Problem 1

The equation of motion for a DC motor can be given as:
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a) Find the transfer function between the applied voltage va and the motor speed 
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b) What is the stead-state speed of the motor after a voltage va =10 V has been a applied?
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c) Find the transfer function between the applied voltage va and the shaft angle θm.

We did this as part of the calculations in part (a).
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d) Suppose feedback is added to the system in part © so that it becomes a position servo device such that the applied voltage is given by va = K(θr - θm), where K is the feedback gain. Find the transfer function from θr to θm.
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e) What is the maximum value of K that can be used if an overshoot Mp < 20% is desired?
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f) What values of K will provide a rise time of less than 4 seconds?
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Problem 2
Sketch the following root loci. Also, derive the time domain equation of each system in response to a step input.

a) 
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0 ZEROS

4 POLES: s = 0,-2, -1 ± j

4 – 0 = 4 ASYMPTOTES: 
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φk = 45O, 135O, 225O, 315O, meeting at 
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DEPARTURE ANGLE: 
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(The departure from the lower complex pole will then be at +90 degrees.)

BREAKIN/BREAKAWAY POINTS: 
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q-1 = 3, so the break(in) point will have a multiplicity of q = 4. The departures and arrivals about s = -1 will be evenly spaced from each other, i.e. angles of 360/2q = 45 degrees.
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Inverse Laplace: 
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b) 
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ZEROS: 
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POLES: 
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UPPER ANGLE OF DEPARTURE: 
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UPPER ANGLE OF ARRIVAL:
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Inverse Laplace: 
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c) 
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ASYMPTOTES: 
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CENTERED AT: 
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Problem 3
The inverted pendulum is a classic modeling and control problem. An input force u is applied to the cart (of mass M). The small mass (m) rotates freely about the pivot.

a) Derive equations of motion for both x and θ.

Let H and V be the horizontal and vertical forces, respectively, on the small mass by the cart.

Horizontal Newton’s 2nd Law equation for the cart: 
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3.1
Position of the small mass: 
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3.2
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3.3
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3.4

Horizontal Newton’s 2nd Law equation on the small mass: 
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3.5

Combine 3.1 and 3.5


[image: image42.wmf](

)

q

q

q

q

sin

cos

2

&

&

&

&

&

&

&

mL

mL

x

m

u

x

M

-

+

-

=







3.6

Rotational Newton’s 2nd Law equation:
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3.7
Equations 3.6 and 3.7 are the equations of motion.

The equations of motion are highly nonlinear. Use the following small angle approximations:
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These two linearized equations may be combined to obtain
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Derive a transfer function, from U(s) to Θ(s), of the linearized system. What is the order of the system? Where in the complex plane do the poles of this system lie?
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Given M, m and L would all be positive values, both poles will be real. One pole will be stable, and the other will be unstable: 
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Introducing a feedback gain K yields the following closed loop transfer function:
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