Homework # 3 Solutions

17.1-1) No.  You could have performed (n/2( MULTIPUSH operations, each of which push m elements on to the stack, where m is the size of the stack. And follow it by (n/2( MULTIPOP operations, each of which pop the entire stack. Therefore the total cost of this sequence of operations is O (mn), the number of operations is n. The average cost in this case is O (m). Thus the O (1) bound on the amortized cost of the stack operations does not hold.

17.2-3) As given in the hint, this can be achieved by maintaining a pointer to the higher order 1. You can modify the algorithm for INCREMENT (A) (pg 408) as follows:

INCREMENT (A)

1. I = 0

2. while I < length [A] and A [I] = 1

a. do A [I] = 0

b. I = I + 1

3. if I < length [A]

a. A [I] = 1

b.   if I > High

         High = I

Where High is a global variable.

The code for the RESET (A) is now as follows:

RESET (A)

1. while high > 0

a. A [high] = 0

b. high = high -1

2. A [high] = 0

We still have to prove that any sequence of n INCREMENT and RESET operations take O (1) time. We do this by the accounting method. The accounting is very similar to the one given in the book (pg 411). We charge the following costs:

Setting a bit from 0 to 1:  3$, while the actual cost is 1$

Resetting a bit from 1 to 0: 0$, while the actual cost is 1$

So, whenever a bit is set to 1, the bit “carries” a credit of 2 $(i.e. 3 – 1). Out of this a credit of 1$ can be used for resetting the bit to 0 (during the INCREMENT operation). This is same as that given in the book. Each bit that has been set or reset, still carries a credit of 1$, which can be used in the RESET operation.

Thus, the total amortized cost = O (n), as all operations are charged a constant price & there are n operations in all.

The total cost is therefore O (n), as the amortized cost for each operation is at least as high as the actual cost.
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For more explanation, please look at pg 415 in the book.

17-1)


a. BIT_REVERSAL (A)

1. For I = 1 to n do

B [I] (A [revk (I)]


     This algorithm takes O (nk) time.

b. Notice the sequence of the counter is exactly the sequence of indices that are    

reverse of 0, 1, 2, …n. 

The implementation of BIT-REVERSED-INCREMENT is very similar to the one given in the book (pg 408)

BIT-REVERSED-INCREMENT (A)

1. I = length [A]

2. A [I] = A [I] + 1

3. if (A [I] ==1) return

4. I = I - 1

5. while I ( 0 and A [I] = 1



do A [I] = 0



      I = I – 1

6. if I ( 0

A [I] = 1


Following the amortized analysis similar to INCREMENT (A), we can conclude that the any sequence on n calls to BIT-REVERSED-INCREMENT (A) runs in O (n) time.  And as pointed out at the beginning of the solution, the bit reversal permutation can be achieved in O (n) time.

b. Since the implementation of the BIT-REVERSED-INCREMENT is independent of the bit wise operations, it would still be possible to implement the O(n) time bit reversal permutation. The implementation remains the same. 

19.2-4) We need the following facts about BINOMIAL-HEAP-MERGE (BHM) given on page 463 in the book: 

a. After a call to BHM, there might be at most 2 roots of equal degree in the root list.

b. The roots on the root list are sorted in a monotonically increasing order of their degree.

Proving correctness involves proving the following:

a. Initialization: The loop invariant holds prior to the execution of the loop.

b. Maintenance: The loop invariant is maintained before the execution of each iteration of the loop.

c. Termination: On termination, the invariant yields a useful property that is the same as that the algorithm wants to achieve.

a. Initialization: Initially x=Head[H]. Using the property (a) of BHM, x either is the only node of its degree or points to the first of the only 2 nodes of its degree. So, the invariant holds before the execution of the loop.

b. Maintenance: 3 conditions arise:

(i) x is the only node of its degree: So, degree[next-x]  != degree[x]. Here x ( next-x, thus x still points to the only node of its degree or to the first 2 nodes of its degree. The monotonicity of degrees (which comes from BHM) still holds as none of the degrees have been changed.

(ii) x points to the first of the only 2 nodes of its degree: So, degree[next-x] = degree[x] (follows from the monotonicity argument). Here 2 cases can arise:

if key[x] <= key[next-x], then the degree of x increases by 1. sibling[x] ( sibling[next-x]. So, now either x points to the only node of its degree, or the first of the only 2 nodes of its degree, or the first of the only 3 nodes of its degree. It can be verified that monotonicity still holds.

A similar argument can be given for the case where x points to the first or second of the only 3 nodes of its degree.

Thus, we have verified that the loop maintains the loop invariant.

c. Termination: On termination, x points to NIL. Trivially it points to the only root of its degree. The predecessor of x and all nodes preceeding it have a unique degree. Moreover, the roots are monotonically sorted by degree. 

This proves the correctness of the BINOMAIL-HEAP-UNION algorithm

