L anguages and decision problems

Analphabetisafiniteset.
Eg.> ={0,1}
A string over an alphabet > isafinite sequencefrom 2.
> =theset of all strings (including the null string) over .
A languageover > isaset of stringsover 2.
Eg.Prime={a 0% |aisthebinary encoding of a

prime number}



A decision algorithm for a languageL over 2

isan algorithm which oninput astringa 0%,
outputs"yes'if a LJL;
outputs" no"if a LIL.
Assumestandard binary encoding for natural numbers,
rational numbers, graphs, etc.
< >!"gtandard binary encoding"
Prime={< n >|nisaprimenumber} capturesthe
guestion of distinguishing primesfrom composites.



Turing machine -- formal model

Deterministic Turing machine(DTM)

M :(Q1 2!51 q01qf)
Q: afiniteset of states

qO ) qf D Q
O : transition function

5:Q'{qf}xz - Qxe{L,R’S}

Configuration:aggB,a, 0% ,q0Q.



Transition

0(q,d) = (p,b,S) = agap LI, - apbf
0(q,d) =(p,b,L) = acgaB U, apchs
0(q,8) =(p,b,R) = agaB U, abps

Thelanguage accepted by M
L(M)={aDZ g0 I Ay, B,y0Z}

#Steps .:#transi t| ons Thefunction computed by a Turing machine M
' fu (@) =B if qa [ B, B, onM where B = B3,

CO Dl‘_I?/IL) Cl Dl‘_ﬁ'/lh D%, Cn M decidesalanguagel iff

f,, (@) =1forala 0L, and
fy (a)=0forala L.

M acceptsL in polynomial timeif
[, #transition stepsfor M to accept all
alLisO(|a [).



Turing machines for computing functions and
deciding laguages

Thefunction computed by a Turing machineM
fy(@)=p if qa & Bq,B,onM where 8= 3,3,
f,, 1srecursiveif f,, (a)isdefinedfor al inputsa..
M decidesalanguagel iff

f,, (a) =1forala L, and

f,, (a) =0foralalL.



Nondeterministic Turing machine (NDTM)

M :(Q’ 2’5’ qO’qf)
Q: afiniteset of states

Qo HQ
O : transition function
0:Qxy _, 29=ibRS
o(9,8 ={(p.,b,,D,),1 =1,...,1} D, =L,R,or S

or theempty s&t.

Eg.o(p,1) ={(a.0,L),(r,1,5)}
001pllid. 00gl0
or,001plLLy 001rl




(p,b,S)0d(q,a) = agaB LL] - apbf
(p,b,L)Jo(g,a) = acgaB UL, apchp
(p,b,R)US(q,8) => agaB UL, abps

Thelanguage accepted by M
L(M)={a D% g0 > By, B, y0Z}

#steps . =#transitions
C, U C Ul .0 C,

M acceptsL in non - deterministic polynomial timeif
[, for al a UL, thereisa transition sequence of
O(|a |) stepsfor M to accept a.



Pvs NP

A language L isin Piff thereisaDTM which accepts
L in polynomial time.

A language L isin NP iff thereisaNDTM which
accepts L in polynomial time. Equivalently, L isin NP
Iff L has adeterministic polynomial time verifier; that
Is apolynomial time algorithm V(x,y) such that

Cc, forall x, xOLiff Oy,|y gl x [, V(X,y) =1.



NP models poly-time verification

Satisfiability : GivenaBooleanformulag(x,,..., X,),
todecideif ¢ issatisfiable.

NP Algorithm:

Guessatruth assignmentt:{x,...,x} - {03

If @(t(x),...,t(x )) =1 output"yes".

Corresponding poly - time verification algorithm

Input : @ (x,...,x.), T 0{0,1}"
If ¢(7(2),...,7(n)) =1output" yes"

Remark: yes= 1 isacertificatefor thesatisfiability of ¢



Example
Cligue: Givenagraph G = (V, E) and aninteger Kk,

todecideif G hasak-cligue. AssumeV ={1,...,n}

NP Algorithm:
Guessk vertices(t:{1,...,n} - {0,1})
If thesek verticesformaclique, output " yes'

Corresponding poly - time verifier
Input: G = (V, E),k,70{01*, whereV ={1,...,n}

If {i|7(1) =1 formsaclique, output " yes".
Remark :yes= 1 isacertificatefor G.



A language L isin NP iff L has a polynomial
time verifier.

Poly - time verifier = in NP.

Suppose L hasapoly - timeverifier:
V(X,y)suchthat x OL iff Oy,|y | x|, V(X,y) =1.
Corresponding NP-algorithmfor L :

On input X

Guessastring y of length<|x[*.

Cal V(x,y).



Polynomial time transformation (reduction)
Let L, and L, betwolanguagesover 2,1 =1,2, resp.

Suppose thereisapoly - time algorithm T such that

oninput x 0%, Algorithm T outputsay 03, such that
xUL, « yUL,.

(T isthereforea polynomial time computablefunction

fromZ, to3).)

Then wesay that L, iIspolynomial timereducibleto L.

WriteL, <, L.



Satisfiability problem

A litera iseither aBoolean variable or the negation of avariable.
A clauseisthedigunction (L)) of literals.
A Boolean formulain conjunctive normal form (CNF)

Isthe conjunction (LJ) of clauses. Itisak - CNFif each
clausehask literals.

Eg. (% U= U=x) (% Ox, Ux,) (=X U= U=X,)

3—CNF : Given aBooleanformulain 3- CNF, to
decideif itissatisfiable.



Reduction from search to decision

Suppose Lpoly - timealgorithm D for CNF-:
D(¢(%,...,X,)) =1 = ¢ LUCNF.
Algorithm Sfindsasatisfying assignment for ¢ L1CNF
If D(¢(L, X,,...,X,)) =1, set x, =1and call
S(@(1, X,,..., X)) recursively; otherwise
set x, =0andcall S(¢(0, x,,..., X)) recursively.

Time: O(nT, ([l ¢ [[)



NP-compl eteness

A language L 1s NP-complete if
L isin NP.

Foral L'ONP,L'<, L.




Proof that 3-CNF is NP-compl ete.

*A generic reduction from any NP problem to 3-
CNF:  Givenany L LINP, L <, CNF.

*CNF is capable of expressing any NP computation.



Suppose L LI NP, accepted by some NDTM M in p(n) time.
Demonstratea poly - timealgorithm T which

on input astring w, constructsa CNF ¢, so that

wlL < @, issatisfiable (hencell CNF).

| @, |iIspolynomialin|w |.
Consequently, if CNFLP, then L LIP:

Suppose a p - timealgorithm A solvesthe CNF problem

INnO(|@[°) time.
@, IFO(Iw[*).
Todecideif wllL,
T(w) outputs @, .
A(@,)- ---timeO(|g, [) =O(w[*).



Polynomial time transformation

L accepted by aNDTM M in p(n) time.
M =(Q.,2,9,.0,9)

Q:dy;---,
2 =X X
Variablesof ¢, andintended meaning:

cellg]
State

head

C(i,),t) 1~ attimet,cellicontansX,
S, 1) 1 - attimet, M isinstateq,
H(i, t) 1 = at timet, head of M reading cell i

n=lw|[,1<i<p(n),0<t<p(n), 1< < m.



A useful Boolean expression
U(X,...X ): = (X D...Dxr)_g(—og [1-%; ) ——1iff eaxactly oneof thevarisl.
i# ]

Expressing Head position :

A =U(H(L1),... H(p(n),1))

[At timet, head Isreading exactly onecell]
A=0A,0<t< p(n)

Cell contents

B, =U(C(11),...,C(i,m,t))

[At timet, cell | containsexactly one symbol]
B=0B,

States:

C= tDU (S(0,1),...,S(f,t)

[At timet, M isin exactly onestate]



EXxpressing transitions

E ;. If atimet, celli contains X, then onerule
Ino(q,,X,)sapplied.
E .. =-C(, J,t) 0=-H(,t) O-5(k,t) DA, j,k,t)
A, j,k,t):gr(i, .k, t,2)
Say (@ X ;) ={ (G X1, R)yvvs (Ggs X s Do)}
(i, ,ktD)=COULt+D)SLt+D)H( +Lt+1):
at timet+1, celli contains X, M isin stateq,, and head isreading cell i +1.



F =S(f, p(n))[in accepting state by timep(n)]

p(n)

G =S(0,0)H(10) J C(i,w;0),

W=W,..., W ,b,... b [Initial configuration]

@, = AUBUCUEUF UG

If wLIL,assign the variablesaccording to an accepting
transition sequence< p(n) steps. = @, Issatisfied.

If @, 1ssatisfiable, a satisfying assignment on the var.
translatesdirectly into an accepting seqg. of transition
of length < p(n).



More NP-compl ete problems
ThmSupposeL, <, L,. ThenL,UP= L, UP.

Thm. SupposeL [INPandL'<s, L.
If L'isNP-complete, then L isalso NP-complete.

Lemma3-CNF <, Clique
LemmaClique<, Vertex Cover

Cor. Cligueis NP-complete.

Cor. Vertex - CoverisNP-complete.



More NP-complete problems

|ndependent - set

G=(V,E)

| LV isindependent if foralu,vUl,(u,v)UJE.

|1S: Givenagraph G = (V, E) and aninteger k, to decideif
G hasan independent set of k vertices.

Hamiltonian cycle: Givenagraph G = (V, E) todecideif
thereisasimplecycleon G that containsevery vertex.

Traveling salesman problem: Given agraph G = (V, E) with weight
w:E - Z., andaninteger k, todecideif G hasaHamiltonian

cycleof weight no greater than k.



Integer linear programming : Given an integer matrix
A=(a; ), and vector b,
to decideif thereisaninteger solution to
Ax=Db,x=0.

(0,1 —ILP: Given an integer matrx
A=(a; ) mwn and vector b,
todecideif thereisaninteger solution to
Ax =hb,x[1{0]1}.



