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Abstract

Field programmable gate arrays (FPGAS) have become an attractive option for accelerating scientific
applications. Many scientific operations such as matrix-vector multiplication and dot product involve the
reduction of a sequentially produced stream of values. Unfortunately, because of the pipelining in FPGA-based
floating-point units, data hazards may occur during these sequential reduction operations. Improperly designed
reduction circuits can adversely impact the performance, impose unrealistic buffer requirements, and consume
a significant portion of the FPGA. In this paper, we identify two basic methods for designing serial reduction
circuits, the tree-traversal method and the striding method. Using accumulation as an example, we analyze
the design tradeoffs between the number of adders, buffer size and latency, and propose high-performance and
area-efficient designs using each method. The proposed designs reduce multiple sets of sequentially delivered
floating-point values without stalling the pipeline or imposing unrealistic buffer requirements. Using a Xilinx
Virtex-1l Pro FPGA as the target device, we implemented our designs and present performance and area
results.
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|. INTRODUCTION

Field programmable gate arrays (FPGAS) are semiconductor devices that are configured by end
users to implement complex digital logic circuits. The increased gate count and other features
of modern FPGAs alow them to be used as reconfigurable computational kernels. In particular,
FPGAs have become an attractive option for speeding up applications in scientific computing [1]—
[4], cryptography [5], [6] and network-based system [7], The dramatic increase in the computing
power of FPGAs also has prompted severa supercomputer vendors to develop high performance
reconfigurable computers that combine general-purpose processors (GPPs) with FPGAs [8], [9].

However, the MHz-scale clock rate of FPGASs is relatively low compared with the GHz-scale clock
rate of GPPs. If high-performance is the motivation for using FPGAS, then the design must exploit
both spatial parallelism as well as temporal parallelism. That is, the design needs to employ multiple
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deeply pipelined functional units which operate concurrently. In reconfigurable computers where
FPGAs co-exist with GPPs, additional levels of parallelism exist. Therefore, research on FPGA-
based systems is a new and important topic within parallel and distributed computing area.

Unfortunately, using pipelined floating-point units for data reduction on FPGA may cause data haz-
ards. Here “reduction” refers to reducing a series of sequentially delivered values to one value using
one type of binary operator. One example of reduction is the accumulation of a stream of floating-
point values using one or more adders. Throughout the paper, we assume that the operators used are
commutative and associative. Note that our work does not consider numerical accuracy or stability.

The reduction problem arises in FPGA-based designs for many scientific applications. For example,
in both dot product and matrix-vector multiplication, since the source matrices and vectors are usually
too large to be stored on the FPGA, they need to be read in sequentially from the external memory.
Thus, a series of floating-point values need to be accumulated. Another example is the Lennard-Jones
force calculation in molecular dynamics [10]. At the end of the calculation, values that are generated
serialy need to be accumulated.

There has been work on reducing expression trees using parallel processors [11], [12]. However,
most of it assumes that the operators are single-cycled and uses multiple types of operators. Reduction
circuits for reducing vectors using pipelined operators also have been proposed, but they cannot be
applied to our work either. Some of them use lg(n) operators and are impractical for FPGA-based
implementation when n is large [13]. Others do not work efficiently with multiple input sets [14]
and require large buffer sizes that are also impractical for FPGA-based implementation.

In this paper, we propose high-performance and area-efficient FPGA-based reduction circuits. Using
accumulation as a prototypical example, we first analyze the design tradeoffs among the number of
floating-point adders, the buffer size and the latency of a design. We then study two basic methods for
implementing reductions using deeply pipelined adders. In the tree-traversal method, the inputs are
considered as leaves of a binary tree and the reduction of the inputs requires a traversal of the tree.
In the striding method, the inputs are first reduced to « values, where « is the number of pipeline
stages in the adder. The o values are then further reduced to the single output value. As far as we
know, this work is the first one that has fully studied the design tradeoffs and fundamental ideas for

reduction circuits.

Based on the tradeoff analysis, three different reduction circuit designs are discussed. All of the



proposed designs are able to reduce multiple input sets of arbitrary sizes without stalling the pipeline.
In these designs, the numbers of adders are fixed and the buffer sizes are independent of the number
of input sets. The first design uses the tree-traversal method, and employs two adders and buffers of
total size ©(lg(n)). The other two designs are both based on the striding method. The second design
uses two adders and a buffer of size ©(«lg(a)). The third design only uses one adder and needs
two buffers of size ©(a?). The latencies of the designs depend on both n and a. When n is much
larger than «, the latencies are ©(n) clock cycles.

We implemented our designs on a Xilinx Virtex-11 Pro FPGA [15] using our own double-precision
floating-point adders. Note that the adders in the circuits can also be replaced by other associative
and commutative binary operators for other types of reduction, e.g., min(zg, z1, - - -, ,—1). We study
the area and speed performance of our designs. Experimental results show that our designs are area-
efficient and can achieve high throughput.

The rest of the paper is organized as follows. Section 1l presents some background information
on FPGAs and reconfigurable computers. Section 111 introduces the reduction problem and presents
a formal definition. This section also discusses prior work related to reductions and the tradeoffs for
designing reduction circuits. Section 1V and Section V propose designs using the tree traversal method
and the striding method, respectively. The correctness of the designsis proved and their operations are
illustrated using examples. Section V1 presents the performance of our reduction circuits. Section VI

concludes the paper.

Il. BACKGROUND

FPGAs are a form of reconfigurable hardware. They offer flexibility in design like software, but
with time performance that can be closer to Application Specific Integrated Circuits (ASICs). FPGAs
contain reconfigurable dlices, hardware primitives such as block random access memory (BRAM),
integer multipliers and programmable input/output (1/0) blocks, embedded in a programmable inter-
connection fabric. Our focus is static random access memory (SRAM)-based FPGAS, which can be
reprogrammed by a configuration bitstream. In theory, we can design any digital logic circuit and
place it on an FPGA.. In practice, the primary constraints are area, clock speed, and 1/0.

Earlier FPGAs were used for integer and fixed-point kernels that were not computationally demand-

ing. However, contemporary FPGASs are now used to accelerate floating-point scientific applications



and have achieved performance that is competitive with GPPs [2], [10]. Underwood predicts that by
2009, FPGAs will have an order of magnitude peak floating-point performance over GPPs [16].

The dramatic increase in the computing power of FPGAs has aroused strong interest in the
supercomputing industry. Several vendors have developed high performance reconfigurable computer
(RC) architectures that combine GPPs and FPGAs. Cray has the XD1, which currently has six user-
programmable FPGASs per chassis [9]; SRC Computers offers the MAP processor, which includes
two user-programmable FPGAS, in single-MAP workstations or multiple-MAP clusters [8]; SGI has
offerings such as the RC100 Blade, which has two user-programmable FPGASs [17]. The processing
elements (PEs) in a traditional parallel compute node consist of GPPs and the associated memory
hierarchy. As shown in Figure 1, RC compute nodes consist of fixed PEs plus variable structure
PEs that contain FPGA(s) and local memory. High-speed, high-bandwidth interconnects allows the
GPP-based PEs and FPGA-based PEs to communicate with one another. In the RC systems, the

FPGAs serve as hardware application accelerators.

RCs are an important development in the parallel

and distributed computing world because they provide variable
fixed )

additional levels of paralelism. We have the macro- inter- structure

connect

scopic parallelism provided by multiple PEs and the GPP FPGA

instruction level paralelism (ILP) of GPPs. Moreover, cacI;h S ool

FPGAS provide two additional dimensions of parallelism. me’?ory memory

The first dimension is the spatial parallelism, where mr;]:]'gry

multiple functional units are configured on one FPGA and
perform computations in parallel. The second dimension
Fig. 1. Idealized RC compute node architecture
of paralelism comes from the pipelining in functional units, which aso enables the FPGA-based
designs to achieve high clock speed. However, the pipelining in the operators makes reduction of a
series of data problematic when the data are delivered sequentially. This is explained in detail in the
following section. On the other hand, sending a stream of floating-point values back to the GPPs for
reduction consumes memory bandwidth and may even negate the performance gains derived from

hardware acceleration; this is a key issue.



I11. THE REDUCTION PROBLEM AND RELATED WORK

A. The Reduction Problem: An Intuition

Reductions are operations such as Xz ; that input one or more input sets
and reduce them to a single value. Reductions can be implemented using
a binary tree, e.g., to accumulate n = 8 numbers, we could use a full
binary tree as shown in Figure 2. This binary tree of pipelined floating-
point cores is a high-performance reduction architecture, which accepts an
n-vector every clock cycle, and after the pipeline latency, emits one result

every clock cycle. However, resource constraints preclude implementing a

full binary tree even for modest values of n. Therefore, we must trandate
Fig.2. Binay tree aoomulator large reductions into smaller reductions and reduce the sequential stream
of values that are subsequently produced. Consider the dot product unit illustrated in Figure 3. It
consists of the largest k-width dot product core that will fit on the FPGA followed by a looped adder
to accumulate the stream of partial dot products. The operation appears to be straightforward. The
vectors, x and y, are partitioned into k-vectors, u and v. At each clock edge one pair of k-vectors
enter the pipelined k-width dot product core. There are lg(k) non-leaf levels in a full binary tree
having k leaf nodes. If o, and «,, are the latencies of the pipelined multiplier and adder floating-point

cores, then the latency of the dot product core is oy = a,,, + @, lg k clock cycles. Therefore, after

aq cycles, the d; partial dot products stream out, one value per clock cycle, and are accumulated
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Fig. 3. Dot product unit (broken)

Fig. 4. Buffer overrun



by the looped adder to produce Xzy. Unfortunately, the naive adder loop fails because the adder is
pipelined. Figure 4 shows a simple example of this failure for a pipelined adder having a latency of
a, = 2. Suppose one dot product corresponds to the sequence (a, b, ¢, d), and the next dot product
corresponds to the sequence (v, w, x,y, z), i.e, the sum a + b + ¢ + d is the value of the first dot
product and v + w + x + y + z is the value of the second dot product. In step 1, a + b isin the last
adder stage, and ¢ and d are in the input buffers. In step 2, ¢+ d, which are the final two input values
in the current calculation, enter the adder pipeline. Value v from the next dot product calculation, is
buffered. In step 3, w is aso buffered. In step 4, we are ill waiting to finish a + b+ ¢+ d. The
interlock circuit prevents new values from entering the adder until the existing calculation is finished,
so z gets dropped if we do not throttle the input stream (stall the pipeline) or use a bigger input
buffer. Pipeline stalls significantly reduce performance. In addition, a buffer whose size increases
linearly with n is unacceptable because n could be very large.

Thus, the reduction problem boils down to reducing multiple variable-length sets of sequentialy
delivered floating-point values without stalling the pipeline or imposing unreasonable buffer re-
guirements. The reduction problem arises in FPGA-based designs for many scientific applications,
including sparse matrix-vector multiplication [18], conjugate gradient [19], and Lennard-Jones force
calculation in molecular dynamics [10]. Note that the clock speed of an FPGA-based design depends
on the latency of the critical path. Thus, even with larger and faster FPGAS, to achieve high clock
speed, the floating-point units still need to be pipelined and our reduction circuits are still useful.

B. The Reduction Problem: Formal Definition

We can define the reduction problem as follows: We are given p sets of inputs, with set ¢ containing
n; floating-point values (0 < ¢ < p — 1). The values in the sets are delivered sequentialy as
(50,0, s S0m1—1), 7 5 (Sp—1,0, " 5 Sp—1,n,—1)]- The problem is to reduce n; values in set i into

a single vaue such that r; = i sij, @ = 0,1,...p — 1. The adders used are pipelined with o
j=0

ni—1
pipeline stages, and o > 1. ’
Our godl is to design area-efficient and high-performance reduction circuits that satisfy the fol-
lowing requirements:
1) Reduce p sets of inputs correctly without causing any data hazard.

2) Accept one input during each clock cycle without stalling. When reducing multiple sets, out-



of-order outputs are allowed.
3) The number of adders employed is fixed, independent of p and n; (0 <7 <p—1).

4) Low requirement on buffer size: buffer size of ©(n;) (0 <i <p—1) or O(p) is unacceptable.

C. Previous Work

Research on reduction circuits started a couple of decades ago, when pipelined computers and
vector computers first became available. Kogge proposed a method which uses 1g(n) adders to reduce
multiple input sets, where n is the maximum size of the input sets [13]. In this method, the reduction
is regarded as an adder tree, and each adder is in charge of computations on one level of the tree.
This method may be suitable for relatively small fixed-point FPGA-based implementations. However,
due to the large size and design complexity of floating-point adders, floating-point FPGA-based
implementations are infeasible for large values of n.

In [14], the authors proposed two reduction methods. Each method uses one adder and a buffer of
fixed size. In these methods, n inputs are first reduced to o values which are then reduced to a single
value, when n > «. These methods are well suited for reducing one input set. However, for multiple
input sets, the methods assume all the sets are available in the external memory before the computation
starts. If the input sets are generated sequentialy, a buffer is needed whose size increases with the
number of sets. Thisis because the adder cannot accept new inputs when it is reducing the o values.
Incoming inputs during this period of time have to be stored temporarily in a buffer. The large buffer
requirement makes FPGA-based implementations of this method infeasible for large values of n.

Some researchers implement reduction using special-designed operators. In [20], the authors use
variable precision floating-point adders and delayed normalization in order to reduce the number
of pipeline stages. Our designs work with generic pipelined operators and do not require special
operators. Moreover, the architectures and algorithms of our designs are independent of the imple-
mentations of the operators.

Severa reduction circuits have been proposed that are suitable for implementations on FPGAS.
When the size of each input set is a power of 2, the design in [21] performs reduction using one
floating-point adder. This design uses lg(n) buffers of fixed size, where n is the upper bound on the
size of an input set. However, this design does not work with arbitrary number of inputs. In [19],

a partial summation unit using a single adder is used. However, this design, which was tailored for



high-performance in a high-level language based development environment, requires a fixed-sized
output binary tree accumulator and ©(n) buffer space. A similar design was employed in [22].
This design reduces the buffer requirement to ©(«), but still requires the large output accumulator.
Essentially, we were able to trade space for performance in these particular cases. In the general
case, however, designs tend to be area-constrained and we cannot afford the luxury of an output
binary tree accumulator and ©(n) buffer space. Obviously, none of the work described above meets
the requirements listed in Section I11-B.

In this paper, we propose three designs which are able to reduce multiple input sets of arbitrary
sizes. These designs are based on two different methods. The numbers of adders in the designs are
fixed and the required buffer sizes are moderate. Therefore, the designs have small areas and can
be run at high clock speed. We also provide a thorough discussion on the design tradeoffs and the
categorization of the intuitive ideas for reduction circuits. The designs are presented and analyzed

based on the discussion.

D. Reduction Circuit Design Analysis

The genera architecture of reduction circuits is shown in Figure 5. The datapath consists of the
adders and the buffers. The control logic schedules the additions among the adders and controls the
reads and writes of the buffers. The input values enter the architecture sequentially, either from an
externa memory or from another FPGA-based design. The output of the circuit is the fina result of

the reduction.

We now discuss the design tradeoffs among the number of

Clont_m' adders, the buffer size and the latency of the design. When a
ogic
b reduction circuit design contains multiple floating-point adders, it
adccg S is possible that these adders perform computations concurrently.
jﬁ Thus, the latency of the design can be greatly reduced. However,
input — —> output ] ] ]
L[] the area of the design also increases with the number of adders.
buffers
Another tradeoff exists between the number of adders and
data path

the buffer size of the design. When the design contains enough

Fig. 5. General architecture of reduction adders, each output of an adder can be taken immediately by

cireuits another adder if the output is not the final result of the reduction.



In this case, the buffer size required by the design is minimized, but the size of the design can be
large. In other words, the pipeline stages in the adders serve as the storage for the intermediate
results. On the other hand, if the design contains a large buffer to store the intermediate results, the
number of the adders, and hence the area of the design, can be reduced.

There is also a tradeoff between the area of the design and the complexity of the control logic.
When there are more adders in the design, each adder has a reduced workload, which simplifies
the scheduling of the adders. On the other hand, when the design employs only a few adders, each
adder has a higher workload and the intermediate results are stored in the buffers. In this case, the
scheduling algorithm is more complex because it needs to avoid data hazards as well as buffer access

conflicts.

IV. TREE-TRAVERSAL METHOD

A. Intuitive ldea

In the tree-traversal methods, the accumulation of a series of input values is represented by a binary
adder tree. In this case, accumulating the inputs is equivalent to performing a breadth traversal of the
tree. A simple solution is to use n — 1 adders to form a [lg(n)|-stage binary adder tree. The latency
of thissolutionis n+ a[lg(n)] cycles. However, the large area of floating-point adders makes such a
solution undesirable or, for large n, infeasible. In addition, since the inputs arrive sequentially, such
an architecture makes uneconomical use of the adders. For example, the first adder at level O of the
tree operates on the first two inputs to arrive. Before it can operate on any more inputs, it must wait
for the next n — 2 inputs to arrive and enter the other adders in level 0. Such inefficiency exists at
all levels of the tree.

The partially compacted binary tree (PCBT) design in Figure 6 can reduce this inefficiency. Instead
of multiple adders at a given tree level, there is only one adder at that level. There is aso a buffer
with two entries at each level. When there are two values in the buffer, they are read from the buffer
and passed to the adder. Thus, the design has [lg(n)]| adders, a buffer size of 2[1g(n)], and a latency
of n + aflg(n)] cycles. However, the utilization of the adders in this design is still very low. We
know that the adder at level O takes new inputs every other clock cycle. The adder at level 1 must
wait for two outputs of the adder at level O; so, this adder only reads new inputs once every four

cycles. In particular, the adder at level i only reads new inputs once every 2i! cycles. Additionally,
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Fig. 6. Partially compacted binary tree architecture

Fig. 7. Fully compacted binary tree architecture

this design requires [lg(n)| adders, which still may not be feasible for large values of n.

B. Proposed Design: Fully Compacted Binary Tree

1) Architecture and Schedule: We propose a fully compacted binary tree (FCBT) design that can
reduce multiple input sets using only two floating-point adders. It works for arbitrary length sets,
n > 1, up to a design-specific maximum (n < n,,,.). The architecture of the design is shown in
Figure 7. The first adder performs reductions at level 0, and reads from buffer O during each clock
cycle. The second adder is shared by levels 1, 2, ..., [lg(n)] — 1, and has to read from or write to
different buffers in different clock cycles. When n is not a power of two, it is possible that some
additions only have one input value and need to be padded with a zero value. We call such additions
“singleton.” In our design, only the last addition at a given tree level can be singleton. For both
adders in the design, there are two modes of addition: normal mode, and singleton mode. If buffer
[ contains 2 entries from the same set, the entries are read into an adder and a normal addition is
performed. If buffer [ only contains one entry from a set and singleton; = 1, the entry is fed into
an adder with a padded zero and a singleton addition is performed.

To set the correct value for singleton;, we attach a label to each number that enters the buffers.
The label shows how many of the inputs in the same set remain to be accumulated at that level.
Figure 8 illustrates how the 5 inputs in a set are labeled at each level. The small boxes represent
the inputs and their labels are shown below them. The inputs labeled as 0 do not really exist; they
are shown in the figure to form the virtual binary tree on which the FCBT design is based. For each

singleton add, an input is added with an input labeled as 0. We use ¢,, to denote the label for input
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u. We know that at level [, [54] additions are performed. Thus, if ¢, > 2™, « cannot be the last
input of the set at level [. There must be another input, v, following w. Thus, singleton; = 0, and u
is then written into buffer /. When v arrives, v and v are then read as operands of the second adder.
On the other hand, if ¢, < 2!*!, item u must be the last input of the set at level [. If no other input
of the set is waiting, u requires a singleton add, and singleton, = 1. However, if another input of
the set is waiting for w, the addition of the two inputs yields the final result.

The scheduling algorithm for the FCBT design is

level

shown in Figure 9. For convenience, we define the

last j bits of expression, v, using the notation v ;y. label g ’
We also use op; and op, to denote the outputs of the label m ?
first adder and the second adder, respectively. We use bl ﬁ Q/ O !
out, = [lg (n)] to represent the adder level at which D/ﬁ DAD ﬁ .

. . label 5 4 3 2 1 0 O 0
the final result is found.

According to the algorithm, buffer O is read during
every clock cycle. Buffer [ (I =1,..., [lg(n)] — 1) is F9. 8. Lebdlsfor FCBT inputs (n =)
read when C' = 2! — 1 + a2’ for some integer a, where C' is the value of a clock cycle counter inside
the controller. Counter C' is [lg(n)]-bit wide. Buffer [+1 (I = 0,..., [lg(n)] —2) is written to when
C —a=2"—1+b2 for some integer b.

2) Proof of Correctness. We now prove the correctness of this design.

Theorem 1. The FCBT scheduling algorithm shown in Figure 9 guarantees a collision-free use of
the adders.

Proof: The statement is obviously true for the first adder since it always adds two values as soon
as they are available. The second adder can hold the additions from level 1, ..., [lg(n)]. Since buffer
[ is read every 2' clock cycles, the additions at level [ at most occupy % of the adder’s utilization.
Because nh_fﬂlo zn: 5 = 1, the utilization of the second adder can never exceed 1. Thus, the usage of
the second ad:j; is aso collision free. [ |

According to the schedule in Figure 9, a buffer cannot grow without bound once we begin reading
values from that buffer. Moreover, according to the schedule, buffer O at most contains 2 values

before it is first read; buffer [ (1 <1 < [lg(n)] — 1) a most contains 3 values when it is first read.

Thus, there cannot be buffer overflow.
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{counter }
if the first adder is first used then
C=0
else
C=C+1
end if
{buffers}
write input port to buffer O
if out,, <1 then
write op; to external memory
else
write op; to buffer 1
end if

{adders}
if singleton, = O then
read 2 values from buffer O into the first
adder
else
perform a singleton add in the first adder
end if
for [=1tolg(n)—1do
if O<l> = 2! — 1 then
if singleton, = 0 then
read 2 values from buffer [ into the

for [ =1to [lg(n)] —2 do second adder
if (C'—a), =2"—1then else
if out, <1+ 1 then perform a singleton add in the sec-
write op, to external memory ond adder
else end if
write op, to buffer [ + 1 end if
end if end for
end if
end for

Fig. 9. Scheduling algorithm for the FCBT design

We have proved the schedule of the FCBT design prevents collisions and that the buffers will not
overflow. Since the binary operation, addition, is both associative and commutative, we do not have
to worry about the ordering or grouping of the operations. According to the scheduling algorithm,
each input and intermediate result are added once and only once. Thus, our FCBT design properly

reduces an input set.

Theorem 2: The FCBT design reduces n inputs in less than 3n+ (o —1)[lg(n)] — 3 cycles. When

n is a power of 2, the FCBT reduces n inputsin n + a/lg (n) cycles.

Proof: It takesn cyclesfor al the inputs to arrive. The last value enters buffer O at cycle n, and
then traverses the first floating-point adder. Then it enters buffer 1, the second floating-point adder,
buffer 2, the second floating-point adder, ..., buffer [1g(n)] — 1, and the second floating-point adder.
Clearly it goes through the floating-point adder [1g(n)] times. At buffer i (I =1, ..., [lg(n)] — 1), it
waits for at most 2! — 1 cycles before being read by the floating-point adder. Therefore, the latency
of the algorithm is at most n + «[lg (n)] + “g(%_l 2'—=1) <n+aflg(n)]+2n—-2-[lg(n)] — 1
=3n+ (a—1)[lg(n)] — 3 cycles. When n ilgla power of 2, the waiting time at all buffers equals
zero. Thus, the latency of the algorithm is n + alg (n) cycles. [ |
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clock counter buffer contents (n = 7) adder pipelines (a =4)
cycle value

1 000 S5 S buffer 0 adder 1
2 001 S buffer 0 sits, adder 1
3 010 Sy S3 buffer 0 sts adder 1
4 011 Ss buffer 0 S3tsy S1ts, adder 1
5 100 Ss S buffer 0 S3tS 4 s ts, | adder1
6 101 P buffer 0 sstsg s3tsy adder 1
SHs, buffer 1
7 o buffer 0 | S7 SstS g S3tsy | adder 1
S 1ts, buffer 1

8 111 Sts, sytsy buffer 1 S Ss5ts adder 1
9 000 St S3tSy buffer 1 S sstse | adder 1
10 001 sstse | buffer 1 S adder 1
S tetsy adder 2

11 . S5 Sstse | buffer 1 adder 1
Stetsy adder 2

12 011 buffer 2 Sstsgts s stetsy adder 2
13 100 buffer 2 Sstsgts st++s, | adder 2
14 101 S tts buffer 2 S stsgts 5 adder 2
15 110 S tets buffer 2 sstse¢ts,; | adder 2
16 111 Sttsy | sstsgts s buffer 2 adder 2
17 000 Sitetsy | Sstsets s buffer 2 adder 2
18 001 Sitetsy | sstsets s buffer 2 adder 2
19 010 buffer 2 S Hets g adder 2

Fig. 10. Snapshot of the FCBT design

The FCBT design also works for multiple input sets. If we can prove that neither the inputs nor
the intermediate results from two input sets can ever be added, we will have shown that the FCBT
design properly reduces multiple sets. We use the terminology item to refer to either a raw input
value or a partial reduction of several input values. We use the term mingled to describe an item

having mixed composition, i.e., an item having values from more than one input set.
Theorem 3: In the FCBT design, r; only contains items of set .

Proof: We use a proof by contradiction. Suppose buffer [ + 1 accepts the first mingled item,
i.e., buffer [ 4+ 1 contains an item, V' = v;; + v;2, Where item v;; has only items from set i1, and v;,
has only items from set 2. Without loss of generality, we assume i1 < 2. Clearly items v;; and v;,
were both in buffer [ at some earlier clock cycle. There could not have been another item from set
71 in buffer [ at the same time as v;;. Otherwise, that item, rather than v;,, would have been entered
into the adder pipeline with v;;. Since the multiple sets enter buffers sequentidly, item v;; entered

buffer | ahead of item v,,. Furthermore, since no other item from set « was in buffer [, v;; must



14

either be a singleton at level [ or be the final sum of set i1. However, if v;; were a singleton item, it
would have been added with a O; if v;; were the final sum of set u, it would have been written to the
external memory and not to buffer [. Thus, we have our contradiction and proof that the algorithm
only produces reductions containing items from a single input set. [ |

3) Snapshot: In this section, we give a snapshot for small input sizes and a small « value to show
how the FCBT design works. In Figure 10, we accumulate seven inputs (n = 7), and both adders
have four pipeline stages (« = 4). We use a 3-bit counter and three 3-dot buffers. If a buffer or
pipeline is empty and will not be used again, we do not show it in the snapshot. Several points about
this example are worth noticing. In clock cycle seven, a singleton add is performed, that is, the first
pipeline adds s; with a padded zero. In clock cycle eight, although buffer 1 contains two items, it is
not read, because the last bit of the counter is not 0. Instead, buffer 1 isread in clock cycle 9, when
the last bit of the counter becomes 0. Similarly, buffer 2 is not read in clock cycle 16 because the
last two bits of the counter are not O1. Instead, buffer 2 is read in clock cycle 18, when the last two

bits of the counter are O1.

V. STRIDING METHOD
A. Intuitive Idea

The striding method for designing reduction circuits is based on a different ideac when n > «, an
«-stage pipelined floating-point adder can reduce n input values into a segments without any data

hazard. Figure 11 illustrates the summation of n inputs into a intermediate results when o = 4.

clock adder pipeline (a = 4)
cycle
1 S
2 S2 S
3 53 S2 S
4 S4 S3 S) S
8 | Sytsg | S3ts, | SytS | S1tSs |
12 | S4tsts i | Syt 7ts g | 5218 618 10 | S1tsstso |
n | S4¥sgts ptts, | Syt ats ity | SotSetS 1ot HS | SiHS st ot 18,3 |

Fig. 11. Reducing n inputs into o segments (o« = 4).

We use the term coalesce to refer to the final stage of reduction when all the partia reductions

currently in the adder are coalesced into a single value. We can use the same adder to perform the
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coalescence. However, during the coalescing stage, the adder cannot accept new inputs and they must
be stored in a buffer. Since coalescing happens to every input set, the buffer size is now dependent on
the number of input sets, p. When p islarge, which is usually the case in matrix-vector multiplication,

such a design is infeasible.

B. Proposed Design: Dual Strided Adder

1) Architecture and Schedule: We propose a dua strided adder (DSA) design whose buffer size
is independent of the number of input sets as well as the sizes of the input sets. It contains two

adders, one input buffer, and two output buffers with one entry each. After the last input in a set

ibuf

. control
mput [T g Lot -~ outpu o
obuf

Fig. 13. DSA modes of operation

Fig. 12. Dua strided adder architecture

arrives, there are multiple partial reductions still in the adder, so another adder begins reducing the
new set while the first adder finishes reducing the previous set. If both adders are busy, new inputs
are buffered until an adder becomes available. The architecture of the DSA design is shown in Figure
12. The incoming input values are first stored in ibuf, which is a FIFO buffer. The FIFO, which aso
functions as a delay queue, ensures that an uninterrupted stream of values are delivered. Thus, the
adders never have to stall once they begin reading data values for a given set. For each input set, ibuf
delivers o pairs, one pair per clock cycle, and then delivers a single value, one per clock cycle until
the end of the set. The addersin the DSA design operate in one of four modes as shown in Figure 13.

Wait Mode: The adder is waiting for a new set of valuesto arrive. When the first two values arrive,
the circuit transitions into the fill mode.

Fill Mode: In this mode, the adder pipeline is filling up but has not yet produced any outputs.
Refer to clock cycles 1 — 4 of Figure 14 for an example. After o cycles, partial sums appear at the

adder output. At this point, the circuit transitions into the steady state mode. If the last value in the
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set arrives while in the fill mode, the circuit transitions into the coalesce mode.

clock ibuf contents adder pipeline (a =4)

cycle
1 S ) sty
2 S3 S4 S3tsy S ts,
3 Ss S Sstse S3tsy S 1Fs,
4 S7 Sg Sytsg S5t S3tsy S11S,
5 S St g s7tsg Sstsg S3tsy
6 S 10 S3tS 4TS 10| S1TStso s7tsg Ss5tS¢

Fig. 14. Initial DSA modes

Steady State Mode: In the steady-state mode the pipeline is full and a single value is in the FIFO.
The adder pipeline output value and the single FIFO value are inserted into the adder. As each FIFO
value is read, the newly arriving input is written into the FIFO. The ideaisillustrated in cycles 5 — 6
of Figure 14. At any point in time, the pipelineis filled with partially reduced values. After the last
value in the set is read from the FIFO, the adder stops reading the FIFO and the circuit transitions
into the coalesce mode.

Coalesce Mode: The coalesce mode begins whenever the last value in a set is read from the FIFO.
After coalescing the pipeline contents down to a single value, the adder goes back to the wait mode.

2) Proof of Correctness:

Theorem 4: It takes no more than « [lg (o) + 1] cycles to coalesce an «-stage adder.

Proof: We proceed from the case which has the most unfinished work. This is when the a-stage
adder pipeline has a value in every position, and the output buffer, obuf, is empty. This is depicted
for = 5 in clock cycle ¢t of Figure 15. After « cycles, al the partial reductions have moved through
the pipeline. Every time there is one value in obuf, and one value at the pipeline output they are
inserted back into the pipeline for further reduction. This means there are now «//2 partial reductions
in the pipeline, spaced every 2 positions, as depicted at clock cycle t + 5 in Figure 15.

After every a-cycle pass, the pipeline has 1/2 the number of partial sums. After multiple passes
through the pipeline there is a single value as depicted in cycle ¢t + 12. It then takes an additional «
cycles for this final reduced value to appear at the output. This repeated division 2 corresponds to
[1g (a)]. Since it takes o cycles for each pass through the pipeline, and it takes [lg () + 1] passes
to coalesce the pipeline, it takes at most, « [1g () + 1] cycles to coalesce the pipeline. [



clock adder pipeline (o =5) obuf
cycle

t Pi P2 D3 P4 Ps
t+1 P P2 Ps3 P4 Ps
1+2 P4tps P P2 Ps
t+3 patps P P2 D3
t+4 P2tps P4tPs P
t+5 PatPs pPatps P
t+6 P2t Patps P
t+7 Patpstp Patps
t+8 pPatpstp patps
t+9 P4PsTP P2tp3
t+10 PatPstp p2tps
t+11 Patpstp Patp;
t+12 pittps
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Fig. 15. Coalescing a 5-stage adder

Theorem 5: Given two «a-stage adders, an input buffer size of « [lg () + 1] will not overflow.

Proof: We use a proof by contradiction. Assume the « [lg () + 1] buffer has just overflowed
for the first time. Let the next set to be processed be set ;. This means we have « [lg («) + 1] values
from set j (and perhaps later sets) in the buffer, and one more value has just arrived causing the
overflow. If either adder were in wait, fill, or steady state mode then buffer values would be consumed
on each cycle and an overflow could not occur. Thus both pipelines must be in the coalesce mode.
The longest it can take to coalesce a set is a [lg () + 1] cycles. But it took at least o [lg (o) + 1]

+ 1 cycles to cause an overflow. We have our contradiction and proof. [ |
Theorem 6: The DSA design reduces n inputsin n + « [lg («) + 1] clock cycles.

Proof: As the FIFO never stalls, values are delivered every clock cycle. Clearly it takes n
cycles for the last value to be written into the FIFO. We compute the latency of the DSA design by
examining the last input value as it goes through the architecture. The last value enters the FIFO at
cycle n, and then the pipeline. It takes no more than « [lg (o) + 1] cycles to coalesce the pipeline.

Thus, the latency of the design is n + «a [lg () + 1] cycles. [

The total buffer size needed by the DSA design is alg («) 4+ 3. As dl the values of each input set
only go through one adder, input values from two different sets cannot be mingled. Thus, the DSA

design also reduces multiple sets properly.
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C. Proposed Design: Sngle Strided Adder

1) Architecture and Schedule: We next propose the single strided adder (SSA) design, which only
uses one adder but requires larger buffer size. In other words, we trade area for buffer space. The
intuitive idea behind the SSA design is this: Suppose « distinct sets are stored in a buffer and each
set has a items. Then we can interleave the additions from the o sets so that the adder is fully
utilized and no data hazard occurs. In this way, reducing o items from o distinct sets at most takes
a? clock cycles. At the same time, another buffer of size o? is needed to store the new inputs. Thus,
we can reduce multiple inputs sets with one adder and two buffers of size o2.

The architecture is shown in Figure 16. It

é

contains one floating-point adder and two buffers

buffer 1 . . .

- uer of size o%. The input can either enter one of the
. contro

NPUt =1 Jogic E@M” output buffers, or enter the adder directly. The adder

buffer 2 selectsits operands from the input and the buffers.
If the output of the adder isthe final result of a set,
Fig. 16. Single strided adder architecture it is written to the external memory; otherwise, it

is written back to one of the buffers. The buffer which accepts new inputs is denoted as Buf,,,. For
set 4, if n; < «a, n; inputs are written into Buf,, directly; otherwise, o inputs are written into Buf,,
and are then added with the remaining new inputs of the set. In the n; (if n; > «) or a (if n; < «)
cycles in which Buf,,, accepts new inputs, the adder is used by another buffer. This buffer is called
Buf,..;, which stores no more than o items for each set. Reading from Buf ., column by column, the
adder interleaves o additions from « distinct sets. The results of these additions are written back to
Buf

Buffer 1 and Buffer 2 function as Buf,, and Buf,., alternately. When Buf,, is full, the two

red" red

buffers are swapped. That is, Buf,, becomes Buf,., and Buf,., becomes Buf,,,.

red red

Since n; can be of any value larger than 1, when Buf,,, is full, it may contain more than « distinct
sets. The problem now is how to interleave the additionsin these sets so that data hazards do not occur.
We try to fit al the sets into o rows. This fitting problem can be reduced to the subset-sum problem
which is NP-complete [23], if no input set is allowed to be partitioned among two rows, Therefore, we
allow an input set to be split among two rows. Supposethe n; (n; < a) or a (n; > «) items of set ; are
written into Buf,,, in row-major order. We know that the itemsin a set can only exist in two consecutive

rows. Otherwise, a set will have more than « items in Buf,, which is not allowed by the algorithm.

in?
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Figure 17 describes the scheduling algorithm of the SSA design. It is assumed that the buffers
allow read-after-write access. That is, if an entry is read and written in the same clock cycle, the
output of the buffer is the value which is written. Two points need to be noted in the algorithm:

1) The first column of Buf,_, is read twice. During the second read operation, Buf,_,[ja] contains

the intermediate result of the set which is split betweenrow j—1 androw j (j =1,...,a—1).

2) It is possible that an input set is split between two buffers. This case can be seen as the set

is split among row 0 and row 0 — 1. A specia register is used to store the intermediate result

from row 0 — 1. It is then added to Buf,,[0].

red
if the input is among the first « inputs of a set
then
write the input into Buf,,
if it isthe first input of the set, increment ¢
if Buf,, is not empty then
if | < aand (BUf, ,[ja+1] and Buf,_,[ja+
[ — 1] are in the same set) then
add Buf, ,[ja+1] with Buf,_,[jo+1—1]
elseif [ = a then
if asetis split between row j — 1 and
row j then
add Buf,_,[(j — 1)a + 1 — 1] with
BUfred[ja]
else if a set is split between two buffers
then
add Buf,_,[0] with temp
end if
end if
increment j
if 7+ 1= q, then j =0, increment [
end if
else
adds the input with the kth item of set i in
Buf, , increment k
end if
{buffers}
if Buf,, is full or (no new input and Buf,_, is
empty) then
swap Buf,,, and Buf, .,
j=0,1=1,k=0,i=—1
end if

{output of the adder}
if one operand is from Buf,,[x] then

if itisnot from the last set in Buf,,, then

write the adder output to Buf,, [z]
else
write the adder output to Buf,_,[z]

end if
else if one operand is the last item of a set
in Buf,, then

write the output to the external memory
else if operands are from Buf..,y] and
Buf,.,[y — 1] then

write the output to Buf,_,[y]
elseif one operand isfrom row j and isthe
last item of a set split between row ;7 — 1
and row j then

write the output to Buf, ,[jq]
elseif one operand isfrom row 0 and isthe
last item of a set split between two buffers
then

write the output to Buf,,[0]
else if one operand is from row o — 1 and
is the last item of a set split between two
buffers then

write the output to temp
end if

Fig. 17. Scheduling algorithm for the SSA design

2) Proof of Correctness. We now prove the correctness of the SSA design.

Theorem 7: The SSA scheduling algorithm shown in Figure 17 guarantees a collision-free and
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hazard-free use of the adder and does not cause buffer overflow.

Proof: The use of the adder is collision-free because the adder only reads from Buf,_, when

red
the Buf,,, is accepting new inputs.

We next prove data hazards do not occur in the algorithm. When Buf,,, is full, each column of it
contains items from « distinct sets. Otherwise, there must be a set that contains more than « itemsin

Buf. , which is not allowed by the algorithm. Therefore, through interleaving additions in « distinct

rows, we interleave additions in « distinct sets. Thus the use of the adder is hazard-free.
We next prove the buffers do not overflow. Initialy, both buffers are empty. Without loss of

generality, suppose Buffer 1 is used as Buf, , and Buffer 2 is used as Buf

mn?

oq- After the inputs of «
sets enter the architecture, Buffer 1 is full and is designated as Buf,,,. The algorithm then takes o
clock cycles to read from Buffer 1. During these clock cycles, the first « inputs of « consecutive
sets are written into Buffer 2. When the remaining inputs of the sets enter the architecture, the adder
accepts operands from Buffer 2, and not Buffer 1. After o sets enter the architecture, Buffer 1 is
empty and Buffer 2 is full; then Buffer 1 is designated as Buf,,,, and Buffer 2 is designated as Buf, ;.
The algorithm continues in this way until the last input enters the architecture. Thus, the buffers
never overflow. [ |

n;—1

Theorem 8: The circuit correctly reduces multiple input sets, i.e., r; = ZFO Sij,t=0,...,p—1.

Proof: We first prove that each set in Buf,_, is reduced correctly. Clearly, thisis true if set i is
not split between two rows. Suppose set ¢ is split betweenrow j—1 androw j, j=1,...a—1. The
itemsin row j — 1 are summed up and the intermediate result is written to Buf,,[(j — 1)a+ « — 1].
If only one item of the set is stored in row j, it must be Buf, ,[j«] because the items of a set are
stored consecutively in row-major order. As Buf, ;[(7 — 1)a + a — 1] is added with Buf,_,[j«], the
set is reduced correctly.

If two or more items of set ¢ are stored in row j, they are summed up and the intermediate result
is written to Buf,,[ja] before [ = o (I is used in Figure 17. Otherwise, the set contains more than
a — 1 itemsin row j, and thus contains more than « itemsin Buf,,. Since Buf,_,[(j — 1)a + a — 1]
is added with Buf_,[ja] when [ = «, the set is reduced correctly. The case in which set ¢ is split
between two buffers is similar to the case where the set is split between row 0 and row 0 — 1. Thus,

we can prove the set is reduced correctly using a similar analysis.
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We now prove that r; only contains items from a single set i. Suppose during some clock cycle,
the adder accepts two operands from different sets. This cannot happen when [ < « because it is not
alowed by the algorithm. Suppose when | = «, the itemsin Buf,._;[(j — 1)a + [ — 1] and Buf,,[j¢/]
are from different sets. In this case, no set is split between row j — 1 and row j; hence these items
will not be read by the adder. Similarly, when [ = «, if the items in Buf,_,[0] and in temp are from
different sets, they will not be read by the adder. We thus reach a contradiction. [ |

Theorem 9: The circuit reduces p sets in at most (Zp o i + 20) cycles.

Proof: Since the reduction circuit never stalls reading the inputs, the last element of the last
set enters the circuit in clock cycle Z” o ni- At thistime, if Buf,, is full and Buf, , is empty, they
are swapped. Hence the adder reads from Buf,_,, which is full. This takes a? clock cycles.

If only ¢ (¢ < a?) entries of Buf,, is written as the last input enters, Buf

the adder first reads from Buf

is not empty. Thus,

red

before the two buffers are swapped. This takes o2 — ¢ clock cycles.

red

Then Buf,, becomes Buf,_, and is read by the adder. The operands of the last addition enter the

red

adder in clock cycle 377 n; + (o — q) + a(a — 1) + [£]. As ¢ > [£], the final result of the pth

set is available in clock cycle S0 n; + (@ — q) + ala — 1) + ¢ +a = 3P n; + 202 u

D. Shapshot

We illustrate the operations of an o = 4 SSA design using a snapshot. During clock cycle O, Buf,,
= Buffer 1 and Buf,_;, = Buffer 2; both buffers are empty. The inputs are stored in the buffers in
row-major order. In particular, the memory addresses increase from left to right, and from top to
bottom. The data in the adder travels from the top to the bottom.

There are 10 input sets of size 3. We show the data in the buffers and the adders in the selected
clock cycles in Figure 18.

V1. PERFORMANCE ANALYSIS
A. Summary of Proposed Designs

Table | summarizesthe characteristics of the proposed designs. The PCBT design, whichisincluded
in the tables, is unrealistic for most FPGA-based designs because of the large number of floating-
point adders. However, it is very simple to implement and is one of the earliest reduction circuits. By
including the PCBT design, our analysis of the tradeoffs among the number of adders, the latency,

and the buffer size can be more complete.



22

clock buffer 1 contents adder buffer 2 contents notes
cycle (a=4)
§ 00 So1 S 02 S0 At clock cycle 16, buffer 1 is full,
16 S S 12 S0 S and we swap Buf ;, and Buf .
S S 30 S31 S32
S 40 S 41 S 4 S 50 In clock cycles 17-20, the adder
S 02 S 10 S 401 41 S 51 S5 S 60 S 61 reads operands from 4 rows of
20 S 20 Sop buffer 1. Since s, is not in the
S S30 S 31 S 32 S1ts same set as s 3, they are not added.
S 4 S 50 S 008 01
S 10 S 408 4118 40 851 S 50 S 60 S 61 In clock cycles 21-24, the adder
24 S11TS 12 S 20 S o1 S 30t 31 S 62 S 70 S 71 S continues reading from buffer 1.
S92 S 3 § 1118 15 1s written to the first
S50 S 0078 0118 02 location in row 1 of buffer 1.
S10 S'51 S52 S 60 S 61
28 S1TS 12 S 3083115 3 S 62 S 70 S 71 S 7 Starting from clock cycle 29, the
S 820718 21 S 80 S g1 S g S 90 intermediate results of split rows
S50 are summed up.
$'51 Ss52 S 60 S 61
32 S 20t 2118 22 S 62 S 70 ST S 7 At clock cycle 32, buffer 1 is empty
S ts 1ot o S 80 881 S 8 S 90 and the adder begins to reduce sets
S 91 S 9p in buffer 2. Note that Temp =s .
S 9118 92+ 99
48 At clock cycle 48 the operands of
S 6371 6018 61 the last addition enter the adder
55118 5518 50

Fig. 18. Snapshot of the SSA design

The FCBT design is relatively easy to implement. It requires two adders, has the smallest buffer
size, but has one of the longest theoretical latencies for even modest values of n. The DSA design
has a relatively modest buffer size that is independent of n, uses two adders, and has the shortest
theoretical latencies. Unfortunately, the DSA design also has the most complex implementation, which
will become clear later. Finally, the SSA design only employs one adder, has a reasonable theoretical
latency for larger values of n, but has a relatively complex implementation and the largest buffer size.

The PCBT design and the FCBT design need to know the maximum number of inputs before the
computation starts, while both the DSA design and the SSA design have no upper bound on input
size. On the other hand, when there are multiple input sets, the throughput for individual sets using
the PCBT design and the FCBT design is easy to determine. Except the first set, the throughput
for each set equals its number of inputs. For the DSA design and the SSA design, however, the

throughput depends not only on the number of inputs in the current set, but also on the sizes of
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the previous and the subsequent sets. The DSA design can produce out-of-order outputs whenever

the sizes of the inputs sets vary. A long (earlier) row might still be coalescing while a short (later)

row finishes. A classic example of when this might occur is if the DSA design is used as part of a

sparse matrix-vector multiplication. In our DSA design, we include a meta data pipeline to carry row

identification information along with the data. When the input sizes are less than «, the outputs of

the SSA design may also be out of order. In this case, we can first write the outputs into an output

buffer, and reads them out in order. As each input set at least contains 2 elements, the maximum

size of the output buffer is .

TABLE |
SUMMARY OF THE PROPOSED DESIGNS

Design | No. of Adders | Buffer Size Latency for n inputs | Out-of-order Output
PCBT [lg(n)] 2[1g(n)] n+aflg(n)] No

FCBT 2 3[lg(n)] <3n+ (a—1)[lg(n)] No

DSA 2 allg(a) + 1] n+ aflg(a) + 1| Yes

SSA 1 207 < n+2a? Yes

B. Performance Metrics

We use the following metrics to evaluate our designs:

Area: The number of configurable dlices used by the design.

Clock Speed: The maximum achievable speed of the design. As one floating-point value enters
the design during each clock cycle, the design is able to handle an incoming data rate of
64 x clock speed bits/s.

Total Time: The period of time between when the first input arrives and when the last result is
output.

Throughput: It is computed as (total number of outputs)/(output time). The output time is
the period between when the first result is generated and when the last result is output. For
applications which sequentially generate input sets for reduction, high throughput is more
desirable than shorter latency. Thus, when multiple sets are reduced, throughput is a better

measurement of performance than total time.

To evaluate the area-efficiency of our designs, we also use the following metrics:
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« Area-Time Product: It is calculated as Area x Total Time, in thousand slices x us. A lower
value indicates better performance.
« Throughput-To-Area Ratio: It is calculated as Throughput/Area, in thousand results per slice

per second. A higher value indicates better performance.

C. Design Implementations

We implemented our proposed designs on a Xilinx Virtex-11 Pro XC2VP7 FPGA, which is a small
device. One XC2VP7 contains only 4928 slices and about 100 KB of on-chip block RAM (BRAM)
memory. We used Xilinx ISE 7.1i [15] and Mentor Graphics Modelsim 6.0a [24] for development.

The characteristics of our deeply pipelined IEEE-format double-precision floating-point adder,
which is described in [25], are shown in Table Il. Note that the proposed designs are mostly
independent of the implementations of the adder, except that the buffer size of the DSA and SSA vary
with «. Thus, any adder, actualy any associative and commutative binary operator, can be plugged

into our designs with few modifications to the architectures and the algorithms.

TABLE Il
CHARACTERISTICSOF 64-BIT FLOATING-POINT ADDER

No. of Pipeline Stages (o) | Area (Slices) | Clock Speed (MH2z)
14 892 170

The characteristics of the implemented circuits are shown in Table |11, when n = 128. In this case,
the PCBT design needs 7 adders, and had to be implemented on a larger device, XC2VP30, which
contains 14,003 slices.

Except for the PCBT design, the buffers in the designs are implemented using the BRAMs on the
FPGA. BRAMs are hardware primitives embedded in the FPGA fabrics. Each Virtex-Il Pro BRAM
is an 18 Kb true dual-port RAM with two independently controlled synchronous ports that access
a common storage area. Since BRAMs do not occupy configurable slices, the number of BRAMS
employed does not directly impact the programmable logic dlice area of the designs.

As shown in Table I1I, the PCBT design needs the most adders and uses dlice logic for buffers,
therefore its area is much larger than the other designs. For the FCBT design, about 40% of the
area is used for memory access logic and control logic. Its clock speed is constrained by the clock

rate of the adder. The DSA design requires two adders and has an area that is less than the SSA
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TABLE Il
CHARACTERISTICSOF REDUCTION CIRCUITS (n = 128)

Design || Area (Slices) | Clock Speed (MHZz) | No. of BRAMs
PCBT 6,808 165 -

FCBT 2,859 170 10

DSA 2,215 142 3

SSA 1,804 165 6

but more than the FCBT. It also only requires three BRAMS. Unfortunately, the combination of the
multiple large multiplexers, and complex asynchronous FIFO control logic significantly limited the
clock speed of this design.

The SSA design only uses one adder and takes up the smallest area. However, because the algorithm
is complex, its control logic occupies more than 50% of its area. Moreover, its clock speed is slightly
lower than the FCBT design but significantly higher than the DSA design. On the other hand, since
the FCBT design needs to carry the labels and set indices along with the inputs, it needs more
BRAMSs than the SSA design.

As n increases, the number of adders in the PCBT design increases and the routing complexity
increases. Thus, the area and the clock speed of the design vary with n. Although the number of
adders is fixed in the FCBT design, the memory address logic becomes more complex for large n.
Therefore, the design occupies more slices and the achievable clock speed decreases as n increases.

As shown in Figure 19, as n increases from 2% to 22°, the area of the PCBT design increases
by 433%, while the area of the FCBT design only increases by about 20%. However, as shown in
Figure 20, the degradation in the clock speed of both designs is amost the same. This is because the
control logic of the FCBT design is more complex and its complexity increases with n. Nonetheless,

the clock speed degradation of the FCBT design is less than 25% as n increases from 24 to 22°.

D. Performance Analysis

We now analyze the performance of our proposed designs. Again, the performance of PCBT design
is included. Figure 21 shows the total time and the area-time product of our proposed designs for
reducing a single set of n inputs when n = 128. The total time is measured in us. We see that
although the FCBT design takes longer time to complete the reduction than the PCBT design, it

achieves a smaller area-time product because its area is much smaller. Even though the theoretical
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latency (in cycles) of the DSA design is smaller than the latency of the FCBT, the low clock speed
causes the total time to be larger than that of the FCBT. The smaller area of the DSA design causes
its area-time product to be a little smaller than the FCBT design. The total time of the SSA design

is the longest because it has to reduce the entire Buf,_, even if the Buf, , only contains o items.

red

However, as its area is the smallest, its area-time product is just a little larger than that of the FCBT

design.
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Fig. 21. Latency and area-latency product for reducing asingle Fig. 22. Latency and area-latency product for reducing 128
set of 128 inputs sets of 128 inputs
Figure 22 shows the total time and the area-time product of our proposed designs for reducing »
sequential sets of n inputs, when n = 128. The FCBT design uses less time than the PCBT design
and has a smaller area-time product. The much lower clock speed of the DSA design causes the total

time of this design to be quite a bit larger than the other designs. The latency of the SSA design is



27

till the longest, but the SSA design achieves the smallest area-time product thanks to its small area.

The throughput and the throughput-to-area ratio of the proposed designs and the PCBT design are
shown in Figure 23. We see that the throughput of the FCBT design is ailmost the same as that of
the PCBT design. Actually, after the first result, both designs generate one result every 128 clock
cycles. The difference in their throughputs is caused by their different clock speeds. As expected,
the low clock speed of the DSA design seriously impacts its throughput. On the other hand, the SSA
design achieves the highest throughput and throughput-to-area ratio. In this experiment, the SSA
design generates the first o results after the 256th set are reduced to o values. After that, o results
are generated every 128 x « clock cycles.

From the experimental results, we see that

our proposed designs are area-efficient and can 2 08
achieve high performance. In terms of total time, - ) g
the FCBT design is suitable for reductions of both % ° ° éf é
one set and multiple sets. The low clock speed %1'5 | I E:‘é
of the DSA design and its higher area relative é ° ﬁé
to the SSA design make the SSA design a more 1 H } H } [ ] } H .
suitable candidate when multiple sets are reduced. & & § ¥

<
O Throughput @ Throughput/Area

As n increases, the incoming data rate that can be
handled by the DSA design and the SSA design
Fig. 23. Throughput and throughput-to-area ratio for reducing

remains stable, while the data rate for the FCBT
128 sets of 128 inputs

decreases with the clock speed.

E. Applications

In [18], we proposed an FPGA-based design for Sparse Matrix-Vector Multiplication (SpMXV),
y = Ax. The nonzero elements in each row are partitioned into sub-rows of size k. During each
clock cycle, k£ values in a sub-row enters k£ multipliers. The resulting £ multiply results are reduced
by an adder tree. A reduction circuit is needed in the architecture to accumulate the outputs of the
adder tree which are generated sequentially.

In the experiments of [18], we used the FCBT design. In [18], the circuit contains 7 floating-point
adders, and the total delay of reducing p input sets is Z”‘l n; + 7Ta. The SpMXV design achieved

i=
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more than 350 MFLOPS for every sparse matrix we tested [18].

With a smaller reduction circuit, the size of the design in [18] will be greatly reduced without
any modification to any other part of the design. Suppose the SSA design is used, the total delay
for reducing p input sets increases to "7~ n; + 2. In practice, « is under 20 and >>"~ ) n; is over
tens of thousand. Thus, the SpMXV design achieves almost the same MFLOPS performance with a

much smaller area.

VII. CONCLUSION

In thiswork, we investigated the design of FPGA-based reduction circuits from both the algorithmic
and architectural level. Using accumulation reduction as an example, we analyzed the design tradeoffs
between the number of floating-point operators, buffer size, and latency. We also looked at the two
basic methods for implementing reductions using deeply pipelined operators. Our literature study
suggests that this work is the first one that has fully studied the design tradeoffs and fundamental
ideas for reduction circuits.

Based on the tradeoff analysis, the FCBT design, the DSA design and the SSA design are proposed.
All of these designs are able to reduce multiple input sets of arbitrary sizes without stalling the
pipeline. In these designs, the numbers of adders are fixed and the buffer sizes are independent
of the number of input sets. We presented the area and clock speeds of the proposed designs and
analyzed their performance. Among the designs, the FCBT design is relatively easy to implement.
It uses two adders, requires a buffer of size ©(lg(n)), and has the longest theoretical latency. The
DSA design needs a buffer of size ©(alg(«)) and has the shortest theoretical latency. However,
the complex implementation of this design significantly limits its clock speed. The SSA design only
employs one adder, but requires the largest buffer size, ©(a?). It has a reasonable theoretical latency
for large values of n, and achieves the highest throughput in the experiments. Experimental results
show that our designs are area-efficient and can achieve high performance. Sparse matrix-vector

multiplication is used as an example to illustrate the application of our designs.
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