Shortest paths
G =(V,E), directed or undirected

wiE - R
path:v,,v,...,v,, (v, v, ) U E

W(p)= 3 w(v17,.)

pisashortest path fromv, tov, if w(p) <w(p') for al paths p'from v, tov,.
D(u,v) = if thereisno path fromv, tov,

D(u,v) =w(p),Iif thereisashortest path p fromv, tov,

D(u,v) = —co otherwise

Thatis,

D(u,v) =min{w(p) | pisapathfromv, tov,}

wherew(p) = If pistheempty path fromv, tov,.

Single-source: Given s LV, to compute D(s,v)Uv 0OV

All - pair : To compute D(u, v)Uu,v V.



Dijkstra’ s algorithm for SSSD

G =(V,E) undirected with w(e) 2 0lle J E

w(p) = 0for every path. = removing cyclesfrom a path
cannot increasethe weight of the path. = For all

u,v IV ,u # v, shortest path fromu tov whichissimple.
Obs: Suppose w(s,v)isminimumforalvOV,v #s.
Then D(s,v) = w(s,v).

Moreover,if (v,u) 1 E, then D(s,v)+w(v,u) istheshortest
distanceof apath froms tou which lieswithin the set
{s,v} except for thelast step.



Inductively, suppose
Tay:.vdT,D(s,v) =w(p) for somepath that liesinT.
Foru T, let
D, (s,u) = shortest possibledistanceof apath froms to« whichlies
within 7 except for thelast step.
D, (s,u) =min{ D(s,v) +w(v,u) |[vUOT,(v,u) JE}
Lemma
D, (s,u) =D(s,u)if D, (s,u) <D, (s,w)UwUT.
Proof : Let p beapath froms tov.
p:sl: x - yOI. vwherethesubpaths I, x
liesinT and y LT
w(p)=w(s 05 x)+w(x,y) =D, (s,x)+w(x, )
> D, (s,v).



Algorithm
Q- V;[Q=V-T]
D(s) « 0; D(v) < oolly #s.
WhileQ isnon - empty begin
v « Extract- min(Q) w.r.t. D;
For everyu adj.tov,if u 1O then
D(u) « min{D(u),D(v) +w(v,u)};
end
Timecomplexity:
Q can be maintained by a Fibonaccl heap
O(n) extract - min = O(nlogn)
O(e) comparisons
Total O(e+ nlogn)



Bellman-Ford — source, negative wt. allowed

0, (v) :=thedistanceof shortest possible path froms tov
with < k edges.

O,(v) =if vZ£5s; 9,(s)=0

Ora(v) = MIN{ O, (v),{ 0, (u) + wlu,v) | (u,v) U E}

Do thefollowing n —1times:

O(u,v)UE,0(v) « min{o(v),d(u) +w(u,v)};

If O(u,v)JE,0(v)<0(u)+w(u,v) then done
otherwise a negative cycleis detected.



Analysis

Letd(v) =0, ,(v)
Suppose G hasno negativecycle.
Theno (v) = D(s,v).

. shortest smplepath s 15 v.

Hence, o(v) < o(u) + w(u,v)U(u,v) E



Suppose G has a negativecyclereachablefrom the source:

C Vg Vs Viy Vi = Vg
k

Then w(C) = Zw(vl. v...) <0ando(v,)isfinitefori =0,...,k..
i=0

Clam:Ui,o(v,,) >0(v,) +w(v,,v,,,)-
Proof : Otherwise Ui, 0(v,,,) < 0(v,) + w(v,,v,,,)-

U
Zklé(vl.ﬂ) < ié(vl) T W(vz"vz‘ﬂ)'
U

k
0 < Z w(v,,v,.4)-
i=0

A contradiction.



Floyd-Warshall -- all pair

Assume nongative weight.
V={12,..,n}

Path p : v, Vs Viops Vi

intermediate nodes
DY@, 7)) =min{w(p)| pisapathi 0 ;jwith
Intermediate nodes{ 1,...,k} }
D™ (i, j)=min{ D" (i, j), D" (i, k) + D* P (k, j)}
Eitherp:i@Hj

al<k-1

o p:illl, kO

dl<k-1 adl<k-1



Johnson’s all-pair

Either detects a neg. cycle or computes D(u,v)’s
Reduces to case of non-neg. wt by reweighting.
Uses Dijkstra’'s.

Uses Bellman-Ford to detect neg. cycle.



Detecting neg. cycle using Bellman-Ford

Add a pseudo - source s and edges
(s,v)UvQV.
w(s,v) < O.
G hasaneg.cycle = G'hasaneg.cyclereachablefroms.

U

Run Bellman- Ford with sources :

Either aneg. cycleisdetected,

or o(v) = D,.(s,v) Iscomputed for al v.
Note:d(v) < do(u) + w(u,v)U(u,v) L E.



Rewelghting trick

Assignwt. onvetice s, 4.V -5 R
w(u,v):=w(u,v)+ h(u) - h(v).
P V., V,,a pah.

k-1

() =Y W van) =Y wvvi) + h(v) = A(v,)

i=1

k-1 k-1

= Z w(v,, v, 1)t Z h(vi) = h(v,)
= W(p) + h(VO) - h(vk)
U

p:v > wuisshortestw rtw < pisshortestw rt w.
Re mark :If v, =v,  (acycle), then w(p) = w(p).
SO0, G has aneg. cycle = G'has a neg. cycle



Need w(u,v) = w(u,v) + h(u) —h(v) = 00(u,v)
Thatis, h(v) < h(u) + w(u,v).
Set h(v) =o(v).

Bellman- Ford once- - O(ne)
Dijkstrafrom every node--O(n’ logn + ne)




