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Abstract—It was shown in our previous work that, in the
noise-free case, the whitening-rotation (WR)-based MIMO
channel estimation algorithm is subject to a signal perturbation
error, justifying that the WR-based method is efficient only in the
low signal-to-noise ratio (SNR) case. In this paper, a very efficient
signal-perturbation-free WR-based approach is proposed for
semiblind channel estimation of MIMO systems. A novel transmit
scheme is developed based on the eigenvalue decomposition of
the correlation matrix of the transmitted signal. The new scheme
is to send a small volume of data bearing the information of
the correlation matrix to the receiver for the cancellation of the
signal perturbation error so as to improve the performance of the
WR-based method in the case of high SNRs. Then, a perturba-
tion analysis of the proposed WR-based semiblind method with
the new transmit scheme is conducted, leading to a closed-form
expression for the mean square error (MSE) of the channel es-
timate. Computer simulations show that the proposed approach
significantly outperforms the original WR-based method as well
as some other channel estimation methods for all SNR levels.

Index Terms—Channel estimation, MIMO system, perturbation
analysis, semiblind, subspace.

I. INTRODUCTION

T HE MIMO (multiple-input-multiple-output) technique
has been considered as one of the key technologies for the

development of the next-generation wireless communication
systems. With multiple transmit and multiple receive antennas,
MIMO systems can provide either a diversity gain to combat
signal fading or a capacity gain, called spatial multiplexing,
to make an efficient use of the channel resources [1], [2].
It means that, with MIMO techniques, higher data rate and
better performance can be achieved without increasing the
total transmission power or the bandwidth. On the other hand,
the performance of MIMO systems depends largely upon the
availability of the knowledge of the channel. Thus, an accurate
estimation of the wireless channel is of crucial importance to
MIMO systems [3].

Based on known pilots, the MIMO channel can be estimated
by employing different kinds of training-based algorithms such
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as the least square (LS), the maximum likelihood (ML), the
maximum a posteriori (MAP) and the minimum mean square
error (MMSE) algorithms [3]. In contrast to training-based
methods, blind channel estimation algorithms like those pro-
posed in [4]–[8], can achieve a better spectral efficiency by
use of the second-order statistics, correlative coding or other
properties of user data. By combining the training-based and
blind algorithms, semiblind channel estimation techniques can
potentially enhance the quality of MIMO channel estimation
[9]–[14]. With a small number of training symbols, problems
such as ambiguities and mis-convergence of the blind methods
can be solved by semiblind techniques. On the other hand,
the use of the available information data yields an improved
accuracy of the channel estimation.

More recently, a whitening-rotation (WR)-based semiblind
algorithm has been proposed for frequency-flat MIMO channel
estimation [10], [15]–[18]. The idea of this algorithm was first
briefly presented in [10] as a simplified version of a semib-
lind algorithm for the estimation of frequency-selective MIMO
channels. It was then fully disclosed in [15]–[17], in which a
training-based constrained ML method was developed for the
estimation of an ambiguity matrix for general MIMO systems.
This method was later further extended for MIMO systems with
maximum ratio transmission in [18]. The WR-based semiblind
algorithm consists of two steps: 1) estimation of a whitening ma-
trix utilizing information data; and 2) estimation of a unitary ro-
tation matrix using pilots. The Cramer-Rao bound (CRB) of this
semiblind technique shows that it can achieve a better channel
estimation performance than the conventional LS method, when
the number of receive antennas is greater than or equal to the
number of transmit antennas. However, the perturbation anal-
ysis of the WR-based channel estimation method conducted in
our previous work [19] shows that, in the noise-free case, the
blind part of the WR-based method is subject to a signal per-
turbation error, justifying that the WR-based method is efficient
only in the case of low signal-to-noise ratios (SNRs).

A nulling-based semiblind MIMO channel estimation ap-
proach, which can achieve a better performance in moderate
to high SNR cases, was developed in [10], [11], and [20].
Instead of estimating the whitening matrix, this method uses
the information data to obtain a blind constraint for the channel
matrix, which is then combined with a training-based LS cost
function so as to produce a semiblind solution for the MIMO
channel response. This method can be considered as a modified
LS solution involving a weighted blind constraint. It has been
shown in [20] that the semiblind method provides a better
channel estimation performance over the pure training-based
LS method. In our previous work [19], the superiority of this
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approach has been theoretically proved, and an appealing
scheme of determining the weighting factor employed to trade
off the least square and the blind criteria has been proposed.

In this paper, we propose a novel signal-perturbation-free
transmit scheme to improve the performance of the WR-based
method in the moderate to high SNR cases. By utilizing the
eigenvalue decomposition (EVD) of the transmit signal pertur-
bation matrix, a very efficient transmit scheme is designed for
the elimination of the signal perturbation error in the receiver,
leading to a signal-perturbation-free WR-based semiblind
approach. It is shown that the new approach provides a much
better performance than the original WR-based method as well
as the nulling-based method does for all SNR cases.

In the second part of this paper, we apply the perturbation
theory [9], [21]–[29] to the analysis of the new WR-based semi-
blind method with the proposed transmit scheme. The first-order
perturbation theory is employed to analyze the first step of the
WR-based method, leading to an expression of the perturba-
tion term of the whitening matrix. For the second step of the
WR-based method, a perturbation analysis of the singular value
decomposition (SVD) of a square matrix involving only the
signal subspace needs to be conducted. However, the existing
perturbation theory like the one proposed in [9], [21]–[29] deals
with the case where the noise subspace also exists. In this paper,
a novel perturbation analysis theory is developed for the SVD
of the square matrix without the noise subspace, leading to an
expression of the perturbation term of the rotation matrix. By
utilizing the perturbation terms of the whitening matrix and the
rotation matrix, a closed-form expression for the MSE of the
new WR-based method with the proposed transmit scheme is
then derived.

The rest of the paper is organized as follows. Section II gives
a brief review of the original WR-based semiblind channel esti-
mation method and justifies why the WR-based method is effi-
cient only in the case of low SNRs. Section III presents a novel
signal-perturbation-free transmit scheme for the WR-based
method that can completely eliminate the signal perturbation
error at the receiver in the noise-free case. Section IV provides
a perturbation analysis of the new WR-based approach with the
proposed transmit scheme and the derivation of a closed-form
expression for the MSE of the proposed method. Section V
comprises a number of experiments validating the significant
advantages provided by the new WR-based approach over the
original WR-based method as well as the nulling-based method.
Finally, Section VI highlights some of the distinct features of
the proposed approach.

Throughout the paper, we adopt the following notations:

Pseudoinverse;
Kronecker product;
transpose;
complex conjugate transpose;
linear convolution;
circular convolution;
Frobenius norm;
Hadamard product;
Delta function;

a stacking of the diagonal elements of the involved
matrix into a vector;
a stacking of the columns of the involved matrix
into a vector, which has the following properties:

, and
.

II. THE WHITENING-ROTATION-BASED SEMIBLIND MIMO
CHANNEL ESTIMATION

Consider a spatial-multiplexed MIMO system with
transmit and receive antennas. Suppose that the
frequency-flat fading MIMO channel is characterized by an

matrix , whose th element repre-
sents the channel response from the th transmit antenna to
the th receive antenna. Given the transmitted signal vector

whose elements are indepen-
dent identically distributed (i.i.d.) Gaussian random variables
with zero mean and unit variance , the received signal
vector can be written as

(1)

where the noise vector is spatio-
temporally uncorrelated with variance . Note that, in each
block, the first of the slots are used for training purpose.

We now briefly review the original WR-based semiblind
method studied in [10], [15]–[18]. For the sake of simplicity,
this method is referred to as the WR-based method in the rest
of the paper. Its idea originates from a decomposition of the
channel matrix,

(2)

where is a whitening matrix and is a unitary rotation ma-
trix. Performing the singular value decomposition (SVD) of
gives

(3)

Obviously, one possible choice of and can be and ,
respectively. In general, the WR-based method can be imple-
mented by the following two steps:

i) estimate the whitening matrix in a blind fashion using
the autocorrelation matrix of the received signal along
with a subspace-based method;

ii) estimate the unitary rotation matrix by utilizing
training pilots and a constrained maximum-likelihood
(ML) method.

In our previous work [19], the first-order perturbation anal-
ysis is used to evaluate the performance of the WR-based
method. It has been shown that, by considering the perturbation
only due to the finite data length in the computation of the
correlation matrices, the whitening matrix would be perturbed
even in the absence of noise. Using (1), the autocorrelation
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matrix of the received signal, with such a perturbation can be
estimated as

(4)

where denotes the signal perturbation matrix

(5)

and the perturbation matrix introduced by the noise

(6)

with

(7)

In the noise-free case, all the perturbation terms introduced by
the noise would disappear. Then, (4) reduces to

(8)

Based on the above perturbation expressions, we can derive the
estimate of . Using (3) into (8), one can get

(9)

where

(10)

(11)

In (11), is a diagonal matrix satisfying . Since
is Hermitian and the signal perturbation matrix has a

small norm, the singular values of would be different from
but close to those of . Thus, an SVD of can be written as

(12)

where is a unitary matrix and is considered as the
perturbation error of . Substituting (12) into (9), comparing it
with (8) and noting that , one can obtain an estimate
of the whitening matrix as

(13)

From (13), one can find that, even in the noise-free case, con-
sists of two perturbation terms and , which are dictated
by the signal perturbation matrix . This could explain why
the performance of the WR-based method is very poor in the
moderate to high SNR cases.

It is worth noting that in the case of higher SNRs, a nulling-
based semiblind approach [11], [20] performs better than the
WR-based method. Instead of estimating the whitening matrix

, this approach uses a subspace method to obtain an estimate
of the nulling subspace of the channel matrix, . By uti-
lizing in conjunction with a training-based least-square
(LS) criterion, a semiblind cost function can then be formulated
as

(14)

where is the pilot signal matrix,
the corresponding received pilot matrix, and

is a weighting factor. By performing an SVD on
in (8), it can be verified that an ideal nulling constraint ,
namely

is obtained in the absence of noise, even if the signal pertur-
bation exists. This implies that in the noise-free case the blind
constraint in the nulling-based method is perfectly satisfied
without being affected by the signal perturbation term ,
and therefore, the nulling-based method is superior to the
WR-based method. It has been shown in our previous work
[19] that, by properly choosing the weighting factor , the
nulling-based method can achieve a much better performance
than the WR-based method in higher SNRs. In the next section,
we will propose a novel transmit scheme to improve the esti-
mation performance of the whitening matrix in the WR-based
method. As will be shown, the proposed method significantly
outperforms both the WR-based method and the nulling-based
approach in all SNR cases.

III. PROPOSED SIGNAL-PERTURBATION-FREE

TRANSMIT SCHEME

The new signal-perturbation-free transmit scheme is to send
information of the signal perturbation matrix to the re-
ceiver. The received version of this information will be then ex-
ploited to cancel the signal perturbation error.

Our idea begins with the eigenvalue decomposition (EVD)
of , which is re-defined as the scaled version of (5) for
notational convenience,

(15)

As is a Hermitian matrix, its EVD can be written as [30]

...
...

. . .
...

...

(16)
where , , are real numbers representing
the eigenvalues of , and , , are the
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corresponding eigenvectors. Using (16), one can separate
into two parts as

(17)

where

(18)

(19)

Here, represents a positive eigenvalue, is the eigen-
vector associated with , and the is the total number
of positive eigenvalues. Likewise, , and refer
to similar quantities with respect to the negative eigenvalues.
In what follows, we will derive a further decomposed form of

based on (17) such that the information of and
can easily be transmitted to the receiver.

By letting

(20)

(21)

(17) can be rewritten as

(22)

where is a scaling factor, and and are two matrices
containing the information of and that of , re-
spectively. We now first show that as long as and
are transmitted to the receiver, the signal perturbation error can
completely be cancelled. We will then show that and
can easily be constructed using the eigenvalues and the eigen-
vectors of . As shown later, the size of and
can be made comparable to the dimension of , namely,
the number of the transmit antennas . Therefore, the spec-
tral resource used for transmitting and is negligible
as compared to that of the user data.

Letting and be the received signals corresponding
to and , respectively, namely,

(23)

(24)

where and are the corresponding noise matrices, the
received version of the signal perturbation matrix can be defined
as

(25)
where and denote the number of columns of
and that of , respectively. Using (23) and (24) into (25) and
noting that , we obtain

(26)

where represents a perturbation term introduced by the
noise. By utilizing (4) and (26), the received correlation matrix
without the signal perturbation error can be obtained from

(27)

where

(28)

As a result, the signal perturbation error has been completely
eliminated through the transmission of and . What
remains to be done in the proposed scheme is to determine the
matrices and from the eigenvalues and the eigen-
vectors .

Note that the total power of transmit antennas in each time
slot can be written as . It is found from a large
number of simulation experiments that the value of is
much larger than . In order to ensure a reliable transmission
of in noisy conditions, we should allow the use of multiple
slots to carry a scaled version of . To this end, we divide

by the scaling factor and then split it into terms
of plus one fractional term as

(29)

where

(30)

(31)

Letting

one can construct an matrix for the
th eigenvalue by stacking consecutive vectors

and one vector , which satisfies

Thus, the complete can be formed as

(32)

Obviously, the number of columns of is given by
.

In a similar manner, can be constructed as follows

(33)

where consists of consecutive
vectors and one vector as given by

(34)

(35)

(36)
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Fig. 1. New transmit structure.

Note that the number of columns of is

(37)

From the above discussion, a new transmit structure, which
consists of conventional pilots, user’s data and the additional
data and , referred to as the signal perturbation
free (SPF) data for convenience, can be designed as shown
in Fig. 1. As usual, the user-data are generated from a finite
constellation such as quadrature phase-shift keying (QPSK).
In order to achieve a superior channel estimation performance
in MIMO systems, however, the pilots are often designed as
complex-valued data [31], [32], which are, in general, not
from the user-data constellation. In the proposed scheme, the
SPF data are also complex-valued and therefore, they can be
transmitted in the same manner as the complex-valued pilots.

The advantage of the proposed transmit scheme lies in that
the receiver does not need detect or estimate the transmitted SPF
data and and it can rely on and , the re-
ceived version of and , to cancel the signal perturba-
tion error by using (27). It should be noted that the total column
size of and is inversely proportional to the scaling
factor . It can be shown that when is sufficiently large, as
few as slots can be used for the transmission of and

. In general, the choice of should depend on the number
of the transmit antennas as well as the length of the user data.
Our extensive simulations show that is a proper choice to
achieve a very good channel estimate for a 4 8 MIMO system,
in which case, the transmission of and requires only
9 slots when the user data length is about 1000.

In summary, the scheme developed above gives a signal-per-
turbation-free estimate of the whitening matrix in the noise-free
case as seen from (27). It should be pointed out that in the pres-
ence of noise, although the WR-based method with the new
transmit scheme is subject to the noise perturbation, the pro-
posed method still outperforms the WR-based method, since the
perturbation introduced by the noise is, in general, significantly
smaller than the signal perturbation.

IV. ANALYSIS OF THE NEW WR-BASED METHOD WITH THE

PROPOSED TRANSMIT SCHEME

It is known that the solution of subspace based methods is
always perturbed by various sources, such as the finite data
length and the measurement noise [25]–[28]. The perturbation
theory has been employed for the analysis of subspace based
methods [21]–[24], [26]. In this section, the first-order pertur-
bation theory is employed to analyze the proposed WR-based
method, in which the channel estimate can be denoted as

. Here, the symbol “ ” means the perturbed version of the

quantities involved. We first derive the perturbation errors of the
whitening and the rotation matrices, namely,
and , and then reveal a closed-form expression
for the MSE of the new WR-based method with the proposed
transmit scheme.

A. The Perturbation Error of the Whitening Matrix

First of all, from (27), the ideal correlation matrix
without both the signal and the noise perturbation terms can be
written as

(38)

In obtaining (38), we have employed the SVD of as given by

(39)

where under the assumption of the full-column rank
of .

In the case of noise perturbation but without the signal per-
turbation error, the autocorrelation matrix of the received signal
can be written as

(40)

where denotes the estimate of the channel matrix containing
the noise perturbation error. Let the SVD of be given by

(41)

As has a full column rank, one can partition and ac-
cording to the signal and the noise subspaces of as

Using the above partitioned form in (41) and then substituting
(41) into (40), we have

(42)

Clearly, (42) gives an SVD of , implying that and
can be obtained from the SVD of . Comparing (40) with
(42) and noting that , we can obtain the perturbed
version of ,

(43)

By defining and , the
perturbation error of can be expressed as

(44)

where the second-order perturbation error term has been ne-
glected. In the following, we simplify the computation of
by investigating and .

In a manner similar to the one used in Subsection II.A of [23],
the first-order perturbation error of can be obtained as

(45)
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One can easily verify that, when ,
in (28) can be neglected and thus approximates to .
Using this result into (6) and neglecting the perturbation matrix

of the noise autocorrelation for a medium to high SNR,
we have

(46)

Substituting (46) into (45) and utilizing (39), one can obtain

(47)

On the other hand, using (27), (42) and the first-order approxi-
mation [26], one can show that

(48)

Using (39) and (46), (48) can be rewritten as

(49)
which, under the assumption that the second-order perturbation
error terms can be ignored, leads to

(50)

Using (47) and (50) into (44), can be rewritten as

(51)

Recalling that , (51) reduces to

(52)

As will be shown in the following subsections, (52) can be used
to derive the MSE of the proposed signal-perturbation-free WR
approach.

B. The Perturbation Error of the Rotation Matrix

Prior to the derivation of the perturbation error of , we first
conduct an analysis for the training-based estimation of given
in [15]. In the noise-free case, the rotation matrix can be cal-
culated from

(53)

where and are obtained from an SVD of the matrix

(54)

namely

(55)

By noting that and

(56)

(54) can be rewritten as

(57)

As such, one realization of the SVD of is given by

(58)

Using (58) into (53) yields

(59)

The above discussion indicates that the method in [15] gives an
ideal rotation matrix in the noise-free case. In the following,
we derive an expression of the perturbation error of in
the presence of noise.

In the noisy case, (54) should be modified to

(60)

where is the perturbed version of , which
has been discussed in the previous subsection. Noting that

, one can easily verify that

(61)

where

(62)

Using (52) and (61), (60) can be expressed as

(63)

which can be rewritten, utilizing (57), as

(64)

where

(65)

Our next goal is to disclose an expression for in terms of
the perturbation error of that is caused by noise. Let
us consider the SVD of

(66)

where is a diagonal unitary matrix used to represent a gen-
eral form of the SVD, since the SVD of is not unique. By
utilizing and ,
we have

(67)

Using (58), (67) reduces to

(68)
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In general, if the noise subspace of exists, the expressions
for and can be easily derived in terms of the per-
turbation error by utilizing the analysis results of the ex-
isting perturbation theory such as that in [9], [21]–[28]. How-
ever, these results are not applicable to our case, since only the
signal subspace exists in . To overcome this difficulty, we
propose the following theorem to derive an expression for
in terms of the perturbation error .

Theorem 4.1: Given an SVD of a full rank matrix ,
, where , for a

small perturbed term , the SVD of is defined
as

(69)

where is a diagonal unitary matrix whose role is the same
as in (66). Then, it can be shown that

(70)

where

...
...

. . .
...

(71)

The proof of the theorem is given in Appendix A.
In order to use Theorem 4.1, we first rewrite (68) as

(72)

With replacements , , ,
, and in (70), we imme-

diately obtain

(73)

where

...
...

. . .
...

(74)

(75)

Note that , is the diagonal element of
. Substituting (65) into (75), we obtain

(76)

As a result, the perturbation error of has been expressed in
terms of the perturbation errors, and . In the next

subsection, we will derive the MSE of the proposed signal-per-
turbation-free WR approach by utilizing the expression of
and as given by (52) and (73), respectively.

C. MSE of the Proposed Signal-Perturbation-Free WR-Based
Method

The estimation error of the channel matrix due to the per-
turbation error can be written as

(77)
Substituting (52) and (73) into (77) gives

(78)

Thereby, we have

(79)

Then, the MSE of the channel estimate can be calculated as

(80)

where

(81)

(82)

(83)

In Appendix B, we have proved that

(84)

(85)

(86)

Using (84), (85) and (86) into (80) yields

(87)

The above result gives the MSE of the proposed signal-per-
turbation-free WR-based method in terms of the system config-
uration and the noise variance, when the signal energy is nor-
malized to unity. As will be shown in the next section, the theo-
retical value of the MSE given by (87) is highly consistent with
the simulation result. It is to be noted that when , the
WR-based method turns to the ideal case, where the whitening
matrix is obtained directly from the true channel matrix. In this
case, the second term on the RHS of (63) vanishes due to (52),
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and one can verify that the above analysis would lead to the fol-
lowing MSE expression

(88)

It is of interest to note that (88) is the same as the Cramer-Rao
bound of the WR semiblind technique derived in [15]. For or-
thogonal training pilots satisfying , it has been
proved in [3] that the expression of the MSE of the training-
based LS estimation method is given by

(89)

Obviously, one can find that the proposed WR semiblind algo-
rithm can achieve about gain over the training-based
LS method in terms of MSE of the channel estimate.

V. SIMULATION RESULTS

We consider a MIMO system with 4 transmit and 8 receive
antennas, in which the QPSK modulation is used and a Rayleigh
channel, whose elements are i.i.d. complex Gaussian variables
with zero mean and unit variance, is assumed. Here, the orthog-
onal pilots are generated by using the scheme proposed in [31].
In our simulation, we will evaluate the proposed signal pertur-
bation free WR-based method, abbreviated as SPF-WR method
in comparison with some of the existing methods, including the
LS, the WR-based and the nulling-based methods, in terms of
the MSE of the channel estimate well as the bit error rate (BER)
performance of the underlying MIMO system. Here, the MSE
of the channel estimate is defined as

where is the number of Monte Carlo iterations, and
and are the true and estimated channel matrices with respect
to the th Monte Carlo iteration, respectively.

It is noted that a joint optimization approach has been pro-
posed in [15] to improve the estimation of the whitening matrix.
Although this approach can improve the estimation accuracy of
the whitening matrix slightly, the complexity of this method is
extremely high since it involves many iterations in the computa-
tion of the “fminunc” function in MATLAB, making its imple-
mentation very difficult for real-world applications. Thus, this
approach is not considered in our experiments. Instead, an ideal
WR-based method, which obtains the whitening matrix directly
from the true channel matrix, is simulated as a reference method
for comparison.

Experiment 1: MSE Versus SNR: In the first experiment, the
channel estimation performance in terms of the MSE versus the
SNR is investigated. The simulation is undertaken based on 20
000 Monte Carlo runs of the transmission of one data frame with
1000 slots out of which 100 are used as pilots. Fig. 2 shows the
MSE plots of the LS method, the ideal WR-based method, the
original WR-based method, the nulling-based method and the
proposed SPF-WR method with 1, 4, 9, 16, respectively.
It is seen that the MSE of the proposed method is closest to
that of the ideal WR-based method in comparison to the other

Fig. 2. MSE versus SNR.

methods irrespective of the choice of . Interestingly, different
values of only make a little difference on the MSE result.
However, the number of slots for the transmission of and

depends largely on the value of . We have found that
is a very good choice for the proposed method, since it

significantly outperforms the WR, the nulling-based and the LS
methods at all SNR levels, while requiring a very small number
of slots for the transmission of and . It is found that
the average number of pilots used for and in 20 000
Monte Carlo runs is 5.3 and the maximum number is 10 only.

Experiment 2: MSE Versus Pilot Length: Here, we investi-
gate the effect of pilot length on the channel estimation perfor-
mance. Fig. 3 shows the MSE plots of the channel estimate from
20 000 Monte Carlo runs for the transmission of one data frame
of 1000 slots for an SNR of 10 dB, indicating a high estimation
consistency of the proposed method with different values of .
Clearly, the performance improvement of the proposed method
becomes more prominent compared to the WR-based method
with the increase of the pilot length. For example, when the
pilot length is increased to 100 from 30, the performance gain
of the proposed method over the WR-based method is boosted
to 3.4 dB from 2dB. On the other hand, the average number of
slots for and is 5.3 and the maximum number is 8 in
this case.

Considering that the proposed SPF-WR method requires both
regular pilot and a certain number of slots for the transmission
of and while the LS, the WR and the nulling-based
methods use pilot only, we now compare these methods under
the same transmission overhead. We reserve a maximum of 10
slots for the user specific data and in the proposed
SPF-WR method, which is sufficient from our extensive simu-
lations, even though the actual average number of slots used for

and may be significantly less than 10. Then, we set
the pilot length of the LS, WR and nulling methods to be equal
to that of the SPF-WR method plus 10 slots, such that all the
methods in comparison have the same length of nonuser data
as overhead. Fig. 4 shows the MSE performance from 20 000
Monte Carlo runs for the transmission of one data frame of 1000

Authorized licensed use limited to: University of Southern California. Downloaded on November 16, 2009 at 15:44 from IEEE Xplore.  Restrictions apply. 



3162 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 57, NO. 8, AUGUST 2009

Fig. 3. MSE versus pilot length.

Fig. 4. MSE versus nonuser data length.

slots for an SNR of 15 dB. It is seen that, for the same transmis-
sion overhead, the proposed method significantly outperforms
the three other methods.

Experiment 3: BER Versus SNR: Now, we look into the
BER performance of the MIMO system by using the estimated
channel matrix and an ordered vertical-Bell laboratories layered
space time (V-BLAST) decoder. The simulation involves 50
000 Monte Carlo runs of the transmission of one data frame
with 100 slots out of which 10 are used as pilots. Fig. 5 shows
the BER performance versus the SNR. It is seen that the BER
performance of the proposed method with becomes
much better than that of the WR-based method with the in-
crease of SNR. In particular, when SNR is 12 dB, the BER of
the proposed method is about 3.3 dB over that of the WR-based
method.

Experiment 4: The Theoretical Value of MSE: In this ex-
periment, we compare the proposed method with the ideal
WR-based method as well as the LS method in terms of their
theoretical MSE expressions. Using the same conditions as in

Fig. 5. BER versus SNR.

Fig. 6. Theoretical MSE versus SNR.

Experiment 1 and Experiment 2, the three MSE plots calcu-
lated from (87), (88) and (89) are shown in Fig. 6 and Fig. 7,
respectively. For comparison, the simulation results of the
SPF-WR method with obtained from Experiment 1 and
Experiment 2 are also included in Fig. 6 and Fig. 7. Obviously,
one can see that the theoretical MSE values are consistent with
the simulation results, confirming the high accuracy of the
derivation of the MSE expressions in Section IV.

VI. CONCLUSION

A new signal-perturbation-free WR-based semiblind ap-
proach has been proposed for MIMO channel estimation. To
improve the performance of the WR-based method in the high
SNR case, a new transmit structure, which contains user-spe-
cific data bearing the information of the signal perturbation
matrix, has been proposed for the cancellation of the signal
perturbation error at the receiver. Furthermore, a novel pertur-
bation analysis theory has been developed for the SVD of the
square matrix without noise subspace, facilitating the derivation
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Fig. 7. Theoretical MSE versus pilot length.

of the closed-form expression for the MSE of the new SPF-WR
method. It has been proved that a performance gain of nearly

is achieved by the new method over the LS method
in terms of the MSE of the channel estimate. Simulation results
have confirmed that, by using a small number of additional
slots bearing the information of the autocorrelation matrix of
the transmitted signal, a significant improvement in both the
MSE of the channel estimate and the BER of the MIMO system
is achieved by the proposed method over the WR-based method
as well as the nulling-based approach at all SNR levels.

APPENDIX A
PROOF OF THEOREM 4.1

Since is a full rank square matrix, we have
. By letting and

, can be rewritten as

(A1)

In what follows, we compute the elements of , i.e., those of
and . Let us consider the nondiagonal elements first. Noting
that and ,
one can get

(A2)

implying that is a skew-Hermitian matrix. Using (69) and
neglecting the second-order error terms, one can prove that

(A3)

Using the SVD of and that of into (A3) gives

(A4)

By pre- and postmultiplying both sides of (A4) by , one can
get

(A5)

where

(A6)

Using (A2) as well as (A5), one can obtain

(A7)

We now consider the nondiagonal elements of . Utilizing
and noting that

, one can show that is also skew-Hermitian. In
order to determine the nondiagonal elements of , we compute
from (69)

(A8)

In a manner similar to the derivation of (A5), one can obtain

(A9)

which leads the nondiagonal elements of to

(A10)

Using (A7) and (A10) into (A1), one can eventually obtain the
nondiagonal elements of as

(A11)

We now determine the diagonal elements of . From (69),
one can have

(A12)

Premultiplying and postmultiplying on both sides of
(A12) give

(A13)

Using (A6) and (A13) and noting that and
, one can verify

(A14)

Recall that is a real diagonal matrix and both and
are skew-Hermitian which implies that their diagonal elements
are imaginary. That is to say the diagonal elements of

are imaginary. As a result, we have

(A15)

Using (A1) and (A15), the diagonal elements of are readily
given by

(A16)

From (A6), (A11), and (A16), the theorem is proved.
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APPENDIX B
DERIVATION OF , , AND

To derive the expression of given by (81), we first simplify
the calculation of by using the
statistical property of the signal as well as the noise. Using (7),
one can get

(B1)

which leads to

(B2)

Noting that and
, we can obtain

(B3)

Substituting (B3) into (81) gives

(B4)

We now turn to the derivation of . Letting

(B5)
given by (82) can be rewritten as

(B6)

In order to determine , we first compute
. From (76), one can get

(B7)

Obviously, the computation of involves
a total of 16 terms. It can be shown that computing these
terms requires the auto-correlation as well as the cross-correla-
tion matrices of , , and

. Following a manner similar to the derivation
(B3), one can derive

(B8)

(B9)

(B10)

(B11)

(B12)

Then, the first term in the computation of
can be calculated using (B8)

as

(B13)

In a similar manner, all the other terms can be computed using
(B8) to (B12). By adding all the 16 terms together, we obtain

(B14)

Utilizing (74) and (B14), one can easily verify that is a
diagonal matrix with diagonal elements being given by

(B15)

Letting and be the th and th column vectors of and
, respectively, one can find the th column vector of

as . Therefore, (B6) can be expressed as

(B16)

Since ,
from (B16), the value of can be found to be

(B17)
Now we determine the value of . The first two terms of the

RHS of (83) can be rewritten as

(B18)
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Using (B7), (B11) and (B12), we have

(B19)

Using (B8) and (B10) into (B19) gives

(B20)

Therefore, from (83), (B18), and (B20), we have .
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