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Abstract— The second-order statistics (SOS) of the received
signal are very often used in blind and semi-blind channel
estimation. In this paper, an analysis of signal perturbation in
SOS of the received signal is first conducted, revealling that,
even in the noise-free case, some SOS-based blind and semi-
blind algorithms are subject to a signal perturbation error.
Based on the analysis, a very efficient transmit scheme that can
completely cancel the signal perturbation error at the receiver
in the noise-free case is proposed. Computer simulations show
that by employing the proposed signal perturbation cancellation
approach, the mean square error (MSE) of the SOS estimate can
be sufficiently suppressed in the noisy case.

I. INTRODUCTION

Recent studies have proved that the combination of two
powerful technologies, multi-input multi-output (MIMO) and
orthogonal frequency division multiplexing (OFDM) is the
most promising wireless access scheme for B3G (beyond 3G)
systems [1], [2]. This is because the system capacity can be
boosted by employing the MIMO technique without increasing
the transmit power and signal bandwidth. Meanwhile, the
frequency selective fading in MIMO channels can well be
overcome by using OFDM. Therefore, the MIMO-OFDM
technology has been considered as a strong candidate for B3G
systems.

It is well known that channel estimation is of crucial impor-
tance to MIMO-OFDM systems. An accurate estimation of the
second-order statistics (SOS) of the received signal in the time-
domain is essential to blind and semi-blind channel estimation
of MIMO-OFDM systems. By using the perturbation theory
[3], [4], our previous study on the SOS-based blind channel
estimation in [5] has shown that some conventional SOS-based
blind algorithms such as those in [6]–[9] are subject to a
signal perturbation error due to the finite data length effect
in the calculation of the correlation matrix of the received
signal. It means that these algorithms would suffer from a poor
performance in the MIMO-OFDM channel estimation if the
number of the OFDM symbols is not large enough. In contrast,
the semi-blind algorithm proposed in [5] imposes an ideal
nulling constraint on the channel matrix in the absence of noise
and therefore, gives a better channel estimation performance.
In [10], we have proposed for the MIMO systems a signal-
perturbation-free (SPF) transmit scheme, based on which the
signal perturbation error can be cancelled at the receiver, lead-
ing to a signal-perturbation-free semi-blind MIMO channel

estimation algorithm. In this paper, we will extend the idea of
signal perturbation cancellation to MIMO-OFDM systems. By
developing a new signal-perturbation-free transmit scheme, we
will show that the signal perturbation error can be cancelled
in MIMO-OFDM receivers.

Throughout the paper, we adopt the following notations:
T Transpose,
H Complex conjugate transpose,
~ circular convolution,
‖ ‖F Frobenius norm,
and φ (k) = e−j2π k

K .

II. THE SIGNAL PERTURBATION IN SECOND ORDER
STATISTICS (SOS) OF RECEIVED SIGNAL

Consider a MIMO-OFDM system with NT transmit and
NR receive antennas. The channel can be characterized by
an array of L-tap FIR filters given by a number of NR ×
NT matrices H (n) (n = 0, 1, · · · , L− 1), whose (iR, iT )-th
element hiT ,iR

(n) represents the channel response from the
iT -th transmit antenna to the iR-th receive antenna. Define
xiT (m,n) as the transmit time-domain signal of the m-th
OFDM symbol at the iT -th antenna. If the length of the cyclic
is not less than the channel length L, after removing the cyclic
prefix at the receiver, the iR-th received signal can be written
as

yiR
(m,n) =

NT∑

iT =1

hiR,iT
(n) ~ xiT

(m,n) + viR
(m,n) ,

m ∈ {0, · · · , g − 1} (1)

where g is the OFDM block size, i.e., the number of OFDM
symbols within which the channel remains unchanged, and
viR (m,n) ∈ 6 CNR×1 is a spatio-temporally uncorrelated
noise with zero-mean and variance σ2

v .
An accurate estimation of the second order statistics (SOS)

of the received signal in the time-domain, yiR
(n), is essential

to blind and semi-blind MIMO-OFDM channel estimation
algorithms [5]. For the sake of simplicity, only one OFDM
symbol with K subcarriers is considered. By letting

y (n) ∆= [y1 (n) , · · · , yNR
(n)]T ,

yP+1 (n) ∆=
[
yT (n) ,yT (n− 1) , · · · ,yT (n− P )

]T
,



the 2nd-order statistics in terms of the correlation matrix RT

of yP+1 (n) can be estimated by

R̂T =
1
K

K−1∑
n=0

yP+1 (n)yH
P+1 (n) . (2)

Note that yP+1 (n) for n = 0, 1, · · · , P − 1 can be obtained
using y (n− j) ∆= y (K + n− j) for n < j due to the circular
convolution. It is obvious from (2) that R̂T depends on the
estimate of the correlation matrices

R̂ (l) =
1
K

K−1∑
n=0

y(n)yH(n− l), (l = 0, · · · , P ) . (3)

We now give a brief analysis of the signal perturbation in
R̂ (l) , (l = 0, · · · , P ), for the noise-free case. Letting

HA
∆= [H (0) ,H (1) , · · · ,H (L− 1)]

x (n) ∆= [x1 (n) , · · · , xNT
(n)]T

xL (n) ∆=
[
xT (n) · · ·xT (n− L + 1)

]T
, (n = 0, 1, · · · ,K − 1)

where x (n) = x (K + n) for n < 0, the circular convolution
(1) can be rewritten in the matrix form as

y (n) = HAxL (n) . (4)

Using (4), the estimate of Ry (l) can be expressed as

R̂y (l) = HAR̂x,L (l)HH
A (5)

where

R̂x,L (l) ∆=
1
K

K−1∑
n=0

xL (n)xH
L (n− l) .

It is now clear that R̂ (l) , (l = 0, · · · , P ) is determined by the
channel matrix HA and the estimate of the correlation matrix
of the transmitted signal,

R̂x (l) ∆=
1
K

K−1∑
n=0

x (n)xH (n− l) (6)

where l ∈ [1− L,P + L− 1]. It has been proved in [5]
that, when the transmitted frequency-domain signal can be
considered as an i.i.d. Gaussian process with zero mean
and unit variance, the transmitted time-domain MIMO-OFDM
signal is uncorrelated, i.e., Rx (l) = δ (l) INT

. Thus, (6) can
be rewritten as

R̂x (l) = Rx (l) + ∆Rx (l) (7)

where ∆Rx (l) is the perturbation term of Rx (l) as given by

∆Rx (l) ∆=
1
K

K−1∑
n=0

x (n)xH (n− l)− δ (l) INT
. (8)

Note that, when multiple OFDM symbols are used, R̂x (l)
as well as R̂x,L (l) can be easily calculated by averaging the
results obtained from each OFDM symbol.

It is obvious that the existence of the signal perturbation
terms ∆Rx (l) may in general introduce the perturbation

error to the SOS-based blind or semi-blind algorithms. By
conducting a perturbation analysis, it has been shown in [5]
that, even in the noise-free case, the linear prediction-based
blind channel estimation algorithms are subject to a signal
perturbation error. In order to improve the performance of
these algorithms, in the next section, we will propose an
efficient signal-perturbation-free transmit scheme to cancel
the signal perturbation error in the estimation of R̂ (l) for
MIMO-OFDM systems. Our idea is to send information of
the signal perturbation matrix ∆Rx (l) to the receiver. The
received version of this information will be then exploited to
cancel the signal perturbation error.

III. THE SIGNAL PERTURBATION CANCELLATION SCHEME

Let us consider the computation of the signal perturbation
matrix ∆Rx (l) at the transmitter by using the frequency-
domain data. Define the transmitted frequency-domain signal
vector at the k-th subcarrier as

X (k) ∆= [X1 (k) , · · · , XNT (k)]T . (9)

It can proved that the estimated correlation matrix of the time-
domain signal x (n), R̂x (l), can be calculated as

R̂x (l) =
1
K

K−1∑

k=0

X (k)XH (k)φ−l (k) (10)

which, using (8), leads to

∆Rx (l) =
1
K

K−1∑

k=0

X (k)XH (k) φ−l (k)− δ (l) INT . (11)

Interestingly, R̂x (l) given by (10) can be regarded as the IDFT
of X (k)XH (k). Accordingly, the estimate of the correlation
matrix of the received signal y (n), R̂y (l), can be represented
as an IDFT of Y (k)YH (k), where Y (k) is the frequency-
domain version of y (n). In order to develop a new transmit
scheme to cancel the perturbation error ∆Ry (l) = R̂y (l) −
Ry (l) due to ∆Rx (l), we would like to express ∆Rx (l) as
an IDFT of a set of data T (k) for −L1 ≤ l ≤ L2, where
L1 = L− 1, L2 = P + L− 1. As such, the size of the IDFT
should be at least KT = L1 + L2 + 1. Considering that the
total number of subcarriers usually satisfies K À L1+L2+1,
it would be sufficient and convenient to choose KT = K

M ≥
L1 +L2 +1 where M is the largest possible integer. By using
the periodicity property of IDFT, we have

∆Rx (l) =





KT−1∑
k=0

T (k) ej2πkl/KT ,

(l = 0, 1, · · ·L2)
KT−1∑
k=0

T (k) ej2πk(KT +l)/KT ,

(l = −L1, 1− L1, · · · − 1)

.

(12)
Clearly, (12) gives a KT -size IDFT of T (k) with a gain of
KT . Thus, T (k) can be calculated as a KT -size DFT of



∆Rx (l) with a gain of 1/KT ,

T (k) =
1

KT

[
L2∑

l=0

∆Rx (l) e−j2πkl/KT +
KT−1∑

l=KT−L1

∆Rx (l −KT ) e−j2πkl/KT

]
(k = 0, 1, · · · ,KT − 1) . (13)

In what follows, we show that as long as the NT × NT

matrix T (k) can be factorized into

T (k) = TL (k)TH
R (k) (14)

and TL (k) and TH
R (k) are transmitted to the receiver, the

signal perturbation error in R̂y (l) can be eliminated in the
absence of noise. Noting that ej2πk(l+KT )/KT = ej2πkl/KT =
ej2πkMl/K , (12) can be rewritten as

∆Rx (l) =
KT−1∑

k=0

T (k)φ−Ml (k) , (l = −L1,−L1 + 1, · · ·L2) .

(15)
Interestingly, (15) corresponds to an M -rate decimated version
of the K-size DFT of T′ (k), where T′ (k) is an up-sampled
version of T (k) by a factor of M , i.e., it can easily be
obtained by inserting M − 1 zero matrices following each
T (k). This observation gives us an idea that TL (k) and
TR (k) should be transmitted over the kM -th subcarriers only
(k = 0, 1, · · · ,KT − 1).

On the one hand, one can prove that the estimated correla-
tion matrix of the received signal can be expressed in terms
of the channel matrix and the estimated correlation matrix of
the transmitted signal as

R̂y (l) =
L−1∑

l1=0

L−1∑

l2=0

H (l1) R̂x (l − l1 + l2)HH (l2) . (16)

On the other hand, by using the received noise-free version of
the user specific data TL (k) and TR (k), denoted as

YTL (k) = HF (kM)TL (k) , (17)

YTR (k) = HF (kM)TR (k) , (18)

where HF (k) , (k = 0, 1, · · · , K − 1) is the frequency-
domain channel matrix, we can construct matrices
RYT (l) , (l = 0, 1, · · · , L− 1) as

RYT (l) =
KT−1∑

k=0

YTL (k)YH
TR (k)φ−Ml (k) . (19)

Using (17) and (18) into (19) yields

RYT (l) =
L−1∑

l1=0

L−1∑

l2=0

H (l1)
KT−1∑

k=0

[
TL (k)TH

R (k)

φ−M(l−l1+l2) (k)
]
HH (l2) . (20)

By using (14) and (15), (20) can be written as

RYT (l) =
L−1∑

l1=0

L−1∑

l2=0

H (l1)∆Rx (l − l1 + l2)HH (l2) . (21)

From (16) and (21), and noting that ∆Rx (l) = R̂x (l)−Rx (l)
and ∆Ry (l) = R̂y (l)−Ry (l), it is now clear that RYT (l)
gives exactly the signal perturbation error ∆Ry (l). Therefore,
the correlation matrix of the received signal without the signal
perturbation error can be calculated by

R̂′
y (l) = R̂y (l)−RYT (l) (22)

=
L−1∑

l1=0

L−1∑

l2=0

H (l1)Rx (l − l1 + l2)HH (l2) = Ry (l) . (23)

The above discussion shows that via the transmission of
TL (k) and TR (k), the signal perturbation error in the receiver
has been completely eliminated in the noise free case.

In the end, we give a brief discussion on the construction of
TL (k) and TR (k) for the implementation of the new transmit
scheme. Our idea is to obtain TL (k) and TR (k) by using the
singular value decomposition (SVD) technique. Performing
the SVD on T (k) gives

T (k) = UT (k)ΣT (k)VH
T (k) (24)

where UT (k) = [uT,1 (k) ,uT,2 (k) , · · · ,uT,NT (k)],
VT (k) = [vT,1 (k) ,vT,2 (k) , · · · ,vT,NT (k)], and ΣT (k)
is a diagonal matrix conposed of the singular values
σT,i (k) , (i = 1, 2, · · · , NT ) of T (k). Following a similar
manner in the derivation of the signal-perturbation-free trans-
mit structure for the MIMO systems in our previous work [10],
the matrices TL (k) and TR (k) can be constructed using the
singular values σT,i (k) and the singular vectors uT,i (k) and
vT,i (k).

IV. SIMULATION RESULTS

We consider a MIMO-OFDM system with 2 transmit and
4 receive antennas. The number of subcarriers is set to 512.
In this paper, the QPSK modulation is used and an SUI-3
type MIMO channel is considered. In particular, the channel
is modelled as a 3-tap MIMO-FIR filter, in which each tap
corresponds to a 2 × 4 random matrix whose elements are
i.i.d. complex Gaussian variables with zero mean and an equal
variance. Moreover, the channel has an exponentially decaying
profile, giving 0 dB, -5 dB and -10 dB powers for the first,
second and third taps, respectively. In our simulation, M , P
and KT are set to be 64, 3 and 8, respectively, suggesting that
the SPF data are transmitted only in the subcarriers indexed
by 64 × k, (k = 0, 1, · · · , 7), which, for the convenience, are
referred to as the SPF subcarriers.

The estimation performance is evaluated in terms of the
MSE of the estimate of the correlation matrix given by

MSE =
NMC∑
n=1

P∑

l=0

∥∥∥R̂n (l)−Rn (l)
∥∥∥

2

F

where NMC is the number of Monte Carlo iterations, and
R̂n (l) and Rn (l) are the estimated correlation matrix and
the ideal correlation matrix with respect to the n-th Monte
Carlo iteration, respectively. For easy citation, we call the
correlation matrix estimation method with the proposed signal
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Fig. 1. MSE of the estimate of the correlation matrix of the received signal
versus SNR
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Fig. 2. MSE of the channel estimate versus SNR

perturbation cancellation algorithm as the SPF method and
the method without using the proposed algorithm as the
conventional method.

In the experiment, the channel estimation performance in
terms of the MSE versus the SNR is investigated. The sim-
ulation involves 2000 Monte Carlo runs of the transmission
of 60 OFDM symbols with pilot length gp = 20. Here, on
the average, 5.8 OFDM symbols per SPF subcarrier are used
for the transmission of TL (k) and TR (k). First of all, Fig.
1 shows the MSE of the estimate of the correlation matrices
of the received signal from NMC Monte Carlo iterations, by
using the norm of the error correlation matrix. Clearly, the
conventional correlation matrix estimation without using the
proposed SPF cancellation scheme achieves very little gain
in the MSE with increasing the SNR level. In contrast, by
using the SPF cancellation scheme, the MSE of the estimated

correlation matrix has been significantly improved, which is
linearly propertional to the increase of the SNR. Fig. 2 shows
the channel estimation results of the SPF LP semi-blind, LP
semi-blind, nulling semi-blind methods as well as the LS
method with 20 pilot symbols. Moreover, the result from the
LS method using 60 pilot symbols which is three times the
pilot length of other methods is also provided for comparison.
It is seen that the SPF LP semi-blind algorithm consistently
outperforms the nulling semi-blind method and the LS method.
Also, one can find that the performance gain of the SPF
LP semi-blind algorithm over the LP semi-blind algorithm
becomes larger with increasing SNR value. In particular, the
MSE is improved by 3.2 dB when the SNR is 22 dB.

V. CONCLUSIONS

A signal perturbation cancellation algorithm has been pro-
posed to improve the estimation performance of the SOS in
MIMO-OFDM systems. An analysis of the signal perturbation
in the correlation matrix of the received signal was first
conducted. Based on it, a new scheme that transmits user
specific data bearing the information of the correlation matrix
of the information signal is proposed to cancel the signal
perturbation error at the receiver. Simulation results have
confirmed that, by using a small number of additional slots for
the transmission of the user specific signal-perturbation-free
data, the new approach is capable of efficiently suppressing
the signal perturbation error.
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