
Mergeable Heaps

• Binomial Heaps
• Fibonacci Heaps

Data structures maintaining a dynamic set of items 
with keys, supporting 

Insert

Delete

Min, Extract-Min

Update

Union



Binary heap for priority queue

Ops: insert, delete, extract-min (max)

A balanced binary tree satisfying the heap property –

Key of a node >  key of its parent

O(n) nodes, O(logn) height.

Each op O(h)=O(logn)



First Relaxation – leading to Binomial heaps
A collection of trees (not necessarily binary).

Heap property.

Insert to smallest tree.

No two trees of the same size. (To contain cost of 
extract-min).

Example: Insert 5,4,3,2,1,7,8,9     a binomial tree 
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Binomial tree
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Binomial Heaps: a set of binomial trees s.t.

•Each tree satisfies the heap property.

•No two roots have the same degree.
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Operations:Min, Union, Insert, Extract-min, 
decrease, delete
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General idea of relaxation – delay work as much as 
possible.

First relaxation – Delay enforcement until an extract-
min. op; consolidate the work after an extract-min.



Defn Fibonacci heap

•A collection of unordered trees.

•Each satisfying the heap property.

•Roots are linked in a circular list.

•A pointer to the root with the minimum key.



A nice property to maintain --

Heap size be exponential in max. degree of nodes.

Implications:

•Max. degree of any node = O(logn)

•O(logn) trees in the heap, if no two roots have the 
same degree.



Primitives–

O(1) per op, including cost for maintaining min(H).

Create(x) -- A new node x is created.

Remove(x) – Node x, a singleton, is removed from the 
F-heap.

Cut(x) 

•x cannot be a root.  

•The subtree rooted at x is cut from parent(x) and 
become a new tree.

•When – delete or update, or a second child of x is cut-
off from x (cascade-cut).



Link(x,y)
•x and y are roots.

•degree(x)=degree(y).

•key(x)     key(y).

•When– only applied during consolidation.

Mark(x)

•x cannot be a root.

•When – after first cut happens to any child of x.
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Policy

1. Heap property.

2. (Link policy) Two roots are linked only if their 
degrees are the same.

3. (Cut policy) After becoming a non-root, a node can 
have at most one child cut off.  (2nd cut-off causes the 
node itself to be cut off from its parent and become a 
root.)

4. Consolidate only after an extract-min is performed.
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Lemma 2 cuts. actual#cuts-cascade# ≤
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Lemma 3
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Lemma 4
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Lemma 5
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Amortized cost of a data structure operation 
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Extract-min

•The root with the minimum key is extracted.

•The subtrees of this root become new trees.

•Consolidation work – merge trees using link op 
until no two roots have the same degree.

Amortized cost = O(log |H|).



Delete(x)

•cut(x), then cut (y) for each child y of x.

•Remove(x).

Amortized cost = O(deg(x))=O(log|H|).

Decrease(x)

Update on x and if heap property is violated, then 
cut(x).  

Amortized cost = O(1).


