsX

weak
k,is − E

(
eitf̃tsX

weak
k,is

))]2

=
1
N2

T∑
t=1

T∑
s=1

T∑
p=1

T∑
q=1

N∑
i=1

N∑
j=1

E
(
eitejpX

weak
k,is X

weak
k,jq f̃tsf̃pq

)
−

[
1
N

T∑
t=1

T∑
s=1

N∑
i=1

E
(
eitf̃tsX

weak
k,is

)]2

=
1
N2

T∑
t=1

T∑
s=1

T∑
p=1

T∑
q=1

N∑
i=1

E
(
eiteipX

weak
k,is X

weak
k,iq f̃tsf̃pq

)
−

[
1
N

T∑
t=1

T∑
s=1

N∑
i=1

E
(
eitf̃tsX

weak
k,is

)]2

≤ 1
N2

N∑
i=1

E


(

1√
T

∑T
t=1 eitf

′
t

(
f ′f
T

)−1/2
)(

1√
T

∑T
s=1X

weak
k,is

(
f ′f
T

)−1/2

fs

)
×
(

1√
T

∑T
t=1 eitf

′
t

(
f ′f
T

)−1/2
)(

1√
T

∑T
s=1X

weak
k,is

(
f ′f
T

)−1/2

fs

)


≤ 1
N2

N∑
i=1

E

∥∥∥∥∥ 1√
T

T∑
t=1

eitf
′
t

(
f ′f

T

)−1/2
∥∥∥∥∥

2
∥∥∥∥∥ 1√

T

T∑
t=1

Xweak
k,is

(
f ′f

T

)−1/2

ft

∥∥∥∥∥
2


≤ 1
N2

N∑
i=1

E

∥∥∥∥∥ 1√
T

T∑
t=1

eitf
′
t

(
f ′f

T

)−1/2
∥∥∥∥∥

4
E

∥∥∥∥∥ 1√
T

T∑
t=1

Xweak
k,is

(
f ′f

T

)−1/2

ft

∥∥∥∥∥
4


= O

(
1
N

)
, (S.6.26)
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where the last line holds because

sup
i,T

E

∥∥∥∥∥ 1√
T

T∑
t=1

eitf
′
t

(
f ′f

T

)−1/2
∥∥∥∥∥

4

< c0 ,

sup
i,T

E

∥∥∥∥∥ 1√
T

T∑
t=1

Xweak
k,is

(
f ′f

T

)−1/2

ft

∥∥∥∥∥
4

< c0 , (S.6.27)

for some c0 independent of N,T .

Proof of lemma D.3. Let c be a K-vector such that ‖c‖ = 1. The required result follows by the
Cramer-Wold device, if we show that

1√
NT

N∑
i=1

T∑
t=1

eitX
′
itc ⇒ N (0, c′Ωc) . (S.6.28)

Denote ZiT = 1√
T

∑T
t=1 eitX

′
itc. Notice that conditioning on Xstr, the {ZiT }i=1,...,N are independent

with E
(
ZiT

∣∣Xstr
)

= 0 and

E
(
Z2
iT

∣∣Xstr
)

= c′

(
1
T

T∑
t=1

ΣitE (XitX′it)
∣∣Xstr

)
c. (S.6.29)

Using our assumptions we thus find that

1
N

N∑
i=1

E
(
Z2
iT

∣∣Xstr
)
→
p
c′Ωc > 0. (S.6.30)

Notice also that supi,T E
(
Z4
iT

∣∣Xstr
)

= Op(1). Define s2
NT =

∑N
i=1 E

(
Z2
iT

∣∣Xstr
)
. Then, the Lindeberg-

Feller condition is satisfied since for any ε > 0,

N∑
i=1

E

[∣∣∣∣ ZiTsNT

∣∣∣∣2 1
{∣∣∣∣ ZiTsNT

∣∣∣∣ ≥ ε} ∣∣∣∣Xstr

]
≤ 1
ε2

1
s4
NT

N∑
i=1

E
(
|ZiT |4

∣∣∣Xstr
)

≤ 1
ε2

1
N

1

(s2
NT /N)2 sup

i,T
E
(
|ZiT |4

∣∣Xstr
)
→
p

0. (S.6.31)

By the conditional version of theorem 2 of Phillips and Moon (1999), and since the conditional limiting
distribution does not depend on Xstr, we obtain the required result.

S.7 Supplement to the Proof of Theorem 4.4

The following lemma gives a useful bound on the maximum of (correlated) random variables

Lemma S.7.1. Let Zi, i = 1, 2, . . . , n, be n real valued random variables, and let γ ≥ 1 and B > 0
be finite constants (independent of n). Assume maxi E|Zi|γ ≤ B, i.e. the γ’th moment of the Zi are
finite and uniformly bounded. For n→∞ we then have

max
i
|Zi| = Op

(
n1/γ

)
. (S.7.1)

Proof. Using Jensen’s inequality one obtains E maxi |Zi| ≤ (E maxi |Zi|γ)1/γ ≤ (E
∑n
i=1 |Zi|γ)1/γ ≤

(n maxi E|Zi|γ)1/γ ≤ n1/γ B1/γ . Markov’s inequality then gives equation (S.7.1).
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Lemma S.7.2. Let

Z̄
(1)
k,tτ = N−1/2

N∑
i=1

[eitXk,iτ − E (eitXk,iτ )] ,

Z̄
(2)
t = N−1/2

N∑
i=1

[
e2
it − E

(
e2
it

)]
,

Z̄
(3)
i = T−1/2

T∑
t=1

[
e2
it − E

(
e2
it

)]
. (S.7.2)

Under assumption 5 we have

E
∣∣∣Z̄(1)
k,tτ

∣∣∣4 ≤ B ,

E
∣∣∣Z̄(2)
tτ

∣∣∣4 ≤ B ,

E
∣∣∣Z̄(3)
i

∣∣∣4 ≤ B , (S.7.3)

for some B > 0, i.e. the expectations Z̄(1)
k,tτ , Z̄(2)

tτ , and Z̄
(3)
i are uniformly bounded over t, τ , or i,

respectively.

Proof. # We start with the proof for Z̄(1)
k,tτ . Define Z(1)

k,tτ,i = eitXk,iτ −E (eitXk,iτ ). By assumption we
have finite 8’th moments for eit and Xk,iτ uniformly across k, i, t, τ , and thus (using Cauchy Schwarz
inequality) we have finite 4th moment of Z(1)

k,tτ,i uniformly across k, i, t, τ . For ease of notation we now

fix k, t, τ and write Zi = Z
(1)
k,tτ,i. We have E(Zi) = 0 and E(ZiZjZkZl) = 0 if i /∈ {j, k, l} (and the

same holds for permutations of i, j, k, l) —- the latter follows from the fact that conditional on the
strictly exogenous part of the regressors Xstr

k we find Zi to have mean zero and to be independent
from ZjZkZl if i /∈ {j, k, l}. Using this we compute

E

(
N∑
i=1

Zi

)4

=
N∑

i,j,k,l=1

E (ZiZjZkZl)

= 3
∑
i 6=j

E
(
Z2
i Z

2
j

)
+
∑
i

E
(
Z4
i

)
= 3

N∑
i,j=1

E
(
Z2
i

)
E
(
Z2
j

)
+

N∑
i=1

{
E
(
Z4
i

)
− 3

[
E
(
Z2
i

)]2}
, (S.7.4)

Since we argued that E
(
Z4
i

)
is bounded uniformly, the last equation shows that Z̄(1)

k,tτ = N−1/2
∑N
i=1 Z

(1)
k,tτ,i

is bounded uniformly across k, t, τ . This is what we wanted to show.
# The proofs for Z̄(2)

t and Z̄
(3)
i are analogous.

Lemma S.7.3. For a T × T matrix A we have3∥∥AtruncR
∥∥ ≤ M

∥∥AtruncR
∥∥

max
≡ M max

t
max

t<τ≤t+M
|Atτ | ,∥∥AtruncL

∥∥ ≤ M
∥∥AtruncL

∥∥
max
≡ M max

t
max

t−M≤τ<t
|Atτ | . (S.7.5)

3For the boundaries of τ we could write max(1, t −M) instead of t −M , and min(T, t + M) instead of t + M , to
guarantee 1 ≤ τ ≤ T . Since this would complicate notation, we prefer the convention that Atτ = 0 for t < 1 or τ < 1
of t > T or τ > T .
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Proof. For the 1-norm of AtruncR we find

∥∥AtruncR
∥∥

1
= max
t=1...T

t+M∑
τ=t+1

|Atτ |

≤M max
t,τ=1...T

max
t<τ≤t+M

|Atτ | , (S.7.6)

and analogously we find the same bound for the∞-norm
∥∥AtruncR

∥∥
∞. Applying part (vii) of theorem

S.3.1 we therefore also get this bound for the operator norm ‖AtruncR‖. The proof for AtruncL is
analogous.

Proof of lemma E.3. # First, we are going to show A1 = op(1). Let B1,it = X̂it − Xit, B2,it =
e2
itXit, and B3,it = e2

itX̂it. Note that B1, B2, and B3 can either be viewed as K-vectors for each
it, or equivalently as N × T matrices B1,k, B2,k, and B3,k for each k = 1, . . . ,K. We have A1 =
(NT )−1

∑
i

∑
t

(
B1,itB

′
2,it +B3,itB

′
1,it

)
, or equivalently

A1,k1k2 =
1
NT

Tr
(
B1,k1B

′
3,k2 +B2,k1B

′
1,k2

)
. (S.7.7)

We find that

B1,k = −Pf0Xweak
k Mλ0 −Xweak

k Pλ0 + (Mλ̂ −Mλ0)XkMf0 +Mλ̂Xk(Mf̂ −Mf0) , (S.7.8)

which satisfies ‖B1,k‖ = Op(N1/2) since ‖Mλ̂ − Mλ0‖ = Op(N−1/2), ‖Mf̂ − Mf0‖ = Op(N−1/2),
‖Xk‖ = Op(

√
NT ) = Op(N), and ‖Xweak

k ‖ = Op(N1/2). In addition we have rank(B1,k) ≤ 6R.
Since we have uniformly bounded 8’th moments for eit and Xk,it, we find

‖B2,k‖4 ≤ ‖B2,k‖4F

=

(
N∑
i=1

T∑
t=1

e4
itX

2
k,it

)2

≤

(
N∑
i=1

T∑
t=1

e8
it

)(
N∑
i=1

T∑
t=1

X4
k,it

)
= Op(NT )Op(NT ) , (S.7.9)

i.e. ‖B2,k‖ = Op(
√
NT ), and analogously ‖B3,k‖ = Op(

√
NT ). Therefore

|A1,k1k2 | ≤
6R
NT

(‖B1,k1‖‖B3,k2‖+ ‖B2,k1‖‖B1,k2‖)

=
6R
NT

(
Op(N1/2)Op(

√
NT ) +Op(

√
NT )Op(N1/2)

)
= op(1) . (S.7.10)

This is what we wanted to show.
# Next, we want to show A2 = op(1). According to theorem 3.3 we have e − ê = C1 + C2,

where we defined C1 = −
∑K
k=1

(
β̂k − β

0
k

)
Xk, and C2 =

∑K
k=1

(
β̂k − β

0
k

) (
Pλ0 XkMf0 +Xk Pf0

)
+

Pλ0 eMf0 + e Pf0 − ê(1)
e − ê(rem), which satisfies ‖C2‖ = Op(N1/2), and rank(C2) ≤ 11R (actually, one

can easily prove ≤ 5R, but this does not follow from theorem 3.3). Using this notation we have

A2 =
1
NT

N∑
i=1

T∑
t=1

(eit + êit)(C1,it + C2,it)X̂itX̂′it , (S.7.11)

which can also be written as

A2,k1k2 = −
K∑

k3=1

(
β̂k3 − β

0
k3

)
(C5,k1k2k3 + C6,k1k2k3) +

1
NT

Tr (C2 C3,k1k2) +
1
NT

Tr (C2 C4,k1k2) ,

(S.7.12)
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where we defined

C3,k1k2,it = eitX̂k1,itX̂k2,it ,

C4,k1k2,it = êitX̂k1,itX̂k2,it ,

C5,k1k2k3 =
1
NT

N∑
i=1

T∑
t=1

eitX̂k1,itX̂k2,itXk3,it ,

C6,k1k2k3 =
1
NT

N∑
i=1

T∑
t=1

êitX̂k1,itX̂k2,itXk3,it . (S.7.13)

Again, since we have uniformly bounded 8’th moments for eit and Xk,it, we find

‖C3,k1k2‖4 ≤ ‖C3,k1k2‖4F

=

(
N∑
i=1

T∑
t=1

e2
itX̂

2
k1,itX̂

2
k2,it

)2

≤

(
N∑
i=1

T∑
t=1

e4
it

)(
N∑
i=1

T∑
t=1

X̂4
k1,itX̂

4
k2,it

)
= Op(N2T 2) , (S.7.14)

i.e. ‖C3,k1k2‖ = Op(
√
NT ). Furthermore

‖C4,k1k2‖2 ≤ ‖C3,k1k2‖2F

=
N∑
i=1

T∑
t=1

ê2
itX̂

2
k1,itX̂

2
k2,it

≤

(
N∑
i=1

T∑
t=1

ê2
it

)
max
i=1...N

max
t=1...T

(
X̂2
k1,itX̂

2
k2,it

)
≤

(
N∑
i=1

T∑
t=1

e2
it

)
max
i=1...N

max
t=1...T

(
X̂2
k1,itX̂

2
k2,it

)
= Op(NT )Op((NT )(4/(8+ε))) = op((NT )(3/4)) . (S.7.15)

Here we used the assumption that Xk has uniformly bounded moments of order 8 + ε for some ε > 0.
We also used

∑N
i=1

∑T
t=1 ê

2
it ≤

∑N
i=1

∑T
t=1 e

2
it.

For C5 we find

C2
5,k1k2k3 ≤

(
1
NT

N∑
i=1

T∑
t=1

e2
it

)(
1
NT

X̂2
k1,itX̂

2
k2,itX

2
k3,it

)
= Op(1) , (S.7.16)

i.e. C5,k1k2k3 = Op(1), and analogously C6,k1k2k3 = Op(1), since
∑N
i=1

∑T
t=1 ê

2
it ≤

∑N
i=1

∑T
t=1 e

2
it.

Using these results we obtain

|A2,k1k2 | ≤ −
K∑

k3=1

∥∥∥β̂k3 − β0
k3

∥∥∥ |C5,k1k2k3 + C6,k1k2k3 |+
11R
NT
‖C2‖‖C3,k1k2‖+

11R
NT
‖C2‖‖C4,k1k2‖

= Op((NT )−1/2)Op(1) +
11R
NT
Op(N1/2)Op(

√
NT ) +

11R
NT
Op(N1/2)op((NT )3/4) = op(1) .

(S.7.17)

This is what we wanted to show.
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Remember that the truncation Kernel Γ(.) is defined by Γ(x) = 1 for |x| ≤ 1 and Γ(x) = 0
otherwise. Without loss of generality we assume in the following that the bandwidth parameter M is
a positive integer (without this assumption, one needs to replace M everywhere below by the largest
integer contained in M , but nothing else changes).

Proof of lemma E.4. By lemma E.2 we know that asymptotically Pf̂ is close to Pf0 and therefore
rank(Pf̂Pf0) = rank(Pf0Pf0) = R , i.e. rank(Pf̂f

0) = R asymptotically. We can therefore write
f̂ = Pf̂f

0H, where H = HNT is a non-singular R×R matrix.
We now want to show ‖H‖ = Op(1) and ‖H−1‖ = Op(1). Due to our normalization of f̂ and

f0 we have H = (f̂ ′Pf̂f
0/T )−1 = (f̂ ′f0/T )−1, and therefore ‖H−1‖ ≤ ‖f̂‖‖f0‖/T = Op(1). We

also have f̂ = f0H + (Pf̂ − Pf0)f0H, and thus H = f0′f̂/T − f0′(Pf̂ − Pf0)f0H/T , i.e. ‖H‖ ≤
Op(1) + ‖H‖Op

(
T−1/2

)
which shows ‖H‖ = Op(1). Note that all the following results only require

‖H‖ = Op(1) and ‖H−1‖ = Op(1), but apart from that are independent of the choice of normalization.

The advantage of expressing f̂ in terms of Pf̂ as above is that the result
∥∥∥Pf̂ − Pf0

∥∥∥ = Op
(
T−1/2

)
of lemma E.2 immediately implies ∥∥∥f̂ − f0H

∥∥∥ = Op (1) . (S.7.18)

The FOC wrt λ in the minimization of the first line in equation (2.5) reads

λ̂ f̂ ′f̂ =

(
Y −

K∑
k=1

β̂kXk

)
f̂ , (S.7.19)

which yields

λ̂ =

[
λ0f0′ −

K∑
k=1

(
β̂k − β

0
k

)
Xk

]
f̂
(
f̂ ′f̂
)−1

=

[
λ0f0′ +

K∑
k=1

(
β0
k − β̂k

)
Xk + e

]
Pf̂f

0
(
f0′Pf̂f

0
)−1

(H ′)−1

= λ0 (H ′)−1 + λ0f0′
(
Pf̂ − Pf0

)
f0
(
f0′Pf̂f

0
)−1

(H ′)−1

+ λ0f0′f0

[(
f0′Pf̂f

0
)−1

−
(
f0′f0

)−1
]

(H ′)−1

+

[
K∑
k=1

(
β0
k − β̂k

)
Xk + e

]
Pf̂f

0
(
f0′Pf̂f

0
)−1

(H ′)−1
. (S.7.20)

We have
(
f0′Pf̂f

0
/
T )−1 −

(
f0′f0/T

)−1 = Op(T−1/2), because
∥∥∥Pf̂ − Pf0

∥∥∥ = Op
(
T−1/2

)
and

f0′f0/T by assumption is converging to a positive definite matrix (or given our particular choice of
normalization is just the identity matrix IR) In addition, we have ‖e‖ = Op(

√
T ), ‖Xk‖ = Op(

√
NT )

and by corollary E.1 also ‖β̂ − β0‖ = Op(1/
√
NT ). Therefore∥∥∥λ̂− λ0 (H ′)−1

∥∥∥ = Op (1) , (S.7.21)

which is what we wanted to prove.
Next, we want to show∥∥∥∥∥∥

(
λ̂
′
λ̂

N

)−1

−

(
(H)−1

λ0′ λ0 (H ′)−1

N

)−1
∥∥∥∥∥∥ = Op

(
N−1/2

)
,

∥∥∥∥∥∥
(
f̂ ′ f̂

T

)−1

−
(
H ′ f0′ f0H

T

)−1
∥∥∥∥∥∥ = Op

(
T−1/2

)
. (S.7.22)
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Let A = N−1 λ̂
′
λ̂ and B = N−1 (H)−1

λ0′ λ0 (H ′)−1. Using (S.7.21) we find

‖A−B‖ =
1

2N

∥∥∥[λ̂′ + (H)−1
λ0′
] [
λ̂− λ0 (H ′)−1

]
+
[
λ̂
′
− (H)−1

λ0′
] [
λ̂+ λ0 (H ′)−1

]∥∥∥
= N−1Op(N1/2)Op(1) = Op

(
N−1/2

)
. (S.7.23)

By assumption 1 we know that ∥∥∥∥∥
(
λ0′ λ0

N

)−1
∥∥∥∥∥ = Op(1) . (S.7.24)

and thus also
∥∥B−1

∥∥ = Op(1), and therefore
∥∥A−1

∥∥ = Op(1) (using ‖A − B‖ = op(1) and applying
Weyl’s inequality to the smallest eigenvalue of B). Since A−1 −B−1 = A−1(B −A)B−1 we find∥∥A−1 −B−1

∥∥ ≤ ∥∥A−1
∥∥ ∥∥B−1

∥∥ ‖A−B‖
= Op

(
N−1/2

)
. (S.7.25)

Thus, we have shown the first statement of (S.7.22), and analogously one can show the second one.
Combining (S.7.21), (S.7.19) and (S.7.22) we obtain∥∥∥∥∥∥ λ̂√

N

(
λ̂
′
λ̂

N

)−1 (
f̂ ′f̂

T

)−1
f̂ ′√
T
− λ0

√
N

(
λ0′λ0

N

)−1 (
f0′f0

T

)−1
f0′
√
T

∥∥∥∥∥∥
=

∥∥∥∥∥∥ λ̂√
N

(
λ̂
′
λ̂

N

)−1 (
f̂ ′f̂

T

)−1
f̂ ′√
T
− λ0 (H ′)−1

√
N

(
(H)−1

λ0′λ0 (H ′)−1

N

)−1 (
H ′f0′f0H

T

)−1
H ′f0′
√
T

∥∥∥∥∥∥
= Op

(
N−1/2

)
, (S.7.26)

which is equivalent to (E.5). Note also that λ̂ (λ̂
′
λ̂)−1 (f̂ ′f̂)−1 f̂ ′ is independent of H, i.e. independent

of the choice of normalization.

Proof of lemma E.5. # Part A of the proof: We start by showing

N−1
∥∥∥E [e′Mλ0Xk)− (e′Mλ0Xk)truncR

]∥∥∥ = op(1) . (S.7.27)

This statement is trivial for the strictly exogenous part of the regressor, since then the expectation is
just 0, i.e. what we actually have to show is

N−1
∥∥∥E [e′Mλ0Xweak

k )−
(
e′Mλ0Xweak

k

)truncR
]∥∥∥ = op(1) . (S.7.28)

Let A = e′Mλ0Xk and B = A − AtruncR. By definition of the left-sided truncation (using the equal
weight kernel Γ(.)) we have Btτ = 0 for t < τ ≤ t + M and Btτ = Atτ otherwise. By assumption 5
we have E(Atτ ) = 0 for t ≥ τ . For t < τ we define the N ×N matrices Ck,tτ ≡ E(e′tXk,τ ), which by
assumption are diagonal and satisfy |Ck,tτ,ii| < Ve α

τ−t for all i, j, where Ve is the uniform bound of
Ee2

it. We then have Tr(Ck,tτ ) < N Ve α
τ−t and ‖Ck,tτ‖ = ‖Ck,tτ‖max < Ve α

τ−t. Therefore |E(Atτ )| =∣∣∣E∑N
i,j=1 eitMλ0,ijXk,jτ

∣∣∣ = |Tr(Ck,tτMλ0)| ≤ |Tr(Ck,tτ )| + |Tr(Ck,tτPλ0)| ≤ |Tr(Ck,tτ )| + R‖Ck,tτ‖,
i.e. we obtain |E(Atτ )| ≤ (N + R)Ve ατ−t for t < τ . Using this we have E(Btτ ) = 0 for τ ≤ t + M ,
and |EBtτ | < (N +R)ατ−t for τ > t+M . Therefore

‖E(B)‖1 = max
t=1...T

T∑
τ=1

|E(Btτ )|

< (N +R) max
t=1...T

T∑
τ=t+M+1

ατ−t <
(N +R)αM

1− α
, (S.7.29)
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and analogously we can show ‖E(B)‖∞ < (N +R)αM/(1− α). Using part (vii) of theorem S.3.1 we
therefore find ‖E(B)‖ < (N + R)αM/(1− α) = op(N), which is equivalent to equation (S.7.27) that
we wanted to show in this part of the proof. Here we used M →∞. The proof of

N−1
∥∥∥E [e′Mλ0e)− (e′Mλ0e)truncD

]∥∥∥ = op(1) ,

T−1
∥∥∥E [eMf0e′)−

(
eMf0e′

)truncD
]∥∥∥ = op(1) , (S.7.30)

is analogous.
# Part B of the proof: Next, we want to show:

N−1
∥∥∥[e′Mλ0Xk − E (e′Mλ0Xk)]truncR

∥∥∥ = op(1) . (S.7.31)

Using lemma S.7.3 we have

N−1
∥∥∥[e′Mλ0Xk − E (e′Mλ0Xk)]truncR

∥∥∥ ≤M max
t

max
t<τ≤t+M

N−1 |e′tMλ0Xk,τ − E (e′tMλ0Xk,τ )|

≤M max
t

max
t<τ≤t+M

N−1

∣∣∣∣∣
N∑
i=1

[eitXk,iτ − E (eitXk,iτ )]

∣∣∣∣∣
+M max

t
max

t<τ≤t+M
N−1 |e′tPλ0Xk,τ − E (e′tPλ0Xk,τ )|

≤M N−1/2 max
t

max
t<τ≤t+M

∣∣∣Z̄(1)
k,tτ

∣∣∣
+M max

t
max

t<τ≤t+M
N−1 |e′tPλ0Xk,τ |

+M max
t

max
t<τ≤t+M

N−1 |E (e′tPλ0Xk,τ )| . (S.7.32)

According to lemma S.7.2 we know that E
∣∣∣Z̄(1)
k,tτ

∣∣∣4 is bounded uniformly across t and τ . Applying

lemma S.7.1 we therefore find maxt maxt<τ≤t+M Z̄
(1)
tτ = Op((MT )1/4). Thus we have

M N−1/2 max
t

max
t<τ≤t+M

∣∣∣Z̄(1)
tτ

∣∣∣ = Op
(
M N−1/2 (MT )1/4

)
= op(1) . (S.7.33)

Here we used M5/T → 0.
What is left to show is that the two terms involving e′tPλ0Xk,τ are also op(1). We have

max
t

max
t<τ≤t+M

M N−1 |e′tPλ0Xk,τ | ≤
M√
N

∣∣∣∣∣
(

max
t

∑N
i=1 eitλ

0
i√

N

)(
λ0′λ0

N

)−1
(

max
τ

∑N
i=1 Xk,iτλ

0′
i

N

)∣∣∣∣∣
≤ M√

N
Op(T 1/8)Op(1)Op(T 1/8) = op(1) . (S.7.34)

Here we applied lemma S.7.1 and used the fact that both N−1/2
∑N
i=1 eitλ

0
i and N−1

∑N
i=1 Xk,itλ

0
i

have bounded 8’th moments uniformly across t. We also used M4/T → 0. Using the above decompo-
sition of e′tPλ0Xk,τ we find that E

(
N−1/2e′tPλ0Xk,τ

)
is uniformly bounded across t, τ , and therefore

max
t

max
t<τ≤t+M

M N−1 |E (e′tPλ0Xk,τ )| ≤M N−1/2Op(1) = op(1) . (S.7.35)

The proof of

N−1
∥∥∥[e′Mλ0e − E (e′Mλ0e)]truncD

∥∥∥ = op(1) ,

T−1
∥∥∥[eMf0e′ − E

(
eMf0e′

)]truncD
∥∥∥ = op(1) , (S.7.36)
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is analogous.
# Part C of the proof: Finally, we have to show

N−1
∥∥∥[e′Mλ0Xk − ê′Xk]truncR

∥∥∥ = op(1) . (S.7.37)

According to theorem 3.3 we have ê = Mλ0eMf0 + erem, where erem = ê
(1)
e −

∑K
k=1

(
β̂k − β

0
k

)
ê

(1)
k +

ê(rem), and using corollary E.1 we find that the remainder term satisfies ‖erem‖ = Op(1). We have to
show

N−1
∥∥∥[Pλ0e

′Xk]truncR
∥∥∥ = op(1) ,

N−1
∥∥∥[ê′remXk]truncR

∥∥∥ = op(1) . (S.7.38)

Using lemma S.7.3 we find

N−1
∥∥∥[ê′remXk]truncR

∥∥∥ =
M

N
max
t,τ

ê′rem,tXk,τ

≤ M

N
max
t,τ
‖êrem,t‖ ‖Xk,τ‖

≤ M

N
‖êrem‖ max

τ
‖Xk,τ‖

≤ M

N
Op(1)Op(N1/2T 1/8) = op(1) , (S.7.39)

where we used the fact that the norm of each column êrem,t is smaller than the operator norm
of the whole matrix êrem. In addition we used lemma S.7.1 and the fact that N−1/2 ‖Xk,τ‖ =√
N−1

∑N
i=1X

2
k,iτ has finite 8’th moment in order to show maxτ ‖Xk,τ‖ = Op(N1/2T 1/8).

Using again lemma S.7.3 we find

N−1
∥∥∥[Pf0e′Xk

]truncR
∥∥∥ ≤ N−1M max

t,τ=1...T

∣∣f0
t (f0′ f0)−1 f0′ e′Xk,τ

∣∣
≤ N−1M ‖e‖ ‖f0‖

∥∥(f0′ f0)−1
∥∥ max

t
‖f0
t ‖ max

τ
‖Xk,τ‖

= N−1M Op(N1/2)Op(T 1/2)Op(T−1)Op(N1/2T 1/8) = op(1) . (S.7.40)

Thus, we proved equation (S.7.37).
The proof of

N−1
∥∥∥[e′Mλ0e − ê′ ê]truncD

∥∥∥ = op(1) ,

T−1
∥∥∥[eMf0e′ − ê ê′

]truncD
∥∥∥ = op(1) , (S.7.41)

is analogous.
The combination of part A, B and C proves the theorem.

Proof of lemma E.6. Using theorem 3.3 and E.1 we find ‖ê‖ = Op(N1/2). Applying lemma S.7.3 we
therefore find

N−1
∥∥∥(ê′Xk)truncR

∥∥∥ ≤ M

N
max
t,τ

ê′tXk,τ

≤ M

N
max
t,τ
‖êt‖ ‖Xk,τ‖

≤ M

N
‖ê‖ max

τ
‖Xk,τ‖

≤ M

N
Op(N1/2)Op(N1/2T 1/8) = Op(MT 1/8) , (S.7.42)
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where we used the result maxτ ‖Xk,τ‖ = Op(N1/2T 1/8) that was already obtained in the proof of the
last theorem.

The proof for the statement (ii) and (iii) is analogous.

S.8 Algebraic Results for Higher Order Approximations

Applying the formula (C.5) for L(g) we find for g ≤ 5

L(1)
(
λ0, f0, Xκ1 ,

)
= 0 ,

L(2)
(
λ0, f0, Xκ1 , Xκ2

)
= Tr

(
Mλ0 Xκ1 Mf0 Xκ2

)
,

L(3)
(
λ0, f0, Xκ1 , Xκ2 , Xκ3

)
= − 1

6

[
Tr
(
2Mλ0 Xκ1 Mf X

′
κ2
λ0 (λ0′λ0)−1 (f0′f0)−1 f0′X ′κ3

)
+ 5 permutations of κ1 . . . κ3

]
,

L(4)
(
λ0, f0, Xκ1 , Xκ2 , Xκ3 , Xκ4

)
=

1
24

Tr
[
−Xκ1 f

0
(
f0′f0

)−1 (
λ0′λ0

)−1 (
f0′f0

)−1
f0′X ′κ2

Mλ0 Xκ3 Mf0 X ′κ4
Mλ0

−Xκ1 Mf0 X ′κ2
Mλ0 Xκ3 Mf0 X ′κ4

λ0
(
λ0′λ0

)−1 (
f0′f0

)−1 (
λ0′λ0

)−1
λ0′

+ 2Xκ1 f
0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ2 f

0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ3 Mf0 X ′κ4

Mλ0

+Xκ1 f
0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ2 Mf0 X ′κ3

λ0
(
λ0′λ0

)−1 (
f0′f0

)−1
f0′X ′κ4

Mλ0

+ 23 permutations of κ1 . . . κ4 for all four terms
]
,

L(5)
(
λ0, f0, Xκ1 , Xκ2 , Xκ3 , Xκ4 , Xκ5

)
=

1
120

Tr
[

− 2Xκ1f
0
(
f0′f0

)−1 (
λ0′λ0

)−1 (
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ2Mf0X ′κ3

Mλ0Xκ4Mf0X ′κ5
Mλ0

+ 2Xκ1f
0
(
f0′f0

)−1 (
λ0′λ0

)−1 (
f0′f0

)−1
f0′X ′κ2

Mλ0Xκ3f
0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ4Mf0X ′κ5

Mλ0

+ 2Xκ1f
0
(
f0′f0

)−1 (
λ0′λ0

)−1 (
f0′f0

)−1
f0′X ′κ2

Mλ0Xκ3Mf0X ′κ4
Mλ0Xκ5f

0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′

+ 2Xκ1f
0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ2Mf0X ′κ3

Mλ0Xκ4Mf0X ′κ5
λ0
(
λ0′λ0

)−1 (
f0′f0

)−1 (
λ0′λ0

)−1
λ0′

+ 2Xκ1f
0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ2Mf0X ′κ3

λ0
(
λ0′λ0

)−1 (
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ4Mf0X ′κ5

Mλ0

− 2Xκ1f
0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ2f

0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ3f

0(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ4Mf0X ′κ5

Mλ0

− 2Xκ1f
0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ2f

0
(
f0′f0

)−1 (
λ0′λ0

)−1
λ0′Xκ3Mf0

X ′κ4
λ0
(
λ0′λ0

)−1 (
f0′f0

)−1
f0′X ′κ5

Mλ0

+ 119 permutations of κ1 . . . κ5 for all seven terms
]
. (S.8.1)

These results can be helpful for future applications of the likelihood-expansion, e.g. to discuss higher
orders of the asymptotic theory of the QMLE.
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