Likelihood Expansion for Panel Regression Models with Factors
Supplementary Material (Not for Publication)

Hyungsik Roger Moon* Martin Weidner*
May 2009

Abstract

This is a supplementary material that contains all the omitted proofs and derivations of the
results in Moon and Weidner (2009). This note is not for publication.

S.1 Proofs for Appendix A (Examples of Error Distributions)

Here we give the proof of the result |le|| = Op(y/max(N,T)) for the different examples of error
distributions presented in the main text.

Proof of example (i). Latala (2005) showed that for a N x T' matrix e with independent entries we

have
Elle] < ¢ [ max /ZE@%—I—maX \/ZEe?t—i— 4 ZEe?t , (S.1.1)
¢ t J i it

where ¢ is some universal constant (independent of N and T, and of the distribution of e). Since we
assumed uniformly bounded 4’th moments for e;; we thus have E|le|| = O(VT)+O(VN)+O((TN)'/4),
which implies E|le|| = O(y/max(N,T)). Therefore |le| = Op(y/max(N,T)). I

Proof of example (ii). Let 1; = (¥y;,...,¢y;) be a N x 1 vector for each j > 0. Let U_; bea N x T
sub-matrix of (u;) consisting of w;;, ¢ = 1...N, t =1—j,...,T — j. We can then write equation
(A.1) in matrix notation as

e= Z diag(y;) U—;

§=0
T

= diag(¢;)U_j + rr, , (S.1.2)
=0

where we cut the sum at 7', which results in the remainder ryr = Z;‘;TH diag(;) U-;. When
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approximating an MA(co) by a finite MA(T') process we have for the remainder

N T N T o]
E(lrnrllr)* = Z > E(rnr)i; < of Z S v

<02 N Z J max (qp?j) , (S.1.3)

where o2 is the variance of u;;. Therefore, for T — co we have

(Irwrlle)®
E <NN> — 0, (S.1.4)

which implies (|ryr|r)? = Op(N), and therefore ||[ryr| < ||rnr|lr = Op(VN).

Let V be the N x 2T matrix consisting of u;;, i =1...N,t =1-T,....,T. For j =0...T the
matrices U_; are sub-matrices of V, and therefore |[U_;|| < ||V]]. From example (i) we know that
[V = Op(y/max(N, 2T')). Furthermore, we know that || diag(z;)|| < max; (|1/}1]|)

Combining these results we find

T
lell < >~ Il diag(@ ) 1U-;]l + Irnr]
7=0

IN

T
> max ([oy) [V + 0,(VN)
j=0

IA

> max ([6]) | Op(v/max(N,27)) + 0,(VN)
5=0

< Op(yv/max(N,T)) . (S.1.5)
This is what we wanted to show. |

Proof of example (iii). Since o and ¥ are positive definite, there exits a symmetric N x N matrix ¢
and a symmetric 7 x T matrix ¢ such that o = ¢> and ¥ = 2. The error term can then be generated
as e = ¢utp, where u is a N x T matrix with iid entries u; such that E(u;) = 0 and E(u},) < .
Given this definition of e we immediately have Ee;; = 0 and Eejejr = 04%-. What is left to show
is that |le]| = Op(y/max(N,T)). From example (i) we know that ||u| = O,(y/max(N,T)). Using the
inequality ||o|| < /lloll1 [|o]leo = llo]l1, where ||o|l1 = ||o]|c because o is symmetric we find

N
lol < llolly = max > loil < L, (S.1.6)
v 2
and analogously ||| < L. Since [lof| = ||¢]* and [[Z[| = [[¢[]%, we thus find [le]| < [[g]l[[u]l[|¢]] <

LO,(y/max(N,T)), i.e. |le|| = Op(y/max(N,T)). 1

S.2 Comments on assumption 4 on the regressors

Consistency of the QMLE B requires for the regressors not only to satisfy the standard no-collinearity
condition in assumption 4(a), but also the additional conditions on high- and low-rank regressors in



assumption 4(b). Bai (2009) considers the special cases of only high-rank and only low-rank regressors.
As low-rank regressors he considers only cross-sectional invariant and time-invariant regressors, and
he shows that if only these two types of regressors are present, one can show consistency under the
assumption plimy 7, .o Wz > 0 on the regressors (instead of assumption 4), where Wy is the K x K
matrix defined by W g, x, = (NT) ™ Tr(M o X}, Myo Xg,). This matrix appears as the approximate
Hessian in the likelihood expansion in theorem 3.1, i.e. the condition plimy r_ . Wnr > 0 is very
natural in the context of the interactive fixed effect models, and one may wonder whether also for the
general case one can replace assumption 4 with this weaker condition and still obtains consistency of
the QMLE. Unfortunately, this is not the case, and below we present two simple counter examples
that show this.

(i) Let there only be one factor (R = 1) f with corresponding factor loadings )\?. Let there only
be one regressor (K = 1) of the form X;; = w;vs + /\?fto. Assume that the N x 1 vector w =
(w1, ...,wyx), and the T x 1 vector v = (vy,...,vx) are such that the N x 2 matrix A = (\°, w)
and and the T'x 2 matrix F = (f°,v) satisfy plimy p_,, (AA/N) > 0, plimy 7 (F'F/T) > 0.
In this case, we have Wyp = (NT) ™! Tr(M o vw’ Myo wv'), and therefore plimy r_, . Wyt =
plimy 7, oo (NT) ™! Tr(M o vw’ Myo wv') > 0. However, § is not identified because X +
Ao = (8% + 1)X — we', ie. it is not possible to distinguish (3, A, f) = (3%, A%, f°) and
(B, A, f) = (8% + 1, —w,v). This implies that the QMLE is not consistent (both 8° and £° 4 1
could be the true parameter, but the QMLE can not be consistent for both).

(ii) Let there only be one factor (R = 1) f° with corresponding factor loadings \}. Let the N x 1
vectors A\’ w; and wy be such that A = (\°, w, ws) satisfies plimy 7, (A'A/N) > 0. Let the
T x 1 vectors f, vy and vy be such that F = (f°, vy, vs) satisfies plimy ., (F'F/T) > 0. Let
there be four regressors (K = 4) defined by X; = w10}, Xo = wovh, X3 = (wy + ) (v + f°),
Xy = (wo + AV (v1 + f9). In this case, one can easily check that plimy 7, Wyt > 0.
However, again (3, is not identified, because Zi:l BOXp 4+ A\OfY = Zizl(ﬂg +1)X, — (A +
w1 + w2)(f¥ + vy +v2)’, i.e. we can’t distinguish between the true parameters and (3, \, f) =
(50 +1, =X’ —wy —wa, f¥ 401 + vg). Again, as a consequence the QMLE is not consistent in
this case.

In example (ii), there are only low-rank regressors with rank(X;) = 1. One can easily check that
assumption 4 is not satisfied for this example. In example (i) the regressor is a low-rank regressor with
rank(X) = 2. In our present version of assumption 4 we only consider low-rank regressors with rank
rank(X) = 1, but (as already noted in a footnote in the main paper) it is straightforward to extend the
assumption and the consistency proof to low-rank regressors with rank larger than one. Independent
of whether we extend the assumption or not, the regressor X of example (i) fails to satisfy assumption
4. This justifies our formulation of assumption 4, because it shows that in general the assumption can
not be replaced by the weaker condition plimy 7_, . Wyt > 0.

S.3 Some Matrix Algebra

The following statements are true for real matrices — throughout this paper no complex numbers
appear.

Let A be an arbitrary n x m matrix. In addition to the operator (or spectral) norm || A|| and to the
Frobenius (or Hilbert-Schmidt) norm ||Al| g, it is also convenient to define the 1-norm, the co-norm,
and the max-norm by

n m
1AL = max > Ayl (Al = max > [Ayl, [Allmac = max max [Ayl . (S.3.1)
j=1l..m = i=1...n = i=1l..n j=1l..m



Theorem S.3.1 (Some useful Inequalities). Let A be a n x m matriz, B be a m x p matriz, and C
and D be n x n matrices. Then we have:

(i) Al < Al < [|A] rank (4)12
(i) [IAB| < [A]l|B] ,
(iii) | AB|p < Al IBIl < 1Al 1Bl -

~

(w)  [Te(AB)| < [[AllpIBllp,  forn=p,
(v) T (C)| < ||C[rank (C) ,
(vi) IC| < Tr (C) for C symmetric and C > 0,

(vii) — [AN* < |l [ Allss
(viii) [Allmax < A < vVnm [[Allmax
(iz) |A'CA| < ||A'DA], for C symmetric and C < D.
For C, D symmetric, and it =1,...,n we have:
(x)  pi(C) +pn(D) < pi(C+ D) < i (C) + py (D)
(IZ) Nz(c) < Ni(c+ D) ) fO?" D> 0,
(zii)  pi(C) = |ID| < py(C+ D) < py(C) + |ID] -

Proof. Here we use notation s;(A) for the i’th largest singular value of a matrix A.

(i) We have [|A]| = s1(A), and [|A]% = Y522 (5,(A4))2. The inequalities follow directly from this
representation. (ii) This inequality is true for all unitarily invariant norms, see e.g. Bhatia (1997).
(iii) can be shown as follows

|AB|% = Te(ABB'A')
= T[||B||* AA" — A(|B||*1 - BB)A']
<[ BIPTe(AA") = |BI* Al (8:3.2)
where we used that A(||B||?I — BB’)A’ is positive definite. Relation (iv) is just the Cauchy Schwarz
inequality. To show (v) we decompose C' = UDO' (singular value decomposition), where U and O are

n X rank(C') that satisfy U'U = O’O =1 and D is a rank(C) x rank(C') diagonal matrix with entries
5i(C). We then have |O|| = ||[U|| =1 and ||D|| = ||C|| and therefore

ITx(C)| = [T (UDO")| = |Tr(DO'V)|

rank(C)
> %,DO'Un;

i=1

rank(C)
< Y IPIONU]| = rank(C)|C] - (S.3.3)

i=1

For (vi) let e; be a vector that satisfied |le;|| = 1 and ||C|| = €| Ce;. Since C is symmetric such an e;
has to exist. Now choose ¢e;, i = 2,...,n, such that e;, # = 1,...,n, becomes a orthonormal basis of
the vector space of n x 1 vectors. Since C' is positive semi definite we then have Tr (C) = >, eiCe; >
e1Ce; = ||C||, which is what we wanted to show. For (vii) we refer to Golub, van Loan (1996), p.15.
For (viii) let e be the vector the vector that satisfies ||e]| = 1 and ||A’CA|| = e’ A’C Ae. Since A'CA is
symmetric such an e has to exist. Since C' < D we then have ||C]| = (¢/A")C(Ae) < (e’ A')D(Ae) <
|[A’DA||. This is what we wanted to show. For inequality (ix) let e; be a vector that satisfied |le1]| = 1
and ||A'CA|| = e} A'CAe;. Then we have ||[A'CA| = ejA'DAey — e} A'(D — C)Ae; < ejA'DAe; <
||A’DAJ|. Statement (x) is a special case of Weyl’s inequality, see e.g. Bhatia (1997). The Inequalities
(xi) and (xii) follow directly from (ix) since p,, (D) > 0 for D > 0, and since —||D|| < p;(D) > || D]
fori=1,...,n. 11



Definition S.3.2. Let A be an n X r1 matriz and B be an n X ro matriz with rank(A) = r1 and
rank(B) = ry. The smallest principal angle 04 g € [0,7/2] between the linear subspaces span(A) =
{Aa|a € R™} and span(B) = {Bb|b € B2} of R" is defined by

a’ A'Bb

—_, S.3.4
0acin o2berr2 || Aal[|BO] (8:3.4)

cos(fap) =
Theorem S.3.3. Let A be an n x r1 matriz and B be an n X ro matriz with rank(A) = r1 and
rank(B) = ro. Then we have the following alternative characterizations of the smallest principal angle
between span(A) and span(B)

- . ||[Mp Aal
sin@a.z) = min
| M4 Bb|
_ M4 50l $.3.5
A, ] (8:35)

Proof. Since |[Mp Aal|* + ||Pg Aa||*> = ||Aa||? and sin(04 5)* + cos(04,5)? = 1, we find that proving
the theorem is equivalent to proving

[PpAal _ . [PaBbY|
sAaal 5 1FaDOl

cos(Bap) = it T T oA, A (5:36)
This result is theorem 8 in Galantai, Hegedus (2006), and the proof can be found there. I
Proof. Proof of Theorem B.1 Let
S1(Z2) = rﬁi}\nTr (Z=Xf") (2" = fXN)]
So(Z) mfin’IT(ZMf Z"
S3(2) mgnTr(Z' My Z)
S4(Z2) = rgli}lTr(M;\ Z]Wf~ Z/) ,
T
Ss(Z) = > wi(Z'2),
i=R+1
N
Se(Z)= > w(27). (S.3.7)
i=R+1
The theorem claims
S1(Z) = S9(Z) = S3(Z) = S4(Z) = S5(Z) = Se(Z) . (S.3.8)

We find:

(i) The non-zero eigenvalues of Z'Z and ZZ' are identical, so in the sums in S5(Z) and in S(Z)
we are summing over identical values, which shows S5(Z) = Ss(Z).

(ii) Starting with S1(Z) and minimizing with respect to f we obtain the first order condition
NZ=XN\f". (S.3.9)
Putting this into the objective function we can integrate out f, namely
Tt [(Z=Af) (2 =Af)] =T (22 - ZAf)
=Tr (Z2'Z — Z’AXNN) 1AV F)
= Tr(ZZ Z'ANNTTNAN Z)
=Tr(Z' M\Z) . (S.3.10)
This shows S1(Z) = S3(Z). Analogously, we can integrate out A to obtain S1(Z) = S2(Z).



(iii) Let My be the projector on the N — R eigenspaces corresponding to the N — R smallest eigen-
values! of ZZ', let P =1y — Mj, and let wg be the R’th largest eigenvalue of ZZ’. We then
know that the matrix P{[ZZ’ —wrln]|P5 — M;[ZZ" — wgrln]Mj is positive semi-definite. Thus,
for an arbitrary N X R matrix A with corresponding projector M) we have

0 < Tx {(P[22' — wrln]P; — My[22' - wrln]My) (My - M;)* |
—Tr{( ZZ/—WRHN}P +M [ZZ _WR]IN]M})( — M )}
=Tr(Z' M\ Z] - Tr [Z'Mj\ Z] + wg [rank(MA)—rank } (S.3.11)

and since rank(M5) = N — R and rank(M,) < N — R we have
T [Z2' M Z) < T [Z/ M, Z) . (S.3.12)

This shows that M is the optimal choice in the minimization problem of S3(Z), i.e. the optimal

A = X is chosen such that the span of the N-dimensional vectors . (r=1...R) equals to the
span of the R eigenvectors that correspond to the R largest eigenvalues of ZZ’. This shows that
S3(Z) = Se(Z). Analogously one can show that S3(Z) = S5(Z).

(iv) In the minimization problem in S;(Z) we can choose A such that the span of the N-dimensional
vectors A\, (r = 1...Ry) equals to the span of the R, _eigenvectors that correspond to the Ry
largest eigenvalues of ZZ'. In addition, we can choose f such that the span of the T-dimensional
vectors f, (r =1...Rs) equals to the span of the Ry eigenvectors that correspond to the (R;+1)-
largest up to the R-largest eigenvalue of Z'Z. With this choice of A and f we actually project
out all the R largest eigenvalues of Z'Z and ZZ’. This shows that S4(Z) < S5(Z). (This result
is actually best understood by using the singular value decomposition of Z.)

We can write Mj ZMJ; = Z — Z, where
Z =P ZM;+ZPj. (S.3.13)

Since rank(Z) < rank(P5 Z My) + rank(Z Py) = Ri + Ry = R, we can always write Z = \f' for
some appropriate N x R and T x R matrices A and f. This shows that

Sy (Z) = n}li}lTr(M;\ ZM;Z')
>  min  Te(Z-2)(Z-2))
{Z : rank(Z)<R}
= r?i)\nTr (Z=Xf)(Z' = fN)] =5:1(2) . (S.3.14)

Thus we have shown here S1(Z) < S54(Z) < S5(Z), and actually this holds with equality since

S1(Z) = S5(Z) was already shown above.

S.4 Supplement to the Consistency Proof (Appendix B)

Lemma S.4.1. Under assumption 1 and 4 there exists a constant By > 0 such that for the matrices
w and v introduced in assumption 4 we have

w Myow — Byw'v >0, wpal,
v'Mpv — Byv'v>0, wpal. (S.4.1)

Lf an eigenvalue has multiplicity m, we count it m times when finding the N — R smallest eigenvalues. In this
terminology we always have exactly N eigenvalues of ZZ’, but some may appear multiple times.



Proof. We can decompose w = ww, where w is a N x rank(w) matrix and w is a rank(w) x K7 matrix.
Note that w has full rank, and M, = Mg.

By assumption 1(i) we know that A”A°/N has a probability limit, i.e there exists some B; > 0
such that /\0//\O/N < B;lg wpal. Using this and assumption 4 we find that for any R x 1 vector a # 0
we have

M, Nal> A" M,\a B

= > — wpal. S.4.2
||)\0 ME N\, B, p ( )
Applying theorem S.3.3 we find
b w Myowb a A\ M, \0a B
! T vaaob . N o.,0.  ~ [/ 1. S.4.3
o;ﬁberﬁlgk(m bw wb o;f}é%}a a N0, B, wpa ( )

Therefore we find for every rank(w) x 1 vector b that ¥ (w' Myo w — (B/By)w'w )b > 0, wpal. Thus
W Myow — (B/By)w'w > 0, wpal. Multiplying from the left with @’ and from the right with @ we
obtain w’' Myow — (B/B1)w'w > 0, wpal. This is what we wanted do show. Analogously we can
show the statement for v. I

As a consequence of the this lemma we obtain some properties of the low-rank regressors summa-
rized in the following lemma.

Lemma S.4.2. Let the assumptions 1 and 4 be satisfied and let Xiow,a = leill o X, be a linear
combination of the low-rank regressors. Then there exists some constant B > 0 such that

HXIOW,D& ‘7\4-]00 Xl,ow,a
{aewgl:lﬁlau:l} NT =5 wpal,
M0 Kiow.a Mo Xy o Mo
{aeRg%ﬁlaH:l} NT > B, wpal. (S.4.4)

Proof. Note that HMAO Xiow.a Mpo X1, Myo

low,«

< HXlow,a ]\4f0 X

low,«

, because ||Myo|| = 1, d.e. if
we can show the second inequality of the lemma we have also shown the first inequality.

We can write Xiow,o = wdiag(a’)v’. Using lemma S.4.1 and part (v), (vi) and (ix) of theorem
S.3.1 we find

| Mo Xiow,a Mo Xioy o Myol| = || Myo wdiag(a’) v Mo v diag(a) w'Myo |
> By || Myo wdiag(a’)v" vdiag(a’) w Myo||

> — Tr [Myo wdiag(a’) v" vdiag(a’) w' Myo]

fo Tr [vdiag(a’) w' Myow diag(a’) v']
1

B
> ?0 |lvdiag(a’) w' Myow diag(a’) v'||
1

%

B2
?2 |lv diag(a”) w'w diag(a’) v'||
2

B
> K—% Tr [v diag(a’) w'w diag(a’) v']
1

B2 ,
= K712T‘r [Xlowvaxlow,a] . (845)
Thus we have HM}\O Xiow,a Mo X{OW’O[ Mo H J(NT) > (Bo/K1)? o’ W a , where the K x K matrix
W% is defined by W}\‘,)%"’lll2 = (NT) 'Tr (Xl1 Xl’2), i.e. it is a submatrix of Wyr. Since by assumption

Wit and thus W% converges to a positive definite matrix the lemma is proven by the inequality
above. |



Using the above lemmas we can now prove the lower bound on gﬁ)T(ﬁ, f) that was used in the
consistency proof. Remember that

!

K K
Sr(8. 1) = ~p T (AO £ B - mm) M; (A" Y 6 - m)xk) Pro )
k=1 k=1

(S.4.6)

We want to show that under the assumptions of theorem 2.1 there exist finite positive constants ag,
ai, ag, ag and a4 such that
Hﬁlow _ gow ‘2

Hﬁlow _ ﬁlow ’ +ay H/Blow _ low

—as Hﬂhigh _ ﬂgith —ay Hﬂhlgh _ gith Hﬂlow o ﬂgow

S8, 1) >

‘+a2

, wpal. (S.4.7)

Proof of the lower bound on gﬁ%(ﬂ, f). Applying theorem B.1 and part (xi) of theorem S.3.1 we find
that

K ! K
D15, ) 2 o i (A” I m)xk) Pxo.w) (AO 4 00— mm)

k=1 k=1

= % KR+1 [ (AO f0/+z — B)w Ul) (AO f0/+z — Bw Uz)

/

+ <>\0 f0’+z — B vl) Pixo,w) Z ’60 Bin) X

m=K;
K
+ > (B = Bu) X1 Pirg,u) (AO o+ Z — B vl>
m=K;

K

m:K1 m= Kl

NL KR+1 [ (AO o+ Z — Bw Ul) (AO £+ Z — B)w Ul)

/

+ <>\0 7o +Z - Bhw vl) Pro,w) Z (B = Bn) X

m=K;
K
+ Z (ﬁgl_ﬁm)X:nP()\ow <)‘Of0/+z ﬁl wlvl)]
’I‘I’L:Kl

> % HR+1 </\0 fO/ + Z - Bwy Uz) <>\O fOI + Z — B)w Uz)

—as Hﬁhigh _ ﬂhlth Hﬁhlgh gith Hﬂlow o Bow

, wpal, (S.4.8)

where a3 > 0 and a4 > 0 are appropriate constants. For the last step we used part (xii) of theorem



S.3.1 and the fact that

K K1
1
~NT > (B = B) X} Piro.w) (/\0 )6 - By Uf) H
m=K, =1
<K lﬁhigh _ hlgh ‘ma ‘ H (‘ A0 Y LK Hﬂlow _ﬁlow 1Y ) . (S.4.9)
VN T

Our assumptions guarantee that the operator norms of A0 v/ V/NT and X,, / V/NT are bounded from
above as N, T — oo, which results in finite constants az and ay4.

We write the above result as SI(\?)T(ﬂ, f) > w1 (A’A)/(NT) + terms containing 3"8" where we
defined A = 0 O + S50 (82 — B)wyv]. Also write A = Ay + Ay + Az, with 4; = M, A Pjo =
My A0 f Ay = Py AMpo = Y1 (8) — B wivf Myo, Az = Py APpo = Py A0 f¥ + /2(8) -
B;) wyv; Pr. We then find A’A = AjA; + (A5 + A5)(As + A3z) and

AA > AA— (a?Af 4+ a V2 AL) (a2 A5 + a7 V/2 Ay)
= [AJA; — (@ — 1) AL A3] + (1 —a )AL A, (S.4.10)

where > for matrices refers to the difference being positive definite, and a is a positive number, namely
a=1+ pug(A1A1)/(2]|A3]|?). The reason for this choice becomes clear below.

Note that [A]A; — (a — 1) A As] has at most rank R (asymptotically it has exactly rank R).
The non-zero eigenvalues of A’A are therefore given by the (at most) R non-zero eigenvalues of
[A]A; — (a — 1) A4 A3] and the non-zero eigenvalues of (1 —a~!)A4 Ay, the largest one of the latter
being given given by the operator norm (1 —a~1)||A3||2. We therefore find

1 1

NT MR+t (A’A) > NT MR+l [(AaAl —(a—1)A34;) + (1 - (fl)AleQ]
I -
> N min {1 —aH[|A2*, prlAA1— (a—1) A5A3]} . (5.4.11)

Using theorem S.3.1(xii) and our particular choice of a we find

r [A1A1 — (a — 1) A5A3] > pp(AjAr) — [[(a — 1) A3 As]|

1
= i,uR(A'lAl) . (S.4.12)
Therefore
1 1 : 2| Az|? }
A'A) > —— up(AA mln{l,
g e (A 2 5 g (i) 2 AT + (A1)
1 Asl|? AlA
NT 2|[A]? + pr(ALAr)
where we used ||A]| > ||As]| and ||Al| > ||Az]|.
Our assumptions guarantee that there exist positive constants cg, ¢1, co and c3 such that
1AL _ 1Y) 0 [[ws v | low _ plow
< + <co+c H - , wpal,

VNT = VNT Z 5 =Bl e —Fo P

) (NN
NT NT =2 What,
| Ao \- S
N =M [Z (B2, = B ) wr, v, Myo D (8L, = i) v, wl;]
li=1 lo=1
2
> s ‘ﬁlow - };’W‘ . wpal , (S.4.14)




were for the last inequality we used lemma S.4.2.
We thus have

2

1 l 3 Hﬁlow _ %)ow ‘
NT MR+ (A'A) > 5, wpal. (S.4.15)

2 low low
L 2 (e[ = )
Defining ag = 3, a1 = 26% and az = 5% we thus obtain
1 -1
low low 2

1 -]

NT MR+ (A’A) > 5 , wpal, (S.4.16)
Hﬂlow o ﬁ%)ow ‘ +ay Hﬂlow o Bow ’ + asy

i.e. we have shown the desired bound on Sg\?)T(/B, N1

S.5 Proof of Corollary 3.4

As discussed in the main text, all that is left to prove corollary 3.4 is that the matrix Wy =
WNT()\O, f°, X3) does not become singular as N, T — oo.

Proof. Remember that

1
Wyt = —=Tr(Mpo X;, Myo Xp,) - (S.5.1)
NT

The smallest eigenvalue of the symmetric matrix W()\O, f°, X3) is given my

. CL/ WNT a
min —_—
{a€RK, a0} HCL||2

K K
. 1 ,
T (aRR. u 0} WTr leO <Z Uk, Xk1> Mo (Z Ay sz)]

px (Wnr) =

k1=1 ko=1
' Tr [Mfo (X{OW + X{ﬁgh@) Myo (Xiow. + Xhigh,a)} 852
= min ) R
{a € RET, o € R¥2 NT ([lel* + [lll?)
a#0, ¢ #0}

where we decomposed a = (¢’, '), with ¢ and « being vectors of length K; and K, respectively,
and we defined linear combinations of high- and low-rank regressors?

K K
Xlow,ga = Z 4 Xl ’ Xhigh,a = Z Qo Xm . (853)
=1 m=Ki+1

We have Myo = Mo ) + P(ar,ow), Where w is the N x K matrix defined in assumption 4(ii), i.e.

2As in assumption 4 the components of « are denoted QK +1,- -+, to simplify notation.

10



(A%, w) is N x (R + K;) matrix, while Myow is also a N x K matrix. Using this we obtain

x (Wnr)

1
= min Tr | M ro X’W + X, Myo vy (Xiow.o + Xhigh
s s ST | 4 S Xhi) M .+ i)
¢ #0, a# 0}
+ Tr [Mfo (Xllow,cp + X}/ligh,a) P(M/\ow) (XIOW,LP + Xhigh,a)] }
1
= min T‘I‘MOX/i aM 0w Xhiha
e o, WP ™ P Kb Mot Y]
® #0, a#0}

+ Tr [Mfo (XIIOW,sa + X}lligh,a) P(M)\ow) (XIOW,LP + Xhigh,a)] }
(S5.4)

We note that there exists finite positive constants ci, c3, c3 such that

1
7NTT‘I' [MfO Xhlgh a M()\O w) Xhlgh «a
1

WTI‘ [Mfo (Xl/ow,tp + X{ﬁgh,a) P(Mxo'w) (Xlow,z,a + Xhigh «
1

NT
1
WTI‘ [Mfo XlowgDP(MAOw) Xhlgha > - ”50””&” Wpal,

1

WTI‘ [Mfo Xl/ligh,a P(M)\ow) Xhigh,a} Z 0 5 (855)

cl||a|| wpal,

] >
)] 2

Tr [Mo Xiow, o Piatyow) Xiowo] = €2 ||«»||2 wpal,
]

and we want to justify these inequalities now. The second and the last equation in (S.5.5) are true
because e.g. Tr [Mfo X}’ﬁghﬂ Pty ow) Xhigh,a] =Tr [Mfo angh’a P(a1,0w) Xnigh,a Mfo} , and the trace
of a symmetric positive semi-definite matrix is non-negative. The first inequality in (S.5.5) is true
because rank(f°) + rank(A\’,w) = 2R + K, and using theorem B.1 and assumption 4(i) we have

1 1
WTI‘ [Mfo X}IIigh,a M(Ao,w) Xhigh,oz] > WMQR+K1+1 [Xhigh,a X}’ligh,(){} >b R wpal,

(S.5.6)

i.e. we can set ¢; = b. The third inequality in (S.5.5) is true because according theorem S.3.1(v) we
have

1 K1
WT‘I‘ [Mfo X{OW7LP P(M/\ow) Xhigh,a] > — ||Xlow LPH HXhlgh a”

K

2 = w7 Xiowell p [ Xnign.all o

Xk,

> — K1 Ky K el lall | max T
Cc3

2 =5 lellall, (S.5.7)

where we used that assumption 4 implies that HX k/VN TH < C holds wpal for some constant C'
F

as, and we set c; = K; K1 Ko C?. Finally, we have to argue that the third inequality in (S.5.5) holds.
Note that X{OW’S& Pt w) Xiow,p = X{OW’W Myo Xiow,, i.e. we need to show that

1
~7 [Myo Xi o Myo Xiow,o] = 2ol . (S.5.8)
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Using part (vi) or theorem S.3.1 we find

1 1
ﬁTr [Mfo Xllow,ap M/\O Xlow,gp] = WTI' [M/\O Xlow,gp Mfo X{OW’@ M)\g]
1
ZNT | Mo Xiow,p Mpo Xioy o Myo|| (S.5.9)

and according to lemma S.4.2 this expression is bounded by some positive constant times ||o||? (in the
lemma we have ||¢|| = 1, but all expressions are homogeneous in ||¢||).
Using the inequalities (S.5.5) in equation (S.5.4) we obtain

1

b Wnr) > min 701a2+max0,62ap2—63g0 «
x (Wnr) o kBB o, HSOHQHWHQ{ e [0, cale] lelllle] }
@ #0, a#0}
2
. C2 C1Co
> min <2, C%+C§) ,  wpal. (S.5.10)

Thus, the smallest eigenvalue of Wy is bounded from below by a positive constant as N,T — oo,
i.e. W is non-degenerate and invertible. i

S.6 Supplement to the Proof of Theorem 4.1

Proof of lemma D.1. # We start with the proof for the operator norm of the weakly exogenous part
of the regressors. We can rewrite equation (4.1) as

T-1
Xpetk =3 " Crrery s (S.6.1)
T=1

where the Cj ; are diagonal N x N matrices with diagonal entries Cy ;i = ck,ir, and the €(7) are
N x T matrix obtained by shifting all entries of e downwards by p rows and filling the upper p rows
with zeros, i.e. e(;)it = €it—r for t > p, and e(;) 4 = 0 otherwise. We then have |le,|| < |le]| and
|Ck,+ || = max; |ck | < &”. Therefore

T—1
15| < 3 Gkl e
T=1
T—1
<3 a e
T=1
< L 0,(NV2) = 0,(NV?). (5.6.2)

This is what we wanted to show.

# To prove the result on the operator norm of PyoePyo, we first find that \/J{TT Hfo’e)\o HF =0,(1),

because
? 2
HfO/(fAOHF) 1 (N o/ 0)
AT = w1t eitfy A
< VNT NT X;Z t
1 N T T
- NT ZZ Z ZE (eiejs) fAAY f7

(1). (S.6.3)



Using this we obtain
[PyoePyo | = A (AYA0) TN e fO(FO £O) 1 1Y
< IS I e I £~
< Op(NV2) 0 (N"H A" ef | rOL (T~ OL(TH?) = O(1) (5.6.4)
where we used part (i) and (ii) of theorem S.3.1.

# To show the next statement of the lemma we first note that N~'T~1/2|\?eX:"/|| p = 0,(1),
which is true because

N 2
(z S x)

i=1 t=1

M=
KMZ

Il
-

2
E (N71T71/2||A0/6thrl||F> — N72T71E

r=1j

T
ZE ’E [(X37,)%] =0(1). (8.6.5)

t=1

Mz
M=

R
— N-27- 12

r=1j

1

s
Il
—

Therefore we find

”P)\Oethr/” _ ”)\0()\0/)\0)—1)\0/ Xstr/”
< H)\O()\O/)\O) 1H||)\0/ Xstr/”
<IN QYA A e X | = Op(VNT) (5.6.6)

where we used part (i) and (ii) of theorem S.3.1. This is what we wanted to show.
The proof for ||Proe’ X3 || = O, (v NT) is analogous. I

Lemma S.6.1. Suppose that A and B are aT X T and an N x N matrices that are independent of
e such that E ||A||i1 =O(NT) and E ||B||§: = O (NT), and let assumption 5 be satisfied. Then there
ezists a finite constant cy, independent of N, T, such that

(a) E{Tr[(¢e~E(ce) A]}* < e NE (|| AI}) ,

(b) E{Tr[(e¢’ — E(e¢’)) B]}* < o TE (||B||§) . (S.6.7)

Proof. # Part (a): Denote Ay to be the (¢,5)"" element of A. We have

T T
Tr{('e —E('e)) A} = Z Z (e —E(ce)),, Ats

t;l s;l N
- ZZ (Z Cit€is — 61tei5))> Ags. (5.6.8)
t=1 s=1 \i=1

To compute its variance, we write

E(Tr{(e'e — E(¢'e)) A})?

T T T T N N
= Z Z E (Z €it€is — 6zt6is))> Z (ejpejq — E(ejpejq)) Ats Apg-
t=1s 1g9=1 i

=1p= i=1 j=1

(S.6.9)
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Let ¥; = E(

Therefore,

E(Tr{('e —E (e

Define El = dlag (2“7 T ZiT

T N
14

€2,). Then we find

N
(eiteis)) ) Z ejp€iq — E(€jpejq))
Jj=1
N N
= Z Z {E (eireiseipeiq) — E (eeis) E(ejpeiq)}
i=1 j=1
Y Dis if (t=p)#(s=gq) and (i =7)
_ ) Zadis if (t=gq)# (s=p) and (i =j)
T E(A) %% if (t=s=p=q) and (i=J)
0 otherwise.

T T N r
2 < ZZZEMEZS A?s) +E Ats St +ZZ

t=1 s=1 i=1 t=1 i=1

). Then, we have

XT: > D SuSis (EAL) = E (i Tr (A'ziAzi)>

=14=1

N N
< Y E[AZ < Y E 4L
=1 =1
< N (swzh ) E Al
it
Also,
T N N
SIS SuNLE (Andy) = E | Tr(STAAYY)
t=1 s=11i=1 i=1
N N )
i [ i 2
< D B[Sl < YIS ENALL
=1 =1
< N (st ) E )AL
it
Finally,

DI

t=1 i=1

=1

~s)Eah < N (s () ) EJAIE.

# Part (b): The proof is analogous to that of part (a). I

We can now give the proof of the two lemmas in appendix D of the main text.

Proof of lemma D.2.

# First, we want to prove the statements (a), (b), (c), (d) and (e). We have [|A® (A %)~
O,(N'/?), and according to lemma D.1 also || X}*k| =

Op((NT)~/2), |le|| =

and part (v) of theorem S 3.1 we find, e.g.

1
NT

Tr(Mpo X3 Pyo X3iee6) <

I\Xweak’l\ lx ] =0

14

(S.6.10)

- X5,) EA7.

(S.6.11)

(S.6.12)

(5.6.13)

(S.6.14)

1 (fO/fO)—l fO/” —
O,(N'/?). Using this

(S.6.15)



and
1
7TTr (e Myo €' Myo X2 fO(ffO) =1 (A”YA%) =1 AY)
R wea. ! —
< g llel [ 2 )7 QYA T = Op(N V) = 0,(1) . (8.6:16)

and analogously for the three statements (b), (d) and (e).
# The proofs for part (f), (g) and (h) are similar, but in addition we use || X3 | = O,(V NT) and
| PxoePro|| = Op(1), which was shown in lemma D.1. We then obtain e.g.

1
Tr (ePro /MOXStr 0 07 £0\—1 )\0/)\0 —1)\0/
INT (efe a0 XE O (£ FO)THAMAT)TEA)
= T\f Tr (PyoePro e’ Myo X3 fO (£ 7)1 (AY29) 71 AY)
< fﬁ [[ProePyo [ el X HLF (7O~ X)) TENY || = Op(NTV2) = 0,(1)
(S.6.17)

and analogously for part (f) and (h).
# To prove statement (i) we need to use additionally ||Ppoe’ X;*"|| = O,(v'NT), which was also
shown in lemma D.1. We find

]:i/.TTr (6 M/\o Xstr Mfo 6/ )\0 ()\Ol/\O)—l (fO/fO)_l fO/)
— ]]\-[TTI‘ (Pfo e X::tr Mfo el )\O ()\O/AO)—I (fOIfO)_l fOI)
. ;TTT (Pfo 6113)\O thr Mfo el )\O ()\OIAO)fl (fO/fO)fl fO/)
< Py Xl 120 OO (104 )
R str —_ —
— 1Py ¢ PuollIXE el X (A0 7 (757 £
= 0,(T7Y?) =0,(1) . (S.6.18)

# Statement (j) follows if we can show that the second moment of ¢’ Pyo X*% /\/NT is o(1). We
find

2

1 2 1 N N T
E(mTr (e/PAoX,‘éveak)) = —=E [ D> D ) e Xy (A"A%) Py

i=1 j=1 t=1

NT
1 N N N N T T . .
= T 2D D 2 D D B (e X Eens XYEE) AT (AVAT) AT (AVA) TN,

(S.6.19)
Notice that E (etik o ekSX,‘c"“fgk> =0 unless (t =s) and (i =k) and (j =1). Therefore
1 2 | NN Loz
o weak - weak 07 (40740 7% 40
E(WTr(eP X )) NT;;;E(M)E{(X )] (0 (A0 )
2
< B HJ;\?OHF —O (N =o(1), (S.6.20)



where we used sup,, E (e?t) < B and sup;, E {(Xivtveak)ﬂ < B. This is what we wanted to show.

# Now we want to prove part (k) and (1) of the present lemma. For part (k) we define (we fix the
regressor index k here)

B = Mo X3 fO(f£0) 71 (AYA0) A (S.6.21)

Using part (i) and (ii) of theorem S.3.1 we find

I1Bllr < RV2| B
Rl/QHXstr” HfO (fO/fO ()\0/)\0 )\O/H
< Rl/ZHXZtr”F ||f0 (fO/f ) (}\0/)\0 /\O/H (S.6.22)

and therefore

E(IIBI%) < R||/° (£ (A% AY|* Bllx; 1%
=ow. (5.6.23)

where we used E|| X;%||% = O(NT), which is true since we assumed uniformly bounded second (actu-
ally even higher) moments of thft Applying lemma S.6.1 we therefore find

2
Tr {[ee’ — E (e€’)] B}) < ¢ % E (||B||F) = o(1) , (S.6.24)

E (1
VvVNT
and thus
1
vVNT

which is what we wanted to show. The proof for part (1) is analogous.

# Finally, we want to show part (m) of the lemma. Write fis = i f)f1 fs- The required result
follows by showing

Ly 7 yrweak 7 yweak i
E [NZZZ (Q‘tftst’is —-E <6itft5Xk,is ))]
T N N o
S S E (s XEEEXR i) - [

Tr {[ee’ — E (e€’)] B} = 0,(1) , (5.6.25)

T 2
35 (i)

1i=

==
M=

@

—

t=1

—

M* M= 5
T
i
<.

[M]=

N 2
S E (eitﬁsx;:szk)]

=1
T , —-1/2 T wea ’
t 1 eitftl (%) ﬁ ZS:l Xk,isk (f f)
N2 , 71/2 T wea / 71/2
i—1 (\} Sy eif! (%) T7 Dam1 KR5S ( T )

e
f 1/ 1 a weak f _1/2
'Ltft () ‘Tt_le,is (T)
N3, “2M1 T T g ~1/2
wit (7)) | |E)vr m e <T) f
- 0(11[), (S.6.26)
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where the last line holds because

ff 71/2
supE e; —_— < ¢p,
p E i < > 0
4
T —1/2
1 f'f

supE |[—= > Xk ( < ¢, S.6.27
s VT =% T fi 0 ( )

for some ¢y independent of N, T'. |

Proof of lemma D.3. Let ¢ be a K-vector such that |¢|| = 1. The required result follows by the
Cramer-Wold device, if we show that

N T
DO enkie = N(0,d0c) . (S.6.28)

t=1

£ g-
N

=

=

.....

with E ( ZT|X5“) — 0 and

T
1
2 str r
E (ZZ-T|XSt ) =c (T él Yl (X X5,) ’X“ ) c. (5.6.29)
Using our assumptions we thus find that

~ ZJE (ZZ| X)) — dQe> 0. (S.6.30)

Notice also that sup; p E (Z/7| X*') = O,(1). Define s, = Zf;l E (Z2,| X*). Then, the Lindeberg-
Feller condition is satisfied since for any € > 0,

R

N

> E

i=1

Zir

SNT

Zir

SNT

1
ZE (lZzT‘ ‘Xstr>
SNT

11
<t supE (|Zg]t | XT) —0. S.6.31
S EN G sup (\ 7] ) . ( )

By the conditional version of theorem 2 of Phillips and Moon (1999), and since the conditional limiting
distribution does not depend on X*%, we obtain the required result. |

S.7 Supplement to the Proof of Theorem 4.4

The following lemma gives a useful bound on the maximum of (correlated) random variables

Lemma S.7.1. Let Z;, + = 1,2,...,n, be n real valued random variables, and let v > 1 and B > 0
be finite constants (independent of n). Assume max; E|Z;|Y < B, i.e. the «y’th moment of the Z; are
finite and uniformly bounded. For n — oo we then have

max|Zi| = O, <n1/7> . (S.7.1)

Proof. Using Jensen’s inequality one obtains Emax; |Z;| < (Emax; |ZZ-|7)1/7 <(EY", |ZZ-|“Y)1/AY <
(n max; E|Z;|)"Y < n}/7 BY/7. Markov’s inequality then gives equation (S.7.1). i
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Lemma S.7.2. Let

N
Z;(JET = N~1/2 Z leit Xir — E (et Xnir)] ,

i=1

N
Zt(Q) = N~1/2 Z [ezzt —E (61,2t)] )
i=1

T
Z_(s) — 7—1/2 Z (2 —E ()] - (S.7.2)
t=1
Under assumption 5 we have

4
<B,

4
<B,

E ’Z(l)

k,tT

E (Zt(f)

_ 4
E (Zf”)‘ <B, (S.7.3)

for some B > 0, i.e. the expectations Z,St)T, Zt(f), and ZZ-(B) are uniformly bounded over t,T, or i,

respectively.

Proof. # We start with the proof for Z,glgT. Define Z,(clt)T ; = €itXpir —E (€;; X}y i7). By assumption we

have finite 8'th moments for e;; and Xy, ;- uniformly across k,4,t, 7, and thus (using Cauchy Schwarz

, uniformly across k,,t,7. For ease of notation we now

fix k,t,7 and write Z; = Z,Slt)ﬂ We have E(Z;) = 0 and E(Z;Z;Z,Z;) = 0 if i ¢ {j, k,1} (and the
same holds for permutations of 4, j, k,1) — the latter follows from the fact that conditional on the
strictly exogenous part of the regressors X" we find Z; to have mean zero and to be independent

from Z;Z,Z; it i ¢ {j, k,1}. Using this we compute

E (Z Z,-) = i E(Z:Z; 2. %)
= 3 Z E(Z}Z})+ Y E(Z})
i#j i
—3 i E (22) E(22) +§: {E(z!)-3[E(22)} (S.7.4)

ij=1 i=1

inequality) we have finite 4th moment of Z ,(Clt)r

Since we argued that E (Z}') is bounded uniformly, the last equation shows that Z,SBT = N~1/2 Zf\[:l Z,ilgT ;
is bounded uniformly across k,t, 7. This is what we wanted to show.
# The proofs for Zf@ and ZZ-(S) are analogous. N

Lemma S.7.3. For a T x T matriz A we have®

HA“““CRH <M HA“““CRH = M max max |As],
max t t<r<t+M

HA”““CLH < MHA““”‘CLHrmX = M max max |As. (S.7.5)
a t t—M<r<t

3For the boundaries of 7 we could write max(1,t — M) instead of t — M, and min(T,t 4+ M) instead of t + M, to
guarantee 1 < 7 < T'. Since this would complicate notation, we prefer the convention that At =0 fort < 1lor7 <1
oft>Tor7T>T.
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Proof. For the 1-norm of AR we find

t+M
HAtruncRHl — max Z ‘At‘r‘
t=1...T i
< M max max A, (S.7.6)

t,r=1...T t<7<t+M

and analogously we find the same bound for the co-norm HA”““CRHOO. Applying part (vii) of theorem
S.3.1 we therefore also get this bound for the operator norm ||A®"<R||. The proof for Atrunck
analogous. |

is

Proof of lemma E.3. # First, we are going to show A; = o0,(1). Let Biy = Xt — Xir, By =
eft.’{it, and B3 = e%tf%it. Note that By, Bo, and Bs can either be viewed as K-vectors for each
it, or equivalently as N x T matrices B; i, Bay, and Bsy for each K = 1,..., K. We have 4; =
(NT)"L5 5, (Bl,itBé,it + BS,itBi,it)a or equivalently

1
A17k1k2 = —"Tr (Bl,leé ko + BgJﬁBi k2) . (877)
NT ) )
We find that
Bl,k = —PfoX;éveakM)\o — X]?eakp/\o + (M}\ — M/\O)Xkao + Mj\Xk(Mf - Mfo) R (878)

which satisfies By i| = Op(N/2) since [M; — Mol = Op(N"Y2), [[M; — Myal| = O,(N-1/2),
| Xkl = Op(VNT) = Op(N), and || Xeak|| = OP(NI/Q). In addition we have rank(B; ;) < 6R.
Since we have uniformly bounded 8th moments for e;; and X ;¢, we find

B2 |I* < || Ba el

N T N T
<(Lxa) (Txat) -oenewn, 519)

i.e. ||Bak|| = Op(VNT), and analogously ||Bs x| = Op(VNT). Therefore

6R
| A1 ky ks | S NT (||31 ko 11 B3,keo | + [ B2k, (|| Bk, 1)

= % (OW(N/2)0,(VNT) + O,(VNT)O,(N'/?)) = 0,(1) . (S.7.10)

This is what we wanted to show.
# Next, we want to show Ay = o0,(1). According to theorem 3.3 we have e — é = C; + Cs,

where we defined Cy = — 22(21 (Bk - 62) X, and Cy = 22{:1 (Bk - 52) (Pyo X3 Myo + X, Ppo) +

PyoeMyo+ePpo — el — e(rem) which satisfies |Cs|| = Op(N/?), and rank(Cy) < 11R (actually, one
can easily prove < 5R, but this does not follow from theorem 3.3). Using this notation we have

N T
1
A2 =57 ; ; it + &) (Cuin + Co,ie) Xar Xl | (S.7.11)
which can also be written as
L ) |
A2’k1k2 - kzl (ﬁk3 B ﬁgs‘) (057k1k2k3 + CG’k1k2k3) NT (C2 C3 klkz) NT (02 Cy, klkz) )
o=

(S.7.12)
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where we defined

C3 k1 ko it = €it Xy it Xho it »

Cakorka,it = €t Xy it Xy it

N T
1 . .
Cs k1koks = ~NT Z Z €itXky it Xkg,it X kg it
i=1 =1
| N7
Cé k1 kioks = NT Z Z €itXhy it Xk, it Xhg it - (5.7.13)
i=1 t=1

Again, since we have uniformly bounded 8'th moments for e;; and X, ;+, we find

HC3J€1IC2||4 < ”CB k1k2||zllf

2
= (Z Z ezt%kl Zt}:kg zt)

=1 t=1
N T N T
< (zze;a) (zzxa ae)
=1 t=1 =1 t=1
= 0,(N?T?), (S.7.14)

i.e. [|C3 ks || = Op(VNT). Furthermore

1Ca e |I” < ||Cs kako |7

= : : : : txkl it kz it
=11
N T
22
§ Cig | [ Hax, max, (%kl ztxkz zt)

(

N T
2 22 A2
g g € maXNtmaXT (%khitkat)

— O,(NT)O,(NT)W/ ) = o, (NT)®/Y). (8.7.15)

IN

IA

Here we used the assumption that X} has unlformly bounded moments of order 8 + € for some € > 0.

We also used vaﬂ Zthl €y < Z =1 Zt 1 €
For C5 we find

i=1 t=1

N
1
Cg,klky@ > <NT Z Z 612t> <NT3€k1 ztxkg tilgg,it>
Op(1)

(S.7.16)

b

i.e. Cs kykoks = Op(1), and analogously Cg i, k,ks = Op(1), since ZZ 1 Zt 165 < ZZ 1 Zt €2,
Using these results we obtain

| A2 koyky | < — Z Hﬁkg B | 1C5 ks ksks + C, k1k2k3|+ ||C2||||Cs k1k2\|+ |\02H||C4k1k2||
ks=1
= O,(NT)"V%H0,(1) + R, L(NY)O,(VNT) + 1R, (NY2)o,((NT)*/*) = 0,(1)
- p P NT r NT P P e 4 .
(S.7.17)

This is what we wanted to show. |
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Remember that the truncation Kernel I'(.) is defined by I'(z) = 1 for |z| < 1 and I'(z) = 0
otherwise. Without loss of generality we assume in the following that the bandwidth parameter M is
a positive integer (without this assumption, one needs to replace M everywhere below by the largest
integer contained in M, but nothing else changes).

Proof of lemma E.j. By lemma E.2 we know that asymptotically Pf is close to Ppo and therefore
rank(P;Ppo) = rank(ProPro) = R, i.e. rank(PffO) = R asymptotically. We can therefore write
f = PffOH, where H = Hyr is a non-singular R x R matrix.

We now want to show ||H| = O,(1) and ||[H™!|| = O,(1). Due to our normalization of f and
f° we have H = (f’PfAfO/T)’1 = (f'f°/T)~1, and therefore |HY| < [[f||If°/T = O,(1). We
also have f = fOH + (P; — Po)f°H, and thus H = ff/T — fo'(Pf — Ppo)f°H/T, i.e. ||H| <
O,(1) + ||H||O, (T~1/?) which shows ||H|| = O,(1). Note that all the following results only require
|H| = Op(1) and [|[H || = O,(1), but apart from that are independent of the choice of normalization.

The advantage of expressing f in terms of Pf~ as above is that the result HPf — Ppo|| = O, (T_1/2)
of lemma E.2 immediately implies
Hf— fOHH =0,(1) . (S.7.18)
The FOC wrt A in the minimization of the first line in equation (2.5) reads
~ ~ K ~ ~
A= (Y = ﬂkxk) f, (5.7.19)
k=1
which yields
A K NI
A= lxofo’ - (Be-3) x| £ (FF)
k=1
K . -1
— [A0f0,+2(ﬁ2_6k) X +e Pffo (fO/Pff0> (H/)—l
k=1
—1 —1 =1
=N (H) T X0 (P = Pro) 1O (SUPS0) ()
-1
4 A0 07 0 [(fO/PffO) - (fOIfO)—1:| (H’)fl
K ) 1 )
30 (8= Bu) Xa+e| P (£Pp0) )T (S.7.20)
k=1

We have (fO’PJ;fO/T)_1 — (fO’fO/T)_1 = OP(T_l/Q), because ‘Pf — Ppo|| = O, (T_1/2) and
fYf0/T by assumption is converging to a positive definite matrix (or given our particular choice of
normalization is just the identity matrix Iz) In addition, we have ||e|| = O,(VT), || Xx|| = O,(VNT)
and by corollary E.1 also |3 — %] = 0O,(1/V/NT). Therefore

Hx S\ (H’)_lH —0,(1), (S.7.21)

which is what we wanted to prove.
Next, we want to show

(ANA> _<<H> ) (H/)‘) —o, (N7 |

&7 -1 ey -1
(fo> _ (HfOTfOH) =0, (T712) . (8.7.22)
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Let A=N-"1AXand B=N-1 (H)"' A” \° (H')"'. Using (S.7.21) we find

o

1A - B|| = W ) X A= X0 i) [V = T A A (H’)*lm

v |
= N"10,(NY2)0,(1) =0, (N—W) . (S.7.23)

)\OI AO -1
()
and thus also |[B7!|| = O,(1), and therefore ||A7!|| = O,(1) (using ||A — B|| = 0,(1) and applying
Weyl’s inequality to the smallest eigenvalue of B). Since A~! — B~1 = A=}(B — A)B~! we find

la™ =B < a7 |B7"] A - BI
-0, (N*W) . (S.7.25)

By assumption 1 we know that

=0,(1). (S.7.24)

Thus, we have shown the first statement of (S.7.22), and analogously one can show the second one.
Combining (S.7.21), (S.7.19) and (S.7.22) we obtain

i A ﬁ -1 7 _)\70 ()\0/)\0>—1 <f0’f0>1 0
VN \ N T VI VN \ N T VT

!/

_ A (M) <ff> P ((H)‘MO'AO(H/)*)* (HffH> H'

N T N T JT
-0, (N*W) , (S.7.26)

which is equivalent to (E.5). Note also that A (5\/5\)_1 (f'f)~* /" is independent of H, i.e. independent
of the choice of normalization. I

Proof of lemma E.5. # Part A of the proof: We start by showing
N-! H]E {e’MAoXk) - (e’M/\oXk)trunCR] H =0,(1). (S.7.27)

This statement is trivial for the strictly exogenous part of the regressor, since then the expectation is
just 0, i.e. what we actually have to show is

N HE [e/M/\OXlzveak> - (elM,\oX;éveak)truncR} ‘

‘ = 0p(1) . (S.7.28)

Let A = ¢ My0X) and B = A — A"WeR_ By definition of the left-sided truncation (using the equal
weight kernel I'(.)) we have By, =0 for ¢t < 7 <t + M and By, = A, otherwise. By assumption 5
we have E(A;;) =0 for ¢ > 7. For t < 7 we define the N x N matrices Cy i = E(e; X} ,), which by
assumption are diagonal and satisfy |Cj ¢r | < Ve @™ ¢ for all i, j, where V. is the uniform bound of
Ee?,. We then have Tr(Cy +r) < N Vea™ ! and ||Cy t7|| = ||Ck.tr |lmax < Ve ™. Therefore [E(A:r)| =

EY i eitMAO,ink,j‘r’ = [Tr(Crir Myo)| < |Tr(Chtr )| + [Tr(Cher Pro)| < [Tr(Chtr)| + Bl Chir |l

i.e. we obtain [E(As)| < (N + R)V.a”t for t < 7. Using this we have E(B;,;) = 0 for 7 < ¢t + M,
and |EB;;| < (N + R)a™ ! for 7 > t + M. Therefore

T
IE(B) I, = max S [E(Bir)]
5. 2

T
< (N +R) max Z S

t=1...T
T=t+M+1

(N +R)aM

. (S.7.29)
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and analogously we can show |[E(B)|| < (N + R)a™ /(1 — «). Using part (vii) of theorem S.3.1 we
therefore find |[E(B)| < (N + R)a™ /(1 — a) = 0,(N), which is equivalent to equation (S.7.27) that
we wanted to show in this part of the proof. Here we used M — oo. The proof of

N1 H]E [G’M”e) - (e’MAoe)“““CD} H = 0,(1),
T HE [eroe’) - (eroe')“““CD} H =0,(1), (S.7.30)
is analogous.
# Part B of the proof: Next, we want to show:
N1 H[e’MAoXk ~ E (¢ Myo X)) R ‘ = 0,(1). (S.7.31)

Using lemma S.7.3 we have

N1 H[e’MAoXk — E(MyoX)]™ | < M max max N7 |e\MyoXy, — E (€, MyoXp.r)]

t t<T<t+M

N

<M N1 3 Xrir —E (e Xp i

< m;cxx t<£ﬂg€ij z;[ezt kit (6zt IC,ZT)}
i

+ M max e N~ e, PyoXy.r —E (e} Pyo X,

< MN7'2 max max Z,(Clt),r
t o t<r<t+M ’

+ M max max N!|e,PyoX} .|
t o t<r<t+M

+ M max . max N~YE (e} PyoXp.r)| - (S.7.32)

4

7 1" is bounded uniformly across ¢t and 7. Applying

According to lemma S.7.2 we know that E ‘ZMT

lemma S.7.1 we therefore find max; maxi«r<¢4nm Zt(Tl) = O,((MT)'/*). Thus we have

M N2 max max )Zt(i)
t t<r<t+M

-0, (M N-1/2 (MT)1/4) = 0,(1) . (S.7.33)

Here we used M®/T — 0.

What is left to show is that the two terms involving e} Pyo Xy  are also o,(1). We have
M
M N7 |e,PyoXpr| < —=
R 8 MV laPe ol = O

max Zfil eit)‘? A”A° - max le\il Xk,if)‘?/
t VN N T N
M

p— 1/ 1/ = 0 . .
< % Ol 0,(1) O)(T) = 0y(1) (5.7.34)

Here we applied lemma S.7.1 and used the fact that both N—1/2 Zf\il eit/\? and N~1 vazl Xk,it)\?
have bounded 8’th moments uniformly across t. We also used M*/T — 0. Using the above decompo-
sition of €; Pyo Xy, . we find that E (N~1/2¢, PyoX}, ;) is uniformly bounded across ¢, 7, and therefore

max max M N[ (¢, PoXir)| < MNTV20,(1) = 0,(1) (5.7.35)

The proof of

N7t H[G/MAOG — E (¢ Myoe)]"™™ P

truncD

T71

[eroe' —E (eroe’)]

’ = 0,(1) (S.7.36)
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is analogous.
# Part C of the proof: Finally, we have to show

N7l b X — @ X

‘ = 0,(1). (S.7.37)

According to theorem 3.3 we have é = MyoeMgo + €rem, Where erem = éél) - Ele (Bk - ﬁg) ég) +

éem) "and using corollary E.1 we find that the remainder term satisfies ||erem || = Op(1). We have to
show

N1 H[PA06/ Xk]truncR ‘ _ Op(].) :

N*l ’[é;em Xk]truncR ‘ — Op(l) . (8738)

Using lemma S.7.3 we find

_ ~ truncR M ~
N ! [e;cm Xk] ’ = W IItl’iiJ_X e;cm,t Xk,‘l'

M .

< N H;%_X l|€rem,ell | Xk,
M

< N [|€reml| mgx [ Xk, |l
M

< F(f)p(1)017(1\71/%1/8) =o0,(1), (S.7.39)

where we used the fact that the norm of each column éepm,: is smaller than the operator norm
of the whole matrix é,em. In addition we used lemma S.7.1 and the fact that N=Y/2| Xy .|| =

/N1 Zfil X%yi,r has finite 8’th moment in order to show max, || Xy .|| = O,(N/2T1/8).

Using again lemma S.7.3 we find

truncR

N7 [Ppoe’ Xi)

‘ SNTIM max|F7 (Y)Y € X |
S NTEM el [ f) 7] max £ max | X - |
= N~ MO, (NY2) O (TV?) O,(T71) O, (NY2TV8) = 0,(1) . (S.7.40)

Thus, we proved equation (S.7.37).
The proof of

’ = 0,(1), (S.7.41)

is analogous.
The combination of part A, B and C proves the theorem. I

Proof of lemma E.6. Using theorem 3.3 and E.1 we find ||é]| = OP(N1/2). Applying lemma S.7.3 we
therefore find

_ N truncR M ~
N1 ’ (€' Xi) ‘ < N ax &y Xp.r

M .

< v max [lee] || X |
M

< oy léll max [| X - |
M

< NOP(N1/2)OP(N1/2T1/8) = O,(MTY®) , (S.7.42)
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where we used the result max, || Xy .| = O,(N'/2T'/8) that was already obtained in the proof of the
last theorem.
The proof for the statement (ii) and (iii) is analogous. I

S.8 Algebraic Results for Higher Order Approximations
Applying the formula (C.5) for L9 we find for g < 5

LM ()\07 fo, er) -0,
L@ (X, f0) Xy, X)) = Tr (Myo X, Mpo Xo,)

1

L (X 2 Xy Xoyy X)) = — = | Tr (2 Mo Xy My X A VX072 (FYF0) 1 f7 X1)

+ 5 permutations of k1 ...k3]| ,
4) ()\0’ fo XR17 Xli27 XK'/37 X )

_ 2*14Tr = X FO (U)X T (SO Y X, Mo Xy Mo X, Mo

— Xy Mo X1, Myo Xy Myo X1 X0 (AYA0) 70 (F7£0) 71 (A229) 71 A
F 22X O (FUFO) T (YA TEAY X, O (£ FO) T (AN T A X, Mo XL, Moo
+ X, fo (fO/fO)*l (/\0/)\0)—1 2\ X, Mfo X’/ig )0 ()\0/)\0)—1 (fO/fO)*l fO/ X:m Mo

+ 23 permutations of k1 ... k4 for all four terms} ,

1
L(s) ()\07 fo Xlﬂv X'€2’ X”3’ X’“’ X ) B 120 o |:

— 2,0, £O (F7F°0) T (YA T (P FO) T (VA0 T AY X, Mo XTI Moo X, Mpo X1, Mo
f ) ( ) 1 (fO/fO)*l f-O/X/ M/\Omeo (fOIfO)*l ()\0/)\0)—1 AO’XMMfoX,’{SM/\o
FO) TN T (U0 T R XL, Mo X Mpo XL, MAoXKOfO (P 70) 7 (AN A
+ Zmeo fO/fO) 1 (/\0/)\0) 1 /\O/X,gszoX,QSMAoXMMfoX’ 0 ()\01/\0) (fO/fO) (AO/)\O)_l A
f ) ( ) 1 )\()/X52Mf0X,23)\0 ()\0/)\0) (fO/ ) ()\0/)\0) 1 )\OIXMMfUX Mo
¥ ) ( ) )\O/meo (fO/fO)—l ()\0/)\0) )\0/ sto
(P2 £0) T (AN AN, Mpo XL, Mo
_ 2me0 (fO/f())*l ()\0/)\0)—1 )\O/meo (fo/fo)fl ()\0/)\0)—1 )\OanngU
X,/44)\0 ()\0/)\0)71 (fOIfO)_l fO/X’/%M)\O

1

+ 119 permutations of k1 ... ks for all seven terms| . (S.8.1)

These results can be helpful for future applications of the likelihood-expansion, e.g. to discuss higher
orders of the asymptotic theory of the QMLE.
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