CSCI 570 Summer 2002

Extra Credit Homework/Sample questions on NP Completeness

Note In solving the following problems, aim for maximum precision, specificity and mathematical rigor in your in your arguments and/or proofs. 
a. 1.
b. The decision problem HALTING returns TRUE, if, for a given input I and a given (deterministic) algorithm A, the algorithm A terminates, otherwise it loops forever.  It is well-known that there is no algorithm of any kind to solve HALTING.

Show  that HALTING is NP-hard (hint: Reduce an instance of Circuit-satisfiability to an instance of HALTING).

     b. True or False. HALTING is NP-complete. Prove your choice.
2. 

The SHORTEST-PATH problem is defined as follows:

You are given a directed graph G and vertices u and v, and we wish to find the path from u to v that uses the fewest edges. 

a. True or False SHORTEST-PATH is NP-complete. Prove your choice.
b. Consider the PATH problem: Given a directed graph G, vertices u and v, and an integer k, return TRUE if a path exists from u to v consisting of at most k edges. Now suppose you are given a polynomial time algorithm to solve the SHORTEST-PATH problem. Show, (using a either a block diagram or flowchart, or pseudocode) how to use polynomial time algorithm for SHORTEST-PATH to solve PATH.

c. Suppose there is a polynomial time algorithm FOO (G, u, v, k, proposed_path) which returns TRUE exactly whenever G is a graph, u and v are edges in that graph, k is an integer, and proposed_path is a path from u to v in G consisting of at most k edges. 

True or False The existence of FOO is enough to prove that PATH is NP-complete. Prove your choice.
      d. Suppose there is an O(n!) (n is the length of the binary string that encodes the input 

          to TRANS1) translation algorithm TRANS1 that converts   

          every instance cct_sat of the CIRCUIT_SATISFIABILITY  problem into a 

          corresponding instance p of 

          PATH such  that cct_sat is TRUE exactly when p is TRUE. 

True or False The existence of TRANS  and FOO together is enough to prove that PATH is NP-complete. Prove your choice.
e. Suppose now that we have an O(n120) translation algorithm PTRANS1 that has 

    the same behavior as TRANS1.

True or False The existence of PTRANS1 and FOO together is enough to prove that PATH is NP-complete. Prove your choice.
f. Suppose there is an O(n25) (n is the length of the binary string that encodes the input 

          to PTRANS2) translation algorithm PTRANS2 that converts   

          every instance p of PATH to a correspnding instance cct_sat of the CIRCUIT_SATISFIABILITY  problem such  that p is  TRUE exactly when cct_sat is TRUE. Further suppose that there is a polynomial-time algorithm POLY_PATH that solves the PATH problem.

True or False. Given that CIRCUIT_SATISFIABILITY is NP-complete, the existence of PTRANS2 and POLY_PATH is enough to prove that P = NP. Prove your choice.
