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Abstract— In our earlier work [1], [2] we have presented
two methods to scale down the topology of the Inter net, while
preserving important performance metrics. We have shown that
the methods can be used to greatly simplify and expedite
performanceprediction. The key insight that wehave leveragedis
that only the congestedlinks along the path of each�o w intr oduce
sizablequeueingdelaysand dependenciesamong �o ws. Basedon
this, we have shown that it is possibleto infer the performanceof
the larger Inter net by creating and observing a suitably scaled-
down replica,consistingof the congestedlinks only. However, two
main assumptionsof our approach were that uncongestedlinks
are known in advance,and that the queueingdelays imposedby
such links are negligible.

In this paper we provide rules that can be used to identify
uncongestedlinks when thesearenot known, and we theoretically
establish the conditions under which the negligible queueing
delayassumptionis valid. In particular , we �rst identify scenarios
under which one can easily deduce whether a link imposes
negligible queueing by inspecting the network topology. Then,
we identify scenariosin which this is not possibleand useknown
results basedon the large deviations theory to approximate the
queue length distrib ution. Finally, we use this approximation to
decidewhich links are uncongested,and show that in the many-
sourceslimit the queueingdelaysof uncongestedlinks are indeed
negligible. Our results are veri�ed using simulations with TCP
traf�c.

I . INTRODUCTION

Understandingthe behavior of the Internetand predicting
its performanceareimportantresearchproblems.Theseprob-
lems are madedif�cult becauseof the Internet's large size,
heterogeneityandhigh speedof operation.

Researchersusevarioustechniquesto dealwith theseprob-
lems: modeling, e.g. [3], [4], [5], [6], measurement-based
performancecharacterizations,e.g. [7], [8], [9], [10], [11], and
simulationstudies,e.g. [12], [13], [14], [15]. However, these
techniqueshave their limitations.

First, the heterogeneityand complexity of the Internet
makes it very dif�cult andtime consumingto devise realistic
traf�c and network models.Second,due to the increasingly
large bandwidthsin the Internetcore,it is very hardto obtain
accurateand representative measurements.And further, even
whensuchdataareavailableit is veryexpensiveandinef�cient
to run realisticsimulationsat meaningfulscales.

To sidestepsomeof theseproblems,Psounisetal. [16], [17],
[18] have introduceda methodcalled SHRiNK, that predicts
network performanceby creating and observing a slower
downscaledversion of the original network.1 In particular,

1SHRiNK: Small-scaleHi-�delity Reproductionof Network Kinetics.

SHRiNK downscaleslink capacitiessuchthat,whena sample
of the original set of TCP �o ws is run on the downscaled
network, a varietyof performancemetrics,e.g. theend-to-end
�o w delaydistributions,arepreserved.

This techniquehastwo mainbene�ts.First, by relying only
on a sampleof theoriginal setof �o ws, it reducestheamount
of datawe needto work with. Second,by usingactualtraf�c,
it short-cutsthe traf�c characterizationand model-building
process.Thesein turn, expeditesimulationsand experiments
with testbeds,while ensuring the relevance of the results.
However, this techniquedid not solve the importantproblem
of having to work with largeandcomplex network topologies.

With the above problemin mind, we have proposedin [1],
[2] two methodsthat canbe usedto scaledown the topology
of theInternet,while preservingthesameperformancemetrics
andhaving thesamebene�ts with SHRiNK.2 In particular, by
de�ning a link to becongestedif thelink imposespacketdrops
or signi�cant queueingdelays,we have shown that it is possi-
ble to infer the performanceof the larger Internetby creating
and observinga suitably scaled-down replica, consistingof
the congestedlinks only. Further, basedon the observation
that the majority of backbonelinks are uncongested[19],
[20], [21], [22] we have demonstratedthat these methods
canbe usedin practice,to dramaticallysimplify andexpedite
performanceprediction. However, two main assumptionsof
our approachwerethat congestedlinks areknown in advance
(e.g. by utilizing a performancemeasurementtool), and that
the queueingdelays imposedby uncongestedlinks can be
completelyignored.

This papercomplementsour earlierwork. In particular, we
keep the assumptionthat we know all the congestedlinks
that causepacket drops, but we relax the requirementthat
we know which of the other links can be consideredas
uncongested,i.e. of not imposingsigni�cant delays.Then,we
provide rulesto identify uncongestedlinks by eitherinspecting
the network topology, or whenever this is not possible,by
usinga known model from the large deviationstheory(based
on FractionalBrownian Motion (FBM)), to approximatethe
queuedistribution.Our motivationfor this is thatwhile packet
dropsmay be easilydetectedby a monitoringtool, accurately
measuringqueueingdelaysin high-speedbackbonenetworks
is quite dif�cult [8], [23], [19]. Further, we also study the

2We called the methods DSCALEd (Downscale using delays), and
DSCALEs(Downscaleusingsampling).



conditionsunder which queueingdelaysbecomenegligible,
andusethe aforementionedmodel to theoreticallyjustify our
arguments.

Using the large-deviations model in practice, requires
knowledge of the average� and of the variance� 2 of the
packet arrival processon every link of interest. However,
measuringthe traf�c at the packet level to determinethese
parametersin high-speedbackbonerouters,hasbeenproven
to be a very dif�cult task,e.g. [19], [20]. Onemay arguethat
it may be easierto measurethe exact queueingdelaysand
hencethat the model is of no practicaluse.

In this paperwe show thatboth � and� 2 canbeeasilyand
accuratelyinferred from �ow-level information.Given that it
is much easierto monitor �o ws than to monitor packets in
a router, e.g. [19], [20], we argue that the model can be of
greatpracticaluse.This argumentis further strengthenedby
thefactthatinformationon �o wscanbeeithercollectedon the
link we want to studyor at the edgesof a backbonenetwork.
Collecting�o w informationat the edgeroutersandcombined
with their routing information, will give us information on
eachlink of the network. This alleviatesthe burdenof having
to monitor many links and makes the measuringprocedure
scalable.3

While an expressionfor � is quite intuitive and hasbeen
derived in the past,e.g. in [19], asthe productof the average
�o w arrival rateandof theexpected�o w size,estimating� 2 is
muchmoreinvolved.In this paperwe derive a new expression
for � 2. What distinguishesour expressionfrom earlier ones
[19], [20], [25] is that it requiresless �o w-level information
andit hasbeenderivedwithout any assumptions,by explicitly
taking into considerationthe TCP feedbackmechanismand
long-rangedependence.

The restof the paperis organizedas follows. In SectionII
we brie�y review the main ideain scalingdown the topology
of the Internet.Further, we identify thescenariosunderwhich
one can easily deducewhether a link imposes negligible
queueing,by just inspectingthe topology. For the scenarios
in which this is not possible,we review in Section III the
large-deviations model we will be using to approximatethe
queuedistribution. In Section IV we explicitly identify the
conditionsthatshouldhold in thecontext of TCPnetworksfor
this model to be valid. In SectionV we computethe packet-
level information requiredto use the model, from �o w-level
information. In Section VI we validate the model and our
theoreticalargumentsusing simulationswith TCP traf�c. In
the samesection,we also demonstratehow to usethe model
to decidewhethera link can be ignored, when performing
downscaling.Comparisonwith earlierwork follows in Section
VII, andwe concludein SectionVIII.

I I . SCALING-DOWN NETWORK TOPOLOGY

In this sectionwe brie�y review the main idea in scaling
down the Internet topology. For more details, the interested

3Tools suchasNetFlow alreadyprovide �o w information in Ciscorouters
[24].

reader is referred to our published work [2], [1]. Before
proceeding,let's clearly de�ne what we meanby an “uncon-
gested”link in the context of downscaling.An uncongested
link is a link which: (i) doesnot imposeany packet drops,
and (ii) its queueingdelaysare negligible comparedto the
total end-to-enddelaysof the packetsthat traverseit, e.g. one
orderof magnitudesmaller. Most of the backbonelinks have
both of theseproperties[21], [22], [23], [19], [20], [8], [7].

Now, asan illustrative example,let's considerthe topology
shown in Figure1. In this topologywe canseetwo congested
links, and two groupsof �o ws, Grp1 and Grp2. 4 Observe
thatGrp1traversesonly theonecongestedlink, whereasGrp2
traversesboth.

Fig. 1. Original network.

In [1], [2] we have presentedtwo methods(DSCALEd
and DSCALEs) that build a scaledreplica consistingof the
congestedlinks only, along with the groups of �o ws that
traversethem.For theexampleshown in Figure1, theresulting
scaledreplicais shown in Figure2. Then,the methodsadjust
the round-trip times in the scaledreplica appropriately, such
that the performanceof the replicacanbe extrapolatedto that
of the original network.

Fig. 2. Scaledreplica.

Our main assumptionwas that we know in advancewhich
links of theoriginalnetwork canbeconsideredasuncongested.
However, while links that causepacket drops can be easily
identi�ed by a monitoringtool, measuringthequeueingdelays
on every otherlink to determinewhetherthesearenegligible,
is clearlya not scalableprocedure.Further, it becomescritical
in high-speedbackbonerouters,e.g. see[8], [23], [19]. Hence,
our motivation in this paper is to provide simple rules that

4A group of �o ws consistsof those�o ws that follow the samenetwork
path.



canbe usedto identify links that imposenegligible queueing,
without having to explicitly measuretheir delays.

Our startingpoint is basedon theobservation thateachlink
that belongsto the path of a group of �o ws (e.g. the path of
Grp1 in Figure 1), can be consideredas being part of sub-
topologiessimilar to thoseshown in Figures3(i) ::: 3(iii). For
example,as if it was link Q2 in Figure 3(i), or link Q2 in
Figure 3(ii), or link Q1 in Figure 3(iii). (The arrows corre-
spondto groupsof �o ws, the C's arecapacities,Src1:::SrcN
correspondto sources,andDst1:::DstN to destinations.)

(i) (ii)

(iii)

Fig. 3. Toy network topologies used to illustrate when a link can be
consideredasuncongestedby topology inspection.

Now, let's study the conditions under which these links
imposeinsigni�cant queueing.Let's �rst concentrateon the
topology shown in Figure 3(i). Clearly if C1 � C2 there is
not going to be any queueingat Q2, whereasif C1 > C2

signi�cant queueingat Q2 is possible.Now, let's move to the
topology shown in Figure 3(ii). If

P N
j =1 C1j � C2 there is

not going to be any queueingat Q2, but if
P N

j =1 C1j > C2

signi�cant queueingat Q2 is possible.Finally, let's study the
topology shown in Figure 3(iii). If C1 �

P N
j =1 C2j we can

have signi�cant queueingat Q1. Now, if C1 >
P N

j =1 C2j ,
the C2j 's will regulate the arrivals at Q1 (through the TCP
feedbackmechanism)and queueingis expectedto be quite
low.

Hence,summarizing,the only casewhereone can decide
by inspecting the network, that a link imposesnegligible
queueing,is the casewhere the link carries traf�c from/to
links for which the sumof their capacitiesis smallerthanthe
capacityof the link.

For therestof thecases,wewill useamodelfrom thetheory
of large deviations to approximatethe queuedistribution. In
the next sectionwe review this model.For easeof exposition
we will beassuminga singlelink sharedby N sources,similar
to theoneshown in Figure4 (i.e. without any links attachedto
eitherof its edges).It will be clearthat the procedurewe will
be using for deciding whether this link imposessigni�cant
queueing,will be directly applicableto the casesdiscussed
earlier.

Fig. 4. Single link sharedby N sources.

I I I . PRELIMINARIES

In this sectionwe review thelarge-deviationsmodelthatwe
will use.

Considera single link sharedby N sources(e.g. like the
one shown in Figure 4). For simplicity, assumethat these
sourcesare homogeneous,i.e. they generatetraf�c according
to the sameprocess.Now, let AN (t) = AN (0; t) denotethe
traf�c generatedby thesuperpositionof theseN sourcesin the
interval (0; t], with t 2 R+ or t 2 Z. Further, let � denotethe
meaninput rate of a single source.Then E[AN (t)] = N �t .
Now, let thequeue's serviceratebescaledwith thenumberof
sources,i.e. let the queuedrain at rateCN � N C. To ensure
stability, we assumethat � < C.

Wearenow interestedin thesteady-stateprobabilityP(Q >
� B N ) of the buffer contentexceedingsomeprespeci�edlevel
� B N > 0, where 0 < � � 1 and B N is again scaledwith
the numberof sources,i.e. B N � N B . Assumingan in�nite
buffer size, this probability can be expressedin termsof the
aggregate cumulative arrival processAN (t), as follows (e.g.
see[26] andreferencestherein):5

P(Q > � N B ) = P
�

sup
t � 0

[AN (t) � N Ct] > � N B
�

: (1)

Now, let's assumethanAN (t) is a Gaussianprocess.Hence,
its distribution can be completelycharacterizedby its mean
E[AN (t)] = N �t , and its variance v(t) = Var[AN (t)].
Further, let's assumethat theN sourcesarelooselycorrelated
such that v(t) � N � 2t2H , where � 2t2H is the varianceof
the traf�c from a single source in the interval (0; t], and
H 2 [0:5; 1). 6 Finally, let's write:

I (H ) =
(C � � )2H (� B )2� 2H

2� 2K 2(H )
; (2)

whereK (H ) = H H (1 � H )1� H .
Using large-deviations theory, it can be shown that the

following relationshipholds for P(Q > � N B ), when N is
large (e.g. see[26], [28]) :

P(Q > � N B ) � exp(� N I (H )) : (3)

5Thisprobabilityis oftenusedto approximatethecorrespondingprobability
in a systemwith �nite buffer equalto N B , whenN is large [27].

6Theexactequalitycorrespondsto theFractionalBrownianMotion (FBM)
processwith Hurst parameterH . For H = 0:5 the processhasindependent
increments,whereasfor H > 0:5 theincrementsof theprocessarelong-range
dependent[26].



This relation is known in the literature as the many-sources
asymptoticupperboundand the function I (H ) is called the
large deviationsrate function. If N is suf�ciently large,Equa-
tion (3) is often usedto approximatethe queuedistribution. 7

The effectivenessof this model hasbeendemonstratedin
the context of open-loopnetworks, e.g. see[29], [30], [26],
andhasbeenusedseveral timesin argumentsin thecontext of
TCP networks, e.g. see[31], [32], [33]. Next, we review the
reasonsandclearly identify underwhich conditionsthemodel
is valid in this latter context.

IV. APPLICATION TO TCP NETWORKS

In this section we identify the reasonswhy the model
discussedabove is valid in the context of high-speedTCP
networks. For this, let's considera link/router with capacity
N C, buffer sizeN B , andpropagation delayTpr op, sharedby
N source-destinationpairs,asshown in Figure5.

Fig. 5. Simpli�ed link model.

SupposethateachsourcegeneratesTCP�o ws accordingto
someprocess,andthateach�o w consistsof anumberof pack-
etsthat follows somedistribution.Of course,packet arrivalsat
therouteraredictatedby theTCPfeedbackdynamics.Finally,
assumethat the drop-tail policy is adoptedby the router.

We argue that the link shown in Figure 5 is a realistic
representationof an Internet link since:(i) TCP �o ws in the
Internetarrive at randomtimesandhave randomsizes,(ii) to
keepthe utilization �x ed, the capacitywill usuallygrow with
the numberof source-destinationpairs sharingthe link, (iii)
despitemany proposalsfor sophisticatedactive queueman-
agement(AQM) schemes,drop-tail is still the most popular
AQM [34], and (iv) routerstoday are sizedaccordingto the
rule-of-thumb,where the buffer size equalsthe bandwidth-
delay product[35], and hencethe buffer will also grow with
N .

If we alsoassumethat N is suf�ciently large andthat each
sourcegeneratesa large numberof �o ws, the above link will
correspondto a high-speedbackbonelink. Suchlinks usually
multiplex hundredsof thousandsof TCP �o ws [19], [36].

Now, it is well documentedthat if multiple TCP�o ws share
a bottlenecklink, they can be synchronizedwith eachother
[37], [38], [39]. They are coupled becausethey experience
packet drops at roughly the same time and hence halve
their window sizesat the sametime. However, �o ws are not

7Many-sourcesasymptoticshave beenderived for other input processesas
well. For a nice review of the resultswe refer the interestedreaderto [26],
[28].

synchronizedin a backbonerouterthat carriesa large number
of them,with variousround-trip,processingandstartuptimes.
Thesevariationsaresuf�cient to prevent synchronization,and
this hasbeendemonstratedin real networks [36], [21], [40].

Underthe assumptionof a large numberof desynchronized
TCP�o ws, it hasbeenrecentlyarguedthattheevolutionof the
�o w window sizesbecomeslooselycorrelated,andhencethe
distribution of their sumcanbewell approximatedby a Gaus-
siandistribution.This is justi�ed by theCentralLimit Theorem
(CLT) as well as also by empirical measurement[36], [33].
The assumptionof weakwindow correlationsis strengthened
further by the fact that backbonelinks are generally over-
provisioned,(i.e., the network is designedso that a backbone
link utilization staysbelow 50%, in theabsenceof link failure
[22]), and thus drops on such links are rare. (However, this
last condition is not a requirementfor desynchronizationto
exist.)

Undertheabove observations,theapplicabilityof themodel
presentedin theprevioussectionseemsquitepromising,since
the model requiresthat: (i) The link is scaledby the number
of sourcesN , (ii) the arrival processfrom each source is
Gaussian,and(iii) therearenosigni�cant correlationsbetween
different sources.Further, the model also accountsfor long-
range dependencein the traf�c originating from the same
source,which is a well-known characteristicof traf�c in the
Internet[41], [10], [42].

However, as we observe, using the model requiresknowl-
edgeof the average� and of the variance� 2 of the packet
arrival processof a source.Further, it alsorequiresknowledge
of theparameterH . As mentionedearlier, it is dif�cult andnot
scalableto estimatetheseparametersby monitoringpacketson
every link of interest.As we have said,we prefer to monitor
�o ws, which is mucheasier[19], [20].

Thus, in the next sectionwe show how to computethese
parametersfrom �o w-level information. Before proceeding
however, recall that we are interestedin decidingof whether
a link that doesnot imposepacket drops,imposessigni�cant
delays. Therefore,we will be assuminglinks that do not
imposeany packet drops.

V. PARAMETER ESTIMATION

In this sectionwe useknown expressionsto compute� and
H , andwe derive a new expressionfor � 2.

We assumeknowledgeof some�o w-level information on
the link of interest. In particular, if there are N source-
destinationpairssharingthelink, we assumethatwe know: (i)
the �o w sizedistribution F (s) of the �o ws traversingthe link,
(ii) the total averagearrival rateof �o ws at the link, denoted
by r N , and(iii) theaverageof thetotal numberof active �o ws
on the link E [AN ], andof its varianceVar(AN ). 8 This �o w-
level information can be easily extractedfrom a router, e.g.
usingNetFlow [24].

We express the average �o w arrival rate for a source-
destination pair as r = r N

N and the average number of

8We saythat a �o w is “active” on a link, if the link belongsto the pathof
the �o w, and the �o w hasmoredatapackets to send.



active �o ws for a pair as E [A] = E [A N ]
N . Finally, we write

Var(A) = Var(A N )
N . This last equality assumesthat thereare

no dependenciesamongdifferentsources,which asmentioned
before,is the casefor backbonelinks. We startby giving the
expressionfor � .

A. Estimating�

Let S betherandomvariablerepresentingthesizeof a �o w.
Sincewe know F (s) we can computethe average�o w size
E[S]. Sincethereare no drops,an intuitive and well-known
expressionfor � (e.g. see[19]) is:

� = r E [S]: (4)

Therelationabove statesthat theaveragepacket arrival rate
is equalto the averagearrival rateof �o ws timesthe average
amountof load broughtby each�o w. Note, that for a system
to bestable(in thesensethat thenumberof active �o ws never
grows to in�nity) it is requiredthat r E [S] < C [5]. Hence,
for the systemunderstudy we assumethat this holds,which
yields � < C. Recall, that this last condition is requiredin
order to be able to invoke the modelof SectionIII.

Next, we use anotherknown result to show how one can
estimatethe parameterH .

B. EstimatingH

The long-rangedependenceof Internet traf�c has been
shown to be the resultof a heavy-tailed �o w sizedistribution
[42], [21]. A heavy-tailed distribution is onein which P(S >
s) � s� � ; 1 < � < 2; ass ! 1 .

At large time-scales,e.g. greaterthan the round-trip time,
the parameterH is directly relatedto the parameter� (called
the shapeparameter)of the size distribution. According to
[42]:

H =
3 � �

2
: (5)

Since we know F (s), we can use the above Equationto
approximateH . Next, we derive an expressionfor � 2.

C. Estimating� 2

The expressionfor � 2 is given in the following Theorem:
Theorem1:

� 2 =
E[A]Var(W ) + (E [W ])2Var(A)

(E [RTT])2H ; (6)

whereE[W ] is the averagecongestionwindow sizeof a �o w
and Var(W ) its variance,E [RTT] is the averageround-trip
time of a �o w, andtherestof theparametersasde�ned earlier.

Proof: Assumethat the time is slottedwith the duration
of slot i be equalto the currentround-trip time. Now, denote
by P the total numberof packets that belong to a source-
destinationpair in some time-slot. Thus, P =

P A
j =1 Wj ,

where A is the randomvariable representingthe numberof
active �o ws of a pair in a time-slot, and Wj is the random
variable representingthe congestionwindow size of �o w j ,

j 2 f 1:::Ag. By the conditional varianceformula [43] we
have:

Var(P) = E[Var(P jA)] + Var(E [P jA]): (7)

Sincethereareno drops,theWj 's (j 2 1:::A) areindependent
of the randomvariableA. It is theneasyto seethat:

E [Var(P jA)] = E [A]Var(W ); (8)

and:
Var(E [P jA]) = (E [W ])2Var(A): (9)

Now, recall from SectionIII that � 2t2H is the varianceof
the amountof traf�c that is injected into the network by a
sourcein the interval (0; t]. Denotethis amountof traf�c by
A1(t), and let N (t) be the numberof time-slotselapsedby
time t. We canwrite A1(t) =

P N (t )
i =1 P(i ), whereP(i ) is the

randomvariablerepresentingthe numberof packetsof a pair
in slot i .

In steady-statethe P(i )'s are identically distributed.
Accounting for long-range dependencein the sequence
f P(i ); i = 1; 2; :::; N (t)g, we can write Var(A1(t)) =
(N (t))2H Var(P) = � 2t2H . Now, for t large enoughN (t) =

t
E [R T T ] , andhence:

� 2 =
Var(P)

(E [RTT])2H : (10)

From Equations(7)...(10)we get Equation(6).

Now, recallthatE [A] andVar(A) in Equation(6) areknown
quantities.Hence,whatremainsto completethecalculationof
� 2 is to computeE [W ], Var(W ) = E[W 2] � (E [W ])2, and
E[RTT].

We begin by E[RTT]. Let E [D ] be the averagenumber
of round-tripsthat a �o w needsin order to complete.Using
Little' s Law we canwrite:

E [RTT] =
E[A]

r E [D ]
: (11)

SinceE[A] andr areknown, we only needto computeE [D ].
For this, we proceedas follows.

Supposethat themaximumwindow sizeof a �o w is Wmax .
We divide �o ws into two categories: (i) short �o ws, whose
sizeis lessthanor equalto 2Wmax , and(ii) long �o ws whose
size is larger than 2Wmax . Given TCP's AIMD (Additive-
Increase-Multiplicative-Decrease)mechanism,this separation
implies that a short �o w spendsits lifetime in slow start,and
may sendWmax packetsat mostonceduring its lifetime. We
canwrite:

E [D j short �o w] =
E [blog2 Sc + 1

[S �
P blog 2 S c� 1

i =0 2i > 0]
j S � 2Wmax ]; (12)

where1[:] = 1 if theconditionin thebracketsis satis�ed,and0
otherwise.Now, long �o ws spendapproximatelylog2 2Wmax



round-triptimesin slow-startandthensendWmax packetsper
round-trip for the restof their lifetime. Hence:

E [D j long �o w] =

E [blog2 2Wmax c + b
S �

P blog 2 2W max c� 1
i =0 2i

Wmax
c + 1[R ( S ) > 0] ];

where:

R(S) = S�
�
P blog 2 2W max c� 1

i =0 2i + b
S �

P blog 2 2W max c� 1
i =0 2i

W max
cWmax

�
.

Since we know F (s), we can computeand unconditionthe
expectationsabove and �nd E[D ].

Since we have computedthe expected�o w size and the
expectednumberof roundsa �o w needsto complete,it is
easyto seethat the averagewindow sizeof a �o w is: 9

E[W ] =
E[S]
E [D ]

: (13)

What remainsnow is to computethe meansquarewindow
size of a �o w E[W 2]. For this, we �rst need to �nd an
expressionfor the expectation,of the sum of the squaresof
the window sizesthat a �o w reachesduring its lifetime. We
denotethis expectationby E[S� ]. ConsideringTCP's AIMD
mechanismas we did before,and distinguishingagain short
and long �o ws we canwrite:

E [S� j short �o w] =

E [
blog 2 S c� 1X

i =0

(2i )2 + (S �
blog 2 S c� 1X

i =0

2i )2 j S � 2Wmax ]; (14)

E [S� j long �o w] =

E [
blog 2 2W max c� 1X

i =0

(2i )2 + b
S �

P blog 2 2W max c� 1
i =0 2i

Wmax
c(Wmax )2

+ (R(S)) 2 j S > 2Wmax ]; (15)

where R(S) as de�ned above. As before, knowing F (s),
we can unconditiontheseexpectationsand �nd E[S� ]. The
relation for E [W 2] is now given in the following lemma:

Lemma1:

E [W 2] =
E [S� ]
E [D ]

; (16)

whereE[S� ] andE[D ] asde�ned earlier.
Proof: Assumeagain that the time is slotted with the

duration of the current slot be equal to the current round-
trip time. Now, let Y be the sum of the squaresof the
window sizes,of all active �o ws that belong to a pair, i.e.
Y =

P A
j =1 W 2

j . As before,sincethereareno dropsthe Wj 's
(j 2 1:::A) areindependentof therandomvariableA. We can
write:

E [Y ] = E [W 2]E [A]: (17)

Now, E [Y ] canbe alsowritten as:

9A formal proof for this relationgoesalongthe samelines with the proof
of Lemma1, which we will stateshortly.

E[Y ] = lim
t !1

P N (t )
i =1

P A ( i )
j =1 (W i

j )2

N (t)
; (18)

whereN (t) is the numberof time-slotselapsedby time t as
before,A(i ) is the numberof active �o ws in slot i , and W i

j
is the congestionwindow sizeof �o w j (j 2 1:::A(i )).

Let F (t) be the total numberof �o ws that have completed
service within N (t) slots. E [D ] can be also expressedas
follows:

E [D ] = lim
t !1

P N (t )
i =1 A(i )
F (t)

: (19)

Further, the averagenumberof active �o ws in a slot can be
written as:

E [A] = lim
t !1

P N (t )
i =1 A(i )
N (t)

: (20)

Now, equations(19) and(20) yield:

lim
t !1

N (t)
F (t)

=
E [D ]
E [A]

: (21)

Finally, sincethereareno dropsit is easyto seethat:

E [S� ] = lim
t !1

P N (t )
i =1

P A ( i )
j =1 (W i

j )2

F (t)
: (22)

Now, from Equations(18), (21) and(22) we candeducethat:

E [Y ] =
E [S� ]
E [D ]

E [A]: (23)

From Equations(23) and(17) we get Equation(16).

We have now computedall theparametersrequiredto estimate
� 2.

VI . SIMULATIONS

We now presentsimulationresultsusingthe ns-2simulator
[44] in orderdemonstratehow themodelof SectionIII canbe
usedin downscaling,andto verify our theoreticalarguments.
We usethe setupshown in Figure5. Eachsource-destination
pairgeneratesTCP�o wsaccordingto aPoissonprocessat rate
r = 95�o ws/sec.10 Thenumberof datapacketsS in each�o w
follows a boundedPareto distribution with averageE[S] =
11:54, maximum106, andshapeparameter1:36. (Notice that
r E [S] < C, andhencethesystemis stable.)Thesizeof an IP
datapacket is 1040 bytes,the two-way propagation delay of
the link is 2Tpr op = 100ms,C = 10Mbps= 1200packets/sec,
andB = 2Tpr opC = 120packets.Finally, Wmax = 20packets
and the simulationtime of eachexperimentwas10000sec.

We �rst startby verifying that the aggregatearrival process
can be approximatedby a Gaussiandistribution. Figures6(i)

10The �o w arrival processdoesnot have to be Poisson.We have usedthis
basedon the argument in [5] accordingto which, since network sessions
arrive asa Poissonprocess[45], [46], [10] network �o ws areas if they were
Poisson.(In particular, the equilibrium distribution of the numberof �o ws in
progressis as if �o ws arrive asa Poissonprocess.)



and 6(ii) show that this is indeedthe case,even for N 's as
smallas1 and6 respectively. Notethat for N = 1 theaverage
numberof active �o ws was approximatelyE [A] = 40, and
the packet drop ratio wasaround1:2%. This implies that the
Gaussianapproximationis accurateeven when the number
of multiplexed �o ws is relatively small and thereare packet
drops.This is in agreementwith the observationsin [36].
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Fig. 6. The commulative distribution function (CDF) of the sum of the
aggregate numberof arrivals passingthroughthe router during a round-trip
time, andits approximationwith a GaussionCDF with the sameparameters:
(i) N=1, and(ii) N=6.

For N = 6, the total averagenumberof active �o ws is
161:88, andthe percentageof droppedpackets0:02%. In this
case,becausethereare more �o ws active in the system,the
Gaussianapproximationis moreaccurate.This is evidentfrom
Figure6(ii). Also, noticethat thedropratio is smallerthanthe
casewhereN = 1. This is in agreementwith Equation(3),
which implies that for any level � > 0, as N increases,the
probability that the buffer contentexceeds� N B decreases.
This also meansthat the queueingdelaysdecrease.Hence,
�o ws spendless time in the systemwhen N = 6. This is
alsoveri�ed by observingthat the numberof active �o ws per
sourcewhenN = 6 is E [A] = 161:88

6 = 26:98, which is less
than the numberof active �o ws whenN = 1.

Now, let's testwhetherthemodelof SectionIII canbeused
to decidewhethera link imposesnegligible queueingdelays.
Recall that for the purposesof downscalingwe are interested
in caseswherethereareno packet drops.As we have observed
from the simulatordropsstop occurring for N > 10. Thus,
we will demonstrateresultsfor N = 11; 16; and32. However,
we will also show resultsfor N = 6, whereN is relatively
small and thereare somedrops, just to checkhow accurate
the model is in suchscenarios.

Weestimate� , � 2 andH , usingtheformulasof theprevious
section.11 We computethat � = 1096packets/secand that
H = 0:82. Now, recall that according to our procedure,
in order to compute � 2 we also need estimatesfor E [A]
and Var(A). These are extracted from the simulator. The
rest of the parametersrequiredto compute� 2 are: E [D ] =
2:6rounds(which gives E[W ] = 4:44packets), and E[S� ] =
127:5packets(which givesE[W 2] = 49packets). TableI gives
the valuesfor E [A];Var(A); Var(P), and the resulting � 2, as
we vary N .

11Recallthatwe ignorepacket dropsin our calculations,which occurwhen
N = 6.

N E [A ] Var(A) Var(P ) (packets=RTT) � 2 (packets=sec)
6 26:98 46:07 1699 64166
11 25:34 30:00 1334 55838
16 24:83 27:47 1269 54919
32 24:72 25:92 1235 53838

TABLE I

FLOW- AND PACKET- LEVEL STATISTICS AT THE LINK .

Beforeproceeding,we make somecommentsregardingthe
valuesof � 2. As we observe from TableI, � 2 decreasesasN
increases.This is again in agreementwith Equation(3): since
queueingdelaysdecrease,the varianceof the arrivals (which
areregulatedby TCP) decreases.Further, we observe that the
differencebecomeslessnotableasN increases.This implies
that the queueingdelaysbecomelessandlesssigni�cant. We
verify this next. 12

Figure 7 shows that the queueingdelays indeed become
negligible asN increases.Further, it shows that the model is
quite accuratein approximatingthe queuedistribution if N is
suf�ciently large, asexpected.
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Fig. 7. QueueexceedanceprobabilityP (Q > � N B ) againstthebuffer level
� : (i) N = 6, (ii) N = 11, (iii) N = 16, and(iv) N = 32.

In particular, from the Figure we observe that for all N 's
the curve given by the modelhas(approximately)the correct
slopefor a wide rangeof values� . Further, themodelcaptures
the speedby which the exceedanceprobability decaysas N
increases,and for N � 16 it accuratelypredicts the queue
distribution. This veri�es that our parameterestimationwas
correct.Further, it validatesthat the modelcanbe usedin the
context of TCP networks, and in particular in the context of

12Notice that in this scenario,where �o ws arrive as a Poissonprocess,
one can �nd the limiting � 2 , by taking the queueingdelaysto be zero and
modelingthesystemat the �o w level asanM =G=1 queue.Thedistribution
of the numberof active �o ws will be Poisson[5], with parametergiven by
Equation(11), taking E [RT T ] = 2Tpr op . Equation(7) thendegeneratesto
Var(P ) = E [A ]E [W 2 ] = 1210, yielding � 2 = 52818.



downscaling,to identify links with negligible queueingdelays.
Next, wesummarizeourprocedureandgivespeci�c guidelines
of how to usethe model.

Application to network downscaling: Supposethat we
have a backbonenetwork and we wish to build a scaled-
down replica using the downscalingtechniquespresentedin
[2]. Recall that accordingto the methods,the scaledsystem
will consistof all the congestedlinks that causepacket drops
(identi�ed by a monitoring tool), and thoselinks that cause
signi�cant queueingdelays.To identify links with negligible
queueingdelaysandignorethem,we follow the stepsbelow:

1) Fromthenetwork topologyandrouting information,we
identify and ignore every link for which the traf�c it
carriesis being forwardedfrom/to links for which the
sumof their capacitiesis smallerthat thecapacityof the
link. (SeeSectionII).

2) For all otherlinks we usea �o w-level measurementtool,
e.g. such as NetFlow [24], to estimate:(i) The �o w-
size distribution, (ii) the �o w arrival rate, and (iii) the
average,andthevarianceof thenumberof active �o ws.

3) We useEquations(4):::(6) to compute� , H , and� 2 for
eachof theselinks, asdescribedin SectionV.

4) We useEquation(3) to approximatethe queuedistribu-
tion on eachof theselinks.

5) From the network topologyandtraf�c matrix we calcu-
late for eachof theselinks the averagetwo-wayend-to-
end propagation delay amongthe groupsof �o ws that
traversethem.

6) As a rule-of-thumb,we ignoreall thoselinks for which
their maximumqueueingdelay is one order of magni-
tudesmallerthanthecorrespondingtwo-way end-to-end
propagation delay, with probability above 90%.

As an illustrative example,supposethat the averagetwo-
way end-to-endpropagation delayamongthe groupsof �o ws
traversing the link shown in Figure 5 is 200ms. According
to our rules we ignore this link, if the probability that its
maximumqueueingdelay is below 20ms, is larger than90%.
It is easyto seethat in our scenarioa 20ms queueingdelay
correspondsto � = 0:2. As we can seefrom Figure 7, the
model correctly predictsthat we can ignore this link for the
vastmajority of casesof interest(e.g. for all N � 16, where
thereareno drops).

VI I . RELATED WORK

In this Sectionwe review relatedwork on the applicability
of the modelof SectionIII, andon estimating� 2. For related
work on network downscaling,we refer the interestedreader
to [2].

The model presentedin Section III has been derived in
several studiesand its effectivenesshas beenveri�ed in the
context of open-loopnetworks, e.g. see[29], [30], [26]. Its
applicabilityhasbeenalsodemonstratedfor Internetbackbone
traf�c, e.g. [41]. And it hasbeenusedin this later context by
authors,for their theoreticalarguments,e.g. in [32], [33].

In this study we have shown that this model can be also
effectively applied in the context of network downscaling.

Further, we have clearlyidenti�ed thenecessaryconditionsfor
themodelto beapplicable,andwe have usedns-2simulations
with TCP traf�c to validateit.

In contrastto earlierstudiesthathave utilized themodel,by
extracting its parametersfrom packet-level information, e.g.
[41], in this study we have chosento infer this information
from �o w-level statistics.In theprocess,we deriveda formula
that relatesthe variance� 2 of the packet arrival processto
some�o w-level information.Themostrelevant to this studies
are the ones in [19], [20], [25]. We now explain the main
differencesof our approach.

First, for their formula derivation, all of thesestudieshave
assumed�o ws thatarrive to thesystemaccordingto a Poisson
process.In addition, in [25] the author has also assumeda
bufferlesslink modelandmodeledthenumberof active �o ws
as an M =G=1 queue.During our formula derivation, none
of theseassumptionshave beenmade.Further, in [19], [20]
the notion of “shots” was introducedto describehow �o ws
transmit their packets. To accuratelyestimatethe variance
requirescorrectestimatesfor the shapesof the shots,which
in generalrequiresfurther measurements.Furtherin [25] it is
assumedthat packetsof a �o w arespreaduniformly in time.
In contrast,in our study we have not madeany assumptions
on how �o ws transmittheir packets.We have explicitly taken
into considerationTCP's AIMD mechanismand long-range
dependence.

Finally, the study in [19], [20], which is the most related
to our study, derives a variance formula that requires (in
additionto the�o w arrival rate),knowledgeof theexpectation
E [ S2

D ], where S is the �o w size and D the �o w duration.
This implies that one needsto keep track of �o w sizesand
their correspondingdurations.In our study we still require
knowledgeof the �o w sizes,but we do not needto keeptrack
the correspondingdurations.Instead,we only needestimates
on the �rst two momentsof the numberof �o ws on a router,
which can be easily measured,independentlyfrom the �o w
sizes.

VI I I . CONCLUSION AND FUTURE WORK

This paper complementsour earlier work [1], [2] where
two methodswere presentedto scaledown the topology of
the Internet,while preservingperformance.In particular, we
have provided guidelinesthat can be usedto decidewhether
a link imposesnegligible queueingdelays,and hencecan be
ignoredwhenbuilding the scaledreplica.

This study is also important independentlyfrom network
downscaling.In this paperwe have also demonstratedhow
a well-known model from the large-deviations theory can be
utilized in practice,and in the process,we have derived a
formula that relatesthe varianceof the packet arrival process
to �o w-level statistics.

Our future work consistsof verifying the model and our
parameterestimation for larger network topologies under
variousloads.
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