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Abstract— Due to technological advances,it has become pos-
sible to implement floating-point coreson FPGAs in an effort to
provide hardware acceleration for the myriad applications that
require high performance floating-point arithmetic. However, in
order to achieve a high clock rate, these floating-point cores
must be deeply pipelined. Due to this deep pipelining and the
complexity of floating-point arithmetic, floating-point cores use
a great deal of the FPGA's area. It is thus important to use as
few floating-point coresin an architecture as possible. However,
the deep pipelining makesit difficult to reusethe samefloating-
point core for a series of floating-point computations that are
dependent upon one another. In this paper, we describe an
area-efficient architecture and algorithm for the evaluation of
arithmetic expressions.This design effectively hides the pipeline
latency of the floating-point coresand usesonly onefloating-point
core for eachtype of operator in the expression.The designis
applicable to a wide variety of fields such as scientific computing,
cognition, and graph theory. We analyzethe performance of this
designwhen implemented on a Xilinx Virtex-ll Pro FPGA.

Focus Session—Reconfigurable Supercomputing

Index Terms— floating-point, arithmetic expressionevaluation

I. INTRODUCTION

Many computationallyintensive applicationsthat are good
candidatesfor hardware accelerationrequire high precision,
floating-point arithmetic. Until recently reconfigurablecom-
puting devices, such as FPGAs, did not have the logic re-
sourcesnecessaryto implement the multiple floating-point
coresthat would be necessaryo effectively acceleratehese
applications.However, recentadvancesin FPGA technology
such as drastic increasesin the amount of logic resources
and the inclusion of embeddedhardware multipliers, have
madeFPGAsa viable platform for acceleratingloating-point
applications.

Nonethelesst is still difficult to achieve high floating-point
performanceon FPGAs,dueto the compleity of the floating-
point cores. Becauseof their compleity, the floating-point
coreshave very large areas.Thus, it is desirableto useasfew
of themin a designaspossible However, in orderto achieve a
high clock frequeng, the coresmustbe deeplypipelined.This
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deeppipelining makes it difficult to reusethe samefloating-
point corefor a seriesof floating-pointcomputationghat are
dependentupon one another Therefore,the designproblem
is to develop algorithmsand architectureghat can hide this
pipelinelateny sothatasfew floating-pointcoresas possible
areusedin a design.

In this paper we investigatean area-eficient solution to
the arithmetic expressionevaluationproblem|[1]. This is the
problem of computing the value of an expressionthat is
representedby a treein which the leaves are numericvalues
andthe internal nodesare operators.

One of the most important applicationsof the designwe
proposeis to evaluate arithmetic expressionsin the inner
loops of scientific computing algorithms. Large numbersof
such expressionsmust be evaluatedin molecular dynamics
simulations,for example.Suchexpressionausually have tens
of inputs. The proposeddesigncan be usedas a component
of an FPGA-basedhcceleratoifor moleculardynamics.

The proposeddesignis also applicableto other scientific
kernels,suchas vector dot product. This kernel requiresthe
accumulatiorof floating-pointnumbersSuchanaccumulation
is one commoninstanceof arithmetic expressionevaluation
to which the proposeddesignis applicable—aninstancein
which there are only operatorsof one type. In [2], the
proposeddesignis usedas part of designsfor basic linear
algebraoperations.For large-scaleproblems, these kernels
have expressionswith thousandf inputs.

In [3], we proposedan FPGA-basedarchitecturefor sparse
matrix-vector multiplication. In that architecture,accumula-
tion was performedusing lg(n) adders.With the arithmetic
expressionevaluationdesignproposedn this paper we could
greatly reducethe arearequiremenif the architecturen [3].

Probabilisticinferenceis anotherareathat usestree-based
computations.Probabilistic inference deals with belief net-
works, which are directedacyclic graphsin which the nodes
representevents and the edgesrepresentconditional depen-
dencies.In the Lauritzen-Spigelhalteralgorithm, a general
network is transformednto a tree of cliques([4]. To find the
probability of events, expressionsmust be evaluatedat each
node and the results propagatedup the tree. The proposed
designcan be usedto evaluateexpressionawithin cliquesor
thealgorithmcanbe appliedto the propagatiorof datatoward



the root of the tree.

Besidesbeing usedfor evaluation of floating-point arith-
metic, the proposeddesigncan also be usedto solve other
problems.For example,the graphtheoreticalproblemsof all-
pairs shortest-pathand transitive closureare fundamentalin
a variety of fields, such as network routing and distributed
computing.Theseproblemsare solved by the Floyd-Warshall
algorithm, which requirescomparisonsand additions, either
fixed- or floating-point,dependinguponthe problemdomain.
It is difficult to optimizethis algorithmbecausef the depen-
denciesbetweencomparisong5]. Evenin the caseof fixed-
point arithmetic,the graphmay containenoughnodesto re-
quire pipelinedcomparisonsThe proposediesigncanprovide
an efficient implementationof Floyd-Warshall algorithm on
FPGAsby simply using the pipelined comparatoras another
pipelinedcore.

Thealgorithmandarchitecturdor the arithmeticexpression
evaluation problem are most efficient for expressionswhose
expressiortreesarecompletebinary trees.We shaw thatif the
n inputsto suchanexpressiorarrive sequentiallyit is possible
to evaluatethe expressiornwith only onefloating-pointcore of
eachtype usedin the expressiorand© (Ig(n)) buffering while
still evaluatingthe expressionin ©(n) time. The penalty for
generalexpressionsvhoseexpressiontreesare not complete
binarytreesis no morethanafactorof two in eitherthroughput
or area.

In the next section,we review relatedwork. In Sectionlll,
we posethe designproblem.In SectionlV, we describethe
proposedalgorithmandarchitecturefor arithmeticexpression
evaluationandwe prove its correctness\We begin the section
by presentingan architectureand algorithm for a restricted
caseof the problemand endthe sectionby noting someim-
portantpropertiesof the proposedarchitectureand algorithm,
including how they can be usedto evaluategeneralexpres-
sions.SectionV presentanalysisof our designs performance
asthe numberof floating-pointcoresin the designincreases
and also compareghe throughput-to-areaatio and the area-
latengy productof the proposedalgorithm and architectureto
thoseof a designwith lower lateng/ but more floating-point
cores. Finally, SectionVI concludesthe work and presents
areasfor future study

Il. RELATED WORK

In this section,we first describewvorks addressingrithmetic
expressionevaluationand then describeworks using FPGAs
to acceleratdloating-pointapplications.

A. Arithmetic ExpressionEvaluation

The arithmetic expression evaluation problem has been
studiedwidely in the parallel computingcommunity Several
algorithmshave beenproposedfor variantsof the theoretical
PRAM programmingmodel in which there a mary proces-
sors all with uniform accessto a shared memory(se€|6],
[7], and [8], for example). These techniquesemploy tree
contraction [9]. In tree contraction,a rooted, binary tree is
systematicallyreduced from consisting of mary nodes to

consistingof a single node—theroot. The basicoperationin
tree contractionis rake. Given a non-leaf node v, the rake
operationremovesv andits parentfrom the treeandconnects
v's sibling to v's grandparentApplying rake operationsn the
correct order contractsthe tree. Tree contractionis applied
to expressionevaluationby allowing subtreego be partially,
ratherthan fully, evaluatedbefore nodesare replacedby the
rake operation.To allow this partialevaluation,extralabelsare
appliedto the tree nodesandthe rake operationis augmented
to handlethe partial evaluation[9]. On parallelmachinesthis
methodof arithmeticexpressionevaluationrequiresO(lg(n))
time.

In [1], the algorithmin [6], which usesthis tree contraction
technique,is adaptedio be practicalfor SMP machinesThe
numberof processorin an SMP machinemaybe smallerthan
the numberrequiredby the PRAM versionof the algorithm.
The practical SMP versionof the algorithm must, therefore,
distribute the work betweenavailable processorsind synchro-
nize the processorsluring the stepsof the algorithm.

In [10], the tree contractiontechniqueis appliedto another
modelof computing the ProcessoArrayswith Reconfigurable
Bus System.In this model,computationis performedby cells
connectedto a grid-shapedreconfigurablebus system.Each
cell canperformarithmeticandlogical operationin unit time.
The algorithmin [10] usesn x n cells of the meshto evaluate
an expressionin O(lg(n)) time, wheren is the number of
nodesin the tree.

[11] presentsalgorithmsfor upward and downward accu-
mulation for tree structures.Thesealgorithms use the per
mutation network model of parallel computationin which
an algorithm consistsof local computationsinterleased with
communications.Given p processorsand an n-node tree,
upward accumulationwhich is similar to our problem,takes
0 (lg(n) <% +71p+ u%)) time, wherer is communication
latengy and p is the transfertime per unit messagesize. This
work, like thosedescribedabore, addressesccumulationat
a much higher level of abstractionthan our work. We are
not concernedvith numberof processor&nd communication
time so muchaswe arewith minimizing the numberof large
floating-pointcoreswhile achieving a high throughput.

B. FPGA-basedAcceleation of Floating-Foint Computations

FPGAs have beenusedto provide floating-pointaccelera-
tion for mary applicationareas.One such areais scientific
simulations.[12] usesa parameterizedloating-point library
to acceleratehe SPHforce calculationof astrophysicakimu-
lations. Using a 24-bit floating-pointformat, a throughputof
3.9 GFLOPSis achieved. [13] describesFPGA-acceleration
of Lennard-Jonedorce calculation,a common calculation
in molecular dynamics simulations. This work uses 64-bit
floating-point arithmetic and is able to achieve a through-
put that is 41% higher than that of state-of-the-artgeneral
purpose processorsperforming the same calculations.[14]
describes-PGA-basedacclerationof the positionandvelocity
calculationsfor moleculardynamicssimulations With single-
precision floating-point arithmetic, performanceup to 5.69



GFLOPsis achieved.

Linear algebrais anotherimportantareain which FPGAs
are being usedto provide hardware acceleratiorfor floating-
point computation[15] studiesdensematrix multiplication. It
implementsa systolicarchitectureandachiezesa performance
of 8.3 GFLOPS.In [3], an architectureand algorithm for
sparsematrix-vector multiplication are proposed.This design
providessignificantlybetterperformancghangeneralpurpose
processorsdo, especiallywhen the matrix has an irregular
sparsitystructure [16] studiesmatrix factorizationon FPGAs
and develops the stacled matrix techniqueto overcomethe
pipelinelateng of floating-pointcores[17] studiesthe perfor
manceof FPGA-basedmplementation®f threelinearalgebra
kernels:vector dot product, matrix-vector multiplication, and
matrix multiplication. For eachkernel,the performanceof the
FPGA-basedmplementationss superiorto that of general
purposeprocessord-urther [17] predictsthatthe performance
gap between FPGAs and general purpose processorswill
widenin the future.

Theserelatedworks are all targetedtoward specificappli-
cations. None presentsa methodfor generalarithmetic ex-
pressionevaluation.Rather they demonstrat@erformancdor
customdesignsand floating-pointformatsin their particular
domains.[18] doespresenta designthat is more generally
applicable It proposesa specialtechniquecalledthe “delayed
addition approach”in orderto remove the carry-propagation
bottleneckin arithmetic calculations.This techniqueis em-
ployed for pipelined multiply-accumulatedesignson FPGAs.
However, unlike our work, delayedaddition may still leadto
pipeline stalls. Moreover, it is only applicableto additions,
while our work canbe usedfor ary type of binary operator

Thework thatis mostrelatedto oursis thatof [19]. It solves
the basiccaseof the problemthatwe posein the next section
andis reviewed in SectionlV.

I1l. PROBLEM DEFINITION

The arithmeticexpressiorevaluationproblemis to compute
the value of an expressionthat is representecy a tree in
which the leaves are numeric valuesand the internal nodes
are operatorsTo begin with, we restrictthe treesto complete
binary treeswith four or more inputs. Thus, a tree with &
levels hasn = 2* inputsandeachof the operatords a binary
operator An example of sucha tree is shavn in Figure 1.
Becausefloating-pointcoreshave large areas,we would like
to develop an architectureand algorithm combination that
requiresas few of themaspossible.

Problem: Let e bethe expressionto be evaluated e
canbe representedsa completebinary tree.Let S
be the set of operatorsusedin e. Let k > 2 be the
number of levels in the binary tree representation
of e. m, the number of inputs to the expression,
is then equal to 2*. Assumethat the inputs r;,
1 =0,...,n—1, arrive sequentiallyoner; perclock
cycle, suchthat that rq is the left operandfor the
leftmostoperatorat level O of thetree,r; is theright
operandfor the leftmost operatorat level O of the

((rgx 1) x (ry-r3) x
((ry +715) + (rgx17))

Fig. 1. Onepossibleexpressionwith eightinputs

tree,andso on, sothatr,, 5 is the left operandfor
therightmostoperatorat level 0 of thetreeandr,,
is theright operandbf therightmostoperatorat level
0 of thetree.The problemis to designa hazard-free
architecturecomposedf deeplypipelinedfloating-
point coresand an algorithmthat usesthe architec-
ture to computethe value of e appliedto n inputs.

This problemis trivially solved with n — 1 floating-point
cores,onefor eachoperationin the expression However, this
is a very inefficient solution. The large areasof floating-point
coresmake sucha solutionundesirableor, for large n, infea-
sible. Whenthe inputsto be reducedarrive sequentiallysuch
an architecturealso makes uneconomicalise of the floating-
point cores.The floating-pointcoresin the architecturedo not
take new inputs on every clock cycle; rather they are only
active periodically For example,the first floating-pointcore
atlevel O of the tree operateson the first two inputsto arrive.
Before it can operateon ary more inputs, it must wait the
n — 2 cyclesit takesfor the next n — 2 inputsto arrive and
enterthe other floating-pointcoresin level 0, plus two more
cyclesfor its new inputsto arrive. Suchinefficiengy exists at
all levels of the tree.

An architecturdik e thatof Figure2 is afirst stepin address-
ing this inefficiengy. Insteadof multiple floating-pointcoresof
eachtypein a giventreelevel, thereis only onefloating-point
coreof eachtype necessaryn thatlevel, a constant-sizéuffer,
and a multiplexer. Insteadof n — 1 floating-pointcores,there
arenow O(|S|1g(n)) floating-pointcoresandlg(n) constant-
size buffers. At eachlevel of this compactedree,whenthere
aretwo valuesin the buffer, they arereadfrom the buffer and
passedo the floating-pointcores. The correctfloating-point
core output, as chosenby the multiplexer’s selectionlogic, is
written to the buffer at the next highestlevel.

While animprovementoverthetrivial solution,this solution
is still inefficient. Thefloating-pointcoresat eachlevel arestill
not taking new inputs at eachclock cycle. The floating-point
coresat level 0 take new inputs every other clock cycle. The
floating-pointcoresat level 1 mustwait for two outputsof the
floating-point coresat level 0. So, thesefloating-point cores
only readnew inputsonceevery four cycles.Thefloating-point
coresat level i only readnew inputsonceevery 2+ cycles.
Additionally, this architecturerequiresO(|.S|1g(n)) floating-
point cores,which still may not be feasiblefor large valuesof
n. But, sincethe floating-pointcoresarenot fully utilized, we
seethatwith a clever architectureandalgorithm,it is possible
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Fig. 2. Completebinary treefor an expressionwith threetypesof operators
after compactionto onefloating-pointcore of eachtype perlevel (+, —, and
x could be replacedby ary binary operators)

to evaluatethe expressionusing a single floating-point core
for eachtype of operatorin the expression.

The difficulty of developing such an architectureand al-
gorithm lies in the fact that floating-point coreson FPGAs
are very deeply pipelined. Partial resultsare not available in
the cycle immediatelyfollowing the startof their computation.
Instead they areavailablea stagedater, wherea is thelength
of the pipeline.If ©(n) storageis allowed, the inputs canbe
buffered until a partial result is ready Once again, though,
this solutionleadsto inefficient useof the floating-pointcores.
Additionally, stalling for eachoperationwill drasticallyreduce
throughput.Sincewe are targeting applicationsin which the
operandswill be double-precisiorfloating-pointnumberswe
do not want to have to store mary valueson the chip. We
anticipatethat expressionevaluationwill be part of a larger
applicationimplementedn hardware.So, while thereis suffi-
cient memoryon currentFPGA devicesto storea substantial
numberof double-precisiorloating-pointnumberswe would
like to use as little memory as possiblefor the expression
evaluation and leave the rest free for the other parts of the
application.Thus,we would like to useO(lg(n)) buffer space.

IV. SOLUTION TO THE PROBLEM

In this section, we presentour solution to the problem
definedabove. We first describethe solution to a restricted
version of the problemin which thereis only one type of
operatorin the expressionand this operatoris commutatve
and associatie. We then proposea solution to the problem
asit is stated,prove its correctnessand note someimportant
featuresof the solution.

A. BasicCase

In this restrictedversion of the problem, thereis only a
single type of operatorin the expressionand this operatoris
commutatve andassociatie. Summinga setof numberds one
instanceof this versionof the problem.We referto this version
of the problemas “the basiccas€. We refer to the complete
problem,as statedin the last section,as “the advancedcas€.
A solutionto the basiccaseis proposedn [19] andwe review
that solution here.

buffers counter

Lel
Dj] lg(n) -1
: Control
1
r,—1] 0

Fig. 3. Architecturefor the basiccase(+ could be replacedby ary binary
operator)

The architecturefor the basic caseis shovn in Figure 3.
It has one a-stage pipelined floating-point core, a counter
(C), some control circuitry, and lg(n) buffer levels. All of
the buffers hold three data items, except for the buffer at
level 0, which only holds two data items. Note that the
buffers are FIFOs. The r; valuesare written into buffer O at
every clock cycle. When there are two valuesin the buffer,
they are destructvely readand are presentedasinputsto the
floating-pointcore. Two cycles later, the next two r; values
are presentedas inputs to the floating-point core. When the
floating-pointcore hasoperatedon two valuesfrom buffer i,
it writes the resultto buffer ¢ + 1.

The algorithmfor readingfrom andwriting to the buffersis
givenin Figure4. The sectionsof the algorithm are executed
in parallel every clock cycle. The notation v;, is usedto
denotethe j leastsignificantbits of v.

[19] proves several propertiesof the algorithm and archi-
tecture.

« A singlefloating-point-corepipelineholdssufficient slots

to simultaneoushaccommodatéhe partial resultsfor ary
n a power of 2.

« The schedulefor utilizing the floating-pointcoreis col-
lision free.

« The amountof buffer spacenecessarydoes not grow
without bound,provided that the buffers arereadaccord-
ing to the schedulen the algorithm.

« Thealgorithmevaluatesthe expressionusingonly inputs
from the sameset.

« Thealgorithmproperlyevaluatessachsetof inputvalues,
given that the operatoris associatie and commutatve.

« Evaluation of an expressionwith n inputs takes ©(n)
time.

The basic caseis similar to the advancedcasein that in
both casesarchitecturemndalgorithmsmustbe designedhat
reducesetsof inputs, wherethe size of the setis a power of
two, to one outputby way of a completebinary tree structure
of operatorsThe maindifferencebetweerthetwo casess that
whereasthe basiccasehasonly one type of binary operator
theadwancedcaseallows any numberof typesof binaryopera-
tors. For example,the solutionto the basiccasecanbe applied
to summinga setof numbersA solutionto the advancedcase,
on the other hand,can be appliedto an expressionliike

((ro x r1) x (r2 —13)) X ((rg +7s) + (r6 +77))

wherethereare multiple typesof operatoran the expression.
Also, in the advancedcase the binary operatorsneednot be



1: {counte}

2: it floating-pointcoreis first usedthen
32 C=0

4: else

56 C=C+1

6: end if

7: {buffers}

8: write input port to buffer 0

9: for i =0 to lg(n) — 2 in parallel do
100 if (C —a)gyqy =27~ 1 then

11: write outputof floating-pointcoreto buffer i + 1
12:  endif

13: end for

14: {floating-pointcore}
15: for i =0 tolg(n) — 1 in parallel do
16:  if (Cyipry =2 —1) and

(buffer 4 hasmorethan 1 value)then

17: read?2 valuesfrom buffer ¢ into floating-pointcore

18: endif

19: end for

20: {output}

21: if outputof floating-pointcoreis valid then

22: if (C =)y, =5 — 1then

23: write output of floating-pointcoreto externalmem-
ory

24:  endif

25: end if

Fig. 4. Algorithm for the basiccase
commutatve or associatie.

B. Developinga Solutionto the AdvancedCase

Supposehat we have two circuits implementingthe archi-
tecture and algorithm for the basic case,one that performs
addition andthe otherthat performsmultiplication. We make
theassumptiorthatthefloating-pointcoresusedin eachcircuit
have the samenumberof pipeline stagesq. Thus,if the two
floating-pointcoresreceve inputs at the sametime, they will
write to their respectre buffersat the sametime. For example,
if theadditioncircuit recevesinputsay anda; attimest, and
to + 1, respectiely, theseinputswill enterthe adderat time
to+2 andag +a; will bewrittento buffer 1 attimetq+2+a.
Similarly, if the multiplication circuit recevesinputsmg and
my attimesty andty + 1, respectiely, theseinputswill enter
the multiplier at time ¢y + 2 andmg x m; will be written to
buffer 1 attime to + 2+ a. Clearly, aslong asthe inputsarrive
atthesametime, thereadsfrom andwritesto the buffersin the
respectie circuits will happenat the sametime; both circuits
arefollowing the samealgorithm.

Now, supposethat insteadof having two completely in-
dependentircuits, the two circuits sharebuffers. When two
valuesarereadfrom buffer ¢, thosevaluesareusedasinput to
both floating-pointcores.The outputsof eachof the floating-
point cores,then, are readyto be written to buffer ¢ + 1 «
stagedlater. If thereis someselectionfunction, ¢, it canbe
usedto decidewhich floating-pointcore’s outputis written to
buffer ¢ + 1. In thatway, it is possibleto selectwhetherthe
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Fig. 5. Architecturefor the advancedcase(+, x, =+ could be replacedby
ary binary operators)

result of the addition or of the multiplication shouldbe used
in the later calculations.By selectingthe appropriateresult
for eachbuffer write, ary complete-binary-tre@xpressione

that usesonly addition and multiplication can be evaluated.
To extendthis ideato otheroperatorsijt is only necessaryo

sharethe buffers amongthe otheroperatorsaswell aschange
the rangeof ¢ to include the new operators.We formalize
theseideasin the following subsections.

C. Architecture and Algorithm

The architecturefor the solution to the advancedcaseis
shavn in Figure 5. It is similar to the architecturefor the
solutionto the basiccase.lt hasthe samenumberof buffers
(FIFOs) with the samenumberof entriesastherearein the
basiccase Also, like the basiccase,jt hasalg(n)-bit counter
C and a control unit. The main differencesbetweenthis
architectureandthatfor the basiccasearethatthis architecture
haslg(n)—2 buffer control countes becy, - . . , becig(ny—1, and
hasa selectionfunction .

Buffer i, i = 1,...,1g(n) — 1, now hasa (Ig (n) — ¢)-bit
buffer control counter bec;, associatedwvith it. The purpose
of bee; is to allow the buffer i to decidewhich floating-point-
coreoutputshouldbe written to it. Essentiallybee; countsthe
numberof writes to buffer ¢ that have occurred.For example,
considerthetreein Figure 1. Therearethreetypesof operators
in level O of thetree: x, —, and+. Eachof theseoperatoras
a correspondindloating-pointcorein the architecturefor this
expressionWhendatais to be written into buffer 1, buffer 1
must be able to correctly choosewhich floating-pointcore’s
output should be written into it. From the figure, one can
clearly seethat the first write to buffer 1 shouldbe from the
multiplier, the secondwrite shouldbe from the subtractorand
soon. Thus,whenbce; = 0, the outputof the multiplier core
shouldbewritten to buffer 1, whenbee; = 1, the outputof the
subtractorcore shouldbe written to buffer 1, andso on. This
mappingbetweenbcee; and the functional units is handledby
the selectionfunction .

@ is the function that controls the selectionof floating-
point core outputsto be written into a given buffer. ¢ has
two parametersthe buffer level and the value of the buffer
control counterfor that level. The output of ¢ is the type of



1: {counterg
2: it floating-pointcoresare first usedthen
3 C=0
4. fori=1tolg(n)—1 in parallel do
5: bee; =0
6: end for
7: else
g C=C+1
9: end if
10: {buffers}
11: write input port to buffer 0
12: for i = 0 to lg(n) — 2 in parallel do
13 if (C —a)gyqy =2°—1then
14: write output of floating-pointcore ¢ (i + 1, becit1)
to buffer i + 1
15: bCCH_l = bCCH_l +1
16:  endif
17: end for
18: {floating-pointcores}
19: for i =0 tolg(n) — 1 in parallel do
20: if (Ciipny =2"—1) and
(buffer s hasmorethan 1 value)then
21: read?2 valuesfrom buffer i
22: for all s € S in parallel do
23: Enterthe two valuesinto floating-pointcore s
24: end for
25:  endif
26: end for
27 {output}
28: if outputof floating-pointcoresis valid then
29 if (C_— @) gy = 3 — 1 then _
30: write the output of floating-pointcore ¢ (Ig (n)) to
externalmemory
31:  endif
32: end if

Fig. 6. Algorithm for the advancedcase

operatorwhoseoutput should be written into the buffer. For
example, for the tree in Figure 1, ¢(1,0) = multiplier and
(1,1) = subtractor.

The algorithm for the solution to the advancedcaseis
given in Figure 6. This algorithm is similar to that of the
solutionfor the basiccase However, it incorporateghe buffer
control countersand the selection function. For notational
corvenience,we define the value of ¢ (Ig(n)) to be the
floating-pointcore for the type of operatorthatis at the root
of the completebinary tree. A snapshotof the algorithm’s
functionality as it processedour setsof inputsis given in
Figure 7.

D. Proof of Correctness

In this subsectionwe prove several lemmasand theorems
to shaw thatthe proposedalgorithmandarchitecturesolve the
adwancedcaseof the problemthat we have defined.

Lemmal: ©(lg(n)) buffer spaceis sufiicient for the algo-
rithm andthereare no datahazardsn the architecture.
Proof: The numberof buffersin the architecturgproposedor
the advancedcaseis the sameas that of the architecturefor

the basic case.For all 4, the scheduleof readsand writes to
buffer 4 in the algorithm proposedfor the advancedcaseis
identicalto that of the algorithmfor the basiccase.ln [19], it
is proventhat ©(lg(n)) buffer spaceis sufficient for the basic
caseandthatthereareno datahazardsThus,©(1g(n)) buffer
spaceis alsosufiicient for the advancedcaseandthereareno
datahazardsn the advancedcase.r

Lemma2: The partial resultsfrom differentinput setsdo
not mix during computation.
Proof: Let R and S be two setsof n inputs. The elements
of aninput setarrive at the architecturesequentially Without
loss of generality let the elementsof R be the first to arrive.
Since elementsarrive sequentially one per clock cycle, all
of the elementsof R arrive and enter buffer 0 before any
of the elementsof S do. The floating-pointcoresare linear
pipelinesof the samelength,«. Sincethe elementsof S enter
the floating-pointcoresafterthe elementof R, they mustexit
the floating-pointcoresafter the elementsof R. The first two
elementsto enterbuffer i arethe first two elementsto leave
buffer i. Thus,for a partial resultfrom R to be combinedwith
apartialresultfrom S, theremustbe exactly one partial result
from R andoneor more partial resultsfrom S in buffer ¢, for
somei. However, the numberof inputsin R is n = 2* for
someinteger k. So, at level i, thereare 5 = 2k=% partial
results. This is an even number The algorithm calls for the
floating-pointcoresto readtwo valuesfrom buffer 7 atatime.
Thus, it is impossiblefor exactly one partial resultfrom R to
be left in the buffer with one or more partial resultsfrom S.
Therefore,it is not possiblefor operandsdrom multiple sets
to mix. O

Lemma3: The algorithm and architecturetogether cor
rectly evaluatean expressiore of n = 2* inputsfor all & > 2.
Proof: We prove this lemmainductively. First, we assumehat
e hasn = 22 = 4 inputsand shawv that the algorithmworks.
Let R bethe setof n inputswith r, thefirst to arrive, r; the
secondo arrive, s thethird to arrive, andrs thelastto arrive.
When rq arrives, it is storedin buffer 0. When r; arrives,
it is also storedin buffer 0. On the next cycle, C is setto O
andry, andr; aregiven asinput to all of the floating-point
cores.Also, r, is written to buffer 0. On the next cycle, r3
is written to buffer 0. On the next cycle after that (C is 2,
so Cyy = 20 — 1), ro andr; are readfrom the buffer and
given as inputs to the floating-pointcores.a stagesafter rg
andr, enteredthe floating-pointcores,(C' — a)¢y = 2° — 1,
so the output of one of the floating-point cores must be
written. bec; = 0, so the outputof floating-pointcore (1, 0)
is written to buffer 1. By the definition of ¢, this is the
correctoutput to be written. bee; is incrementedto 1. Two
cycleslater, (C' — a1y = 2° — 1 again,soit is time to write
to buffer 1 again. Sincer, and r3 were given as inputs to
the floating-point cores two cycles after ro and r; were,
their partial resultis the outputfrom the floating-pointcores.
bee; = 1, so the output of the floating-pointcore ¢(1,1) is
written into buffer 1. bee; is incrementedandrolls over back
to 0. Buffer 1 now hastwo inputs,so assoonas Cyy = 01,
the two partial resultswill be readfrom buffer 1 and given



C beet bce2 | Buffer 0 Buffer 1 Buffer 2 FP Core Stage 1 |FP Core Stage 2| FP Core Stage 3
r0
ror1
0 0 0|r2 rori
1 0 0|r2r3 rori
2 0 0fr4 r2r3 ror1
3 1 0[rdr5 (rOxr1) r2r3
4 1 0[r6 (rOxr1) r4r5 rar3
5 2 0fr6r7 (rOxr1)(r2-r3) rar5
6 2 0(s0 (rOxr1)(r2-r3) rér7 rar5
7 3 0[s0s1 (rOxr1)(r2-r3) rér7
(r4+r5)
0 3 0(s2 (rOxr1)(r2-r3) s0s1 rér7
(r4+r5)
1 0 0[s2s3 (rd+r5)(r6xr7) (rOxr1)(r2-r3) sOs1
2 0 0fs4 (r4+r5)(réxr7) s2s3 (rOxr1)(r2-r3) s0s1
3 1 0[s4s5 (r4+r5)(r6xr7) s2s3 (rOxr1)(r2-r3)
(sOxs1)
4 1 1|s6 (r4+r5)(réxr7)  [((rOxr1)x(r2-r3)) s4s5 s2s3
(s0xs1)
5 2 1]s6s7 (s0xs1)(s2-s3) |((rOxr1)x(r2-r3)) (r4+r5)(r6xr7) s4s5
6 2 1[t0 (s0xs1)(s2-s3) |((rOxr1)x(r2-r3)) s6s7 (rd+r5)(réxr7) s4s5
7 3 1|tot1 (s0xs1)(s2-s3) [((rOxr1)x(r2-r3)) sBs7 (rd+r5)(réxr7)
(s4+s5)
0 3 oft2 (sOxs1)(s2-s3) |((rOxr1)x(r2-r3)) tot1 sBs7
(s4+s5) ((r4+r5)+(réxr7))
1 0 0[t2t3 (s4+s5)(s6xs7) |((rOxr1)x(r2-r3))  [(sOxs1)(s2-s3) |tOt1
((r4+r5)+(réxr7))
2 0 0lt4 (s4+55)(s6xs7) |((rOxr1)x(r2-r3)) |t2t3 (sOxs1)(s2-s3) |tOt1
((r4+r5)+(r6xr7))
3 1 0(t4t5 (s4+s5)(sbxs7) ((rOxr1)x(r2-r3)) |[t2t3 (sOxs1)(s2-s3)
(t0xt1) ((r4+r5)+(r6xr7))
4 1 1[t6 (s4+s5)(s6xs7) [((sOxs1)x(s2-s3)) [t4t5 ((roxr1)x(r2-r3)) |t2t3
(t0xt1) ((r4+r5)+(r6xr7))
5 2 1|t6t7 (tOxt1)(t2-t3) ((sOxs1)x(s2-s3)) [(s4+s5)(s6xs7) |t4t5 ((roxr1)x(r2-r3))
((rd+r5)+(réxr7))
6 2 1]u0 (t0xt1)(t2-t3) ((sOxs1)x(s2-s3)) |t6t7 (s4+s5)(sbxs7) |t4t5
7 3 1{uOut (tOxt1)(t2-t3) ((sOxs1)x(s2-s3)) t6t7 (s4+55)(s6xs7)
(t4+t5)

Fig. 7. Snapshobf the algorithmasit processe$our setsof input, R, S, 7", andU.

Figure 1.

as inputs to the floating-pointcores.a cycles after that, the
outputis ready Correspondingly (C' — )2y = 3 —1=01,
so the output of floating-point core p(lg(n)) is written to
external memory By definition, this is the output from the
correctfloating-pointcore. So, the outputis correct.

For the inductive hypothesiswe assumehat the algorithm
andarchitecturgroducethe correctresultsfor n = 2%, k > 2,
inputs.We now provethat,if thatis the casethealgorithmand
architectureproducethe correctresultsfor n = 2¥+! inputs.

The key obsenation is that evaluating an expressionof
n = 2F*1 inputs is almostthe sameas evaluating two con-
secutve expressionsof m = 2% = 5 inputs.For n inputs,an
extra level of buffering is addedto the architectureand one
moreoperationmusttake place.Also, ¢ andbcc; areextended
accordinglyandbce,—; is addedto the architecture The first
m inputs to arrive are operatedon in the samemanneras
they would have beenif the algorithm and architecturewere
designedfor m inputs. The only differenceis that insteadof
the output of floating-point core ¢(lg(m)) being written to
external memorywhen (C — a)g(m)y = % — 1, the output
of whatis now ¢(lg(m), 0) is written to buffer lg(n) — 1. By
theinductive hypothesisthis valueis the correctevaluationof
the left subtreeof the expression.Similarly, the right subtree
of the expressionis also correctly evaluated.We know from
Lemma2 thatthe two setsof m inputscould not have mixed
during the calculation. The values from the left and right
subtreehave beenwritten into buffer lg(n) — 1. As soonas
Clg(nyy = 28D —1 = 2 — 1, thosetwo valuesare read

n = 8 anda = 3. The expressionevaluatedis thatwhich is shavn in

from buffer 1g(n) — 1 and given asinput to the floating-point
cores.a cycleslater, when(C' — a)g(n)) = 5 — 1, the output
of ¢(lg(n)) is written to externalmemory By definition, this
is the outputof the correctfloating-pointcore. Therefore the
correctresultis produced.

Thus, the algorithm and architecturetogether correctly
evaluate an expressione of n = 2% inputs for all £ > 2.
O

Theoem4: The algorithm and architecturetogethersolve
the problemposedat the beginning of this section.

Proof: Follows directly from Lemmasl and 3. 0.

E. Propertiesof the Design

In this subsectiorwe detail someimportantpropertieof the
architectureand algorithmfor the advancedcase.The first of
theseis that, asdesired,only one floating-pointcore for each
type of operatotin theexpressioris presenin thearchitecture.
Each floating-point core that is in the architectureis being
used efficiently; each floating-point core takes new inputs
as often as possible.This is an important property because,
dueto their large areas the floating-pointcoresdominatethe
areaof expressionevaluation circuits. This property would
not be as notableif large buffers were necessanor the time
compleity for the expressionevaluation increasedto more
thanthe optimal ©(n).

From Lemmal, we know that only O(lg(n)) buffer space
is necessaryor the circuit. This is a small amountof space
andleavesmostof the FPGAs on-chipmemoryfor othertasks



implementedon the device. Despitethis small buffer size, as
shawvn by the theorembelow, the latengy remainslow.

Theoem5: The lateny of the algorithm is at most
3n + (@ — 1)1g(n) — 2 cycles.

Proof: It takesn cyclesfor all the inputsto arrive. The last
input will go through the floating-point coreslg(n) times.
It will spendat most 2i+1 — 1 cycles in buffer i. So the
total lateng is at mostn + alg(n) + 314 ~! (2t+t —1) =

3n+ (a—1)lg(n) — 2 cycles.Od

The algorithm also achieses the highestpossiblethroughput
for inputsarriving sequentially:an outputevery n cyclesonce
the floating-point-corepipelinesare full.

Another propertyof the algorithmfor the advancedcaseis
that it placesno restrictionon the numberof pipeline stages
in the floating-point cores.In developing the algorithm, we
assumedhatthe floating-pointcoresall hadthe samenumber
of pipeline stagesin practice,this is not alwaysthe case.To
compensateshift registerscan be addedto the floating-point
coreswith fewer stagesso that their pipeline latenciesmatch
that of the floating-pointcore with the moststagesa will be
setto the numberof pipeline stagesof the floating-pointcore
with the longestpipeline lateng. While addingshift registers
doesincreasehe areaof the architecturethis increasewill be
insignificantwhen comparedto the size of the floating-point
cores.Importantly no pipeline stalls are introduced.

The algorithm also allows for the inclusion of the extra
pipelinestageseforeor afterthefloating-pointcores,if neces-
sary This extra delay canbe capturedby increasingthe value
of a by the numberof addedpipeline stages.For example,
if the critical path of the designis betweenthe output of the
floating-pointcoresandtheinput to memory an extra pipeline
stage(or morethanone stage)canbe addedto the path. |t is
only necessaryo increasdhe valueof the a by the numberof
addedstages.This propertyaddsscalability to the algorithm.

F. Geneal Expressions

Thus far, we have only consideredexpressionswhose
expressiontree is a completebinary tree. Despite this, the
algorithm and architecturefor the adwanced case can be
appliedto a wide variety of generalexpressionsFor example,
someexpressiongnvolve non-binaryoperators As a prepro-
cessingstep, the expressiontree for suchan expressioncan
be transformedinto a balancedbinary tree. Unary operators
can be consideredwith an identity operation.[9] describes
the transformationof trees with associatie, commutatie
operatorghat take more thantwo inputsinto binary trees.

Whentheinputis abalancedinarytree,it still maynotbea
completebinarytree;the numberof inputsmaynotbe a power
of 2. In that case,the input sourcecan pad the inputsto the
expressionevaluationcircuit. For example,the expressiortree
in Figure 8(a) would be transformednto the expressiontree
in Figure8(b). Whenthis paddingis employed,thethroughput
of the algorithmis decreasedby at mosta factor of two.

Besides padding, another approachcan be emplgyed to
handle expressionswhoseinput size is not a power of two.
[20] proposes solutionfor the casein which thereis only a

((rgx 1)) x (ry-r3) x
((ry + 15) + ((rg x 1) x (rg—ry)))

((rgx ;) x (ry=r3) x
((ry+ rs) + ((rgx ry) x (rg—ro)))

(b)
Fig. 8. (a) Expressiortreebeforepadding.(b) Expressiortreeafter padding

(* representsry operation.d representa paddinginput, T representshe
operationof passingthe left input to the next level)

buffer

output

o

input AB]—GT

buffer

Control

Fig. 9. Architecturefor evaluationof expressionsvith onetype of operator
andanarbitrarynumberof inputs(+ couldbereplacedy ary binary operator)

singleoperatortype. The architectureof this methodis shavn
in Figure9. This methodis very similar to the methodfor the
basic case,except that it usestwo floating-point cores. The
first floating-pointcore readsfrom buffer 0 eachclock cycle
and performsthe level 0 computationsThe secondfloating-
point coreis sharedby levels 1, 2, ..., [lg(n)] — 1, andhas
to read from or write to different buffers in different clock
cycles. The schedulingof the readsand writes of buffers 1,
.-+, [lg(n)] — 1 is the sameas that of buffers 0, 1, ...,
lg(n) — 2 in the algorithm for the basic case.lt is proven
in [20] thatthis methodis hazard-freepnly needdg(n) buffers
andrunsin optimal © (n) time. With the ¢ function and bce
counters this methodcan be usedfor expressionswith mul-
tiple typesof operatorsThe correctnes®f suchan algorithm
and architecturecan be provenin a mannersimilar to thatin
which Lemmaa3 is proven; the proof is not detailedhere.
Unlike the paddingapproach this approachhasthe same
throughputasthe solutionfor the advancedcasedoeswhenit
is appliedto an expressionwith n a power of two. However,
this approachrequirestwice as mary floating-pointcoresand
thus occupiesroughly twice as much area as the padding
approachdoes.Moreover, the control logic androuting of this
methodis more complex thanthe paddingapproach.

G. Summary

To summarize,we have developedan algorithm and ar
chitectureto be usedto evaluate arithmetic expressionsby
using only one floating-point core for eachtype of operator
in the expression.The algorithm and architectureeffectively
hide the pipelinelateng of the deeplypipelinedfloating-point
coresto allow themto be reuseddespitedependencies the
expressionsOnly © ([lg(n)]) buffer spaceis necessaryThis
allows storageto be done on-chip, ratherthan off, even for
large valuesof n. Further the decisionof which floating-point
core’s outputto write is distributedto eachbuffer ratherthan



centralized reducingthe amountof global routing necessary
Despitethe smallamountof storagethe designstill hasa low
latengy andashigh a throughputaspossible regardlessof the
numberof pipelinestagesn the floating-pointcores.While at
its most efficient for expressionswhoseexpressiontreesare
completebinary trees,the designis capableof handlingother
treeswith a performanceenaltythatis at mosta factorof two.

V. PERFORMANCE ANALYSIS

We first analyzethe performanceof the proposedsolu-
tion to the advancedcasewhenn = 64 inputs and when
n = 1024 inputs as the number of types of floating-point
operatorsangesfrom a single type of operatorto four types
of operators.We think of theseoperatorsas add, subtract,
multiply, and divide. However, becauseour goal is to study
the performanceof our designratherthanthe performanceof
individual floating-pointcores,we usethe samefloating-point
corein all casesyepeatingit as mary timesasis necessary
In ourimplementationyve usea floating-pointmultiplier core.
For example,in the caseof four types of operators,rather
than having a floating-pointadder a floating-pointsubtractor
a floating-pointmultiplier, anda floating-pointdivider, we use
four floating-pointmultipliers.

The multiplier has9 pipeline stages,runs at a maximum
of 195 MHz on the tamget Xilinx Virtex-Il Pro FPGA, and
requires 755 slices of areain and 16 of the embedded
18 x 18 multipliers. It takesinputsIEEE-standard-75double-
precision(64-bit) format, including the specialnumbers[21].
The rounding mode is round-tavard-zero, denormals are
flushedto zero and exceptionsare not generatedThis mul-
tiplier is sufiicient for the purposeof this illustration. Any
pipelined multiplier, even a fixed-point one, could be used
with our architecturelf amoreor alesscomplex multiplier is
required,the performanceof the proposeddesignwill change
accordingly

We coded the proposed architecture and algorithm in
VHDL. With the Xilinx Virtex-1l Pro XC2VP20asour target
device, we synthesizedhe designwith Synplicity Synplify Pro
7.2 and placed-and-routedhe result with Xilinx PAR from
Xilinx ISE 6.2. Sincebuffer 0 is written to every clock cycle,
we implementedit as two registers.In orderto avoid large
multiplexersattheinputsto thefloating-pointcoreswe did not
implementthe other buffers separatelyinstead,we combine
theminto two embeddedRAMs, onefor the“left” inputsto the
floating-pointcoresandthe otherfor the “right” inputs. Also,
to simplify the addressindogic, we allow eachbuffer level in
the RAM to have four words insteadof just three.With this
schemewe only needto multiplex betweenthe registersof
buffer 0 andthe RAM for the otherbuffer levels. The address
logic takes care of choosingbetweenthe buffers at levels 1
throughlg(n) — 1. We do still, however, requiremultiplexers
to selectwhich floating-pointcore’s output shouldbe written
into the buffers. The ¢ functionis synthesizedhsa ROM.

Figure 10 shows the effect on the frequeng and the area
of the implementationas the numberof operatorsgoesfrom
oneto four. For both inputs sizes,the areaincreasegoughly
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Fig. 10. Changen frequeng andareaasnumberof typesof operatorgoes
from1lto4

TABLE |
THROUGHPUT-TO-AREA RATIO OF THE PROPOSED ARCHITECTURE AND
THE COMPACTED-TREE ARCHITECTURE. VALUES ARE IN THOUSAND
RESULTS PER SLICE PER SECOND (HIGHER VALUE IS BETTER).

Numberof Typesof Operators
2 3 4

1
proposed 265 1.48 | 1.00 0.71
compacted-tredd 0.52 [ 0.30 | 0.20 0.15

linearly with the numberof typesof operators.The floating-
point coresdominatethe areausageregardlesof the number
of operatorswhenn = 64, the areausedby otherpartsof the
architectureis lessthan 360 slicesand whenn = 1024 the
areausedby other parts of the architectureis lessthan 900
slices.We also note that the areafor n = 1024 is not much
larger than the areafor n = 64. In each case,the critical
pathis in the write to the buffer RAM from the outputof the
floating-pointcores.The largestdecreasen frequeng occurs
when the changeis madefrom a single type of operatorto
two typesof operatorsThis resultmakessensebecausen the
caseof a single type of operator much of the control logic
is unnecessaryhereasthis control logic becomesecessary
when morethan onetype of operatoris present.

We now comparethe implementatiorof the proposedsolu-
tion to an implementationof the compacted-trearchitecture
with lg(n) floating-pointcoresof eachtype, asin Figure 2.
Table | shows the throughput-to-areaatio of each of the
architecturesvhenn = 64 and the numberof typesof op-
eratorsvariesfrom oneto four. Clearly, the proposedsolution
hasa much higher throughputto arearatio; the areausedis
being used much more efficiently. Table Il shaws the area-
latengy productof the two architecturesand algorithms.The
compacted-trealgorithm requiresfewer cycles to compute
a result than the proposeddesign.However, the area-lateng
productof the compacted-trearchitectureand algorithm is
much higherthanthat of the proposedarchitectureand algo-
rithm. Thus, by this metric as well, the proposedsolution is
superiorto the compacted-tre@approach.

Finally, we briefly describehow the proposedsolutioncould
be usedas part of a kernel. In [3], we proposean FPGA-
basedarchitecturefor sparsematrix-vector multiplication. In
the architecturethe compacted-trearchitecturewith floating-
point addersis usedto accumulateintermediateresults.The
performanceof the architectureis evaluated using various
sparsematrices from the scientific computing community
with the Xilinx Virtex-Il Pro XC2VP70 as the target device.



TABLE 11
AREA-LATENCY PRODUCT OF THE PROPOSED ARCHITECTURE AND THE
COMPACTED-TREE ARCHITECTURE. VALUES ARE IN SLICES X uS PER
RESULT (LOWER VALUE ISBETTER).

Numberof Typesof Operators

1 2 3 4
proposed 1001 | 1800 | 2655 | 3721
compacted-tredd 3713 | 6391 | 9563 | 12863

Comparedwith a highly optimizedprogramfor sparsematrix-
vector multiply on an Itanium 2 system, the architecture
achieves 1.1X to 30X speedupdependingupon the sparsity
structureof the matrix. With the algorithm and architecture
proposedn this paper we canfurtherreducethe arearequire-
ment of the architecturein [3], makingit possibleto handle
larger matricesand usea smallerFPGA to achieve the same
performance.

VI. CONCLUSION

In this paper we have presentedn algorithmandarchitec-
ture that facilitate the area-eficient evaluation of arithmetic
expressionsusing deeply pipelined floating-point cores. We
have demonstratedhe correctnesf the algorithm and that
the performanceachieved is far superior to that of other
techniques.Beyond area efficiengy, this design has several
benefits,including high throughputand a low memory space
requirement.Becauseit only needsto receive one input per
clock cycle, it also has a low I/O bandwidth requirement.
Becauseof the low areaandthe low bandwidthrequirement,
it is possibleto implementmultiple copiesof the architecture
in a single design.

In the future, we will pursuethe useof the algorithm and
architectureas part of the acceleratiorof large floating-point
applicationkernels.For example,we would like to apply the
algorithm and architectureto the implementationof several
dataanalysistasksfrom the field of moleculardynamics.

We would also like to pursuethe improvement of the
designs performanceor a large numberof inputs and mary
typesof operatorsTheachievablefrequeny degradeshecause
the ¢ function becomesmore complex as the number of
operatorsandthe numberof inputsgo up. We will studymore
efficientwaysof implementingthe ¢ functionin hardwareand
pipeliningits evaluation.In pipeliningits evaluation,we make
use of the fact that we can add extra pipelining stagesafter
the floating-pointcoreswithout changingthe algorithm.

Theseare just someof the mary opportunitiesfor future
researchthat are facilitated by the proposeddesign. There
are mary othersin mary differentfields, including scientific
computing,cognition,and graphtheory
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