Minimum Spanning Trees

Given an undirected graph with weights on the edges

To find a spanning tree with minimum possible weight

Tree

An undirected graph with no acycle.

A tree with n vertices has n-1 edges.



Given

G=(V,E)
W E - R
Tofind aspanning treeT of G such that

ISminimum possible.

Spanning treeT :V(T) =V(G)



Simple greedy method

Sort edgesso that w(e) <w(e,) <...sw(e,).
E(T) ~ {e}

Fori =2,...,m,adde to E(T) If doingsodoes
not createacyclein E(T).



Justifying first selection:
Let T, beaspanning tree not containing ..
ThenT, J{e} containsa uniquecycleand e ison thecycle.
Removing any e, e # e, on thecycleresultsin anew
spanning tree with weight

w(T) +w(g,) —w(e) < W(T)
sincew(e,) < w(e).



A genera lemma

G=(V,E)

Acut:(U,V-U).

Anedgee=(X,Yy)crossesthecutif xUJU,ylV -U.
w.E - R

_et AL] E sothat noedgeof Acrossesthecut.

_et el] E bealightest edge crossing the cut.

_et [, betheset of all spanning treeswhich contain A
Then thereissomeT LT, which containsesuch that
w(T) <w(T"),0T'ar,.







Simple greedy as a corollary
G =(V,E)

& =(XY)

Cut:(U,V -U),U ={x}.
A: the empty set.



Proof of general lemma

SupposeT LT, doesnot contain e
ThenT LJ{e} containsa uniquecycleand eison thecycle.
Call thecycleC.
ecrossesthe cut = thereisat least oneother edgee
on C that also crossesthe cut.
T —{e'} U{& Isalsoaspanning tree, with weight
W(T) —w(e')+w(e) <w(T).



Kruskal’ s algorithm

Order E:w(e) <w(e,) <..w(e ).
[ — theempty set (initially).
Fori =1tom,includee if it connectstwo treesin (V,I").

Inductively,if e connectstwo treesin (V,I'), thenitisa
lightest edge crossing a cut wherethetwo treeslieon
different sidesof thecut and ™ respectsthe cut.

How efficiently can thefor - statement
be performed?



Maintaining sets

Each set has a representative.
Initially, every vertex forms a singleton set.
p(v)=v, n(v)=1, child(v)=nil, next(v)=nil.
Inductively, set S has arepresentative v.
p(u)=vforaluinsS.
n(v)=|3).



Suppose an edge (X,y) Is examined.

If p(x) # p(y), then (X, y) connectstwo trees, hence
we mergeset(x) and set(y)
Say n(p(x)) = n(p(y)), then merge set(x) to set(y),
so that after the merge,
P(z) = p(y) for all zset(x).
Timefor this: O(]| set(x) |)



Time complexity of Kruskal
Total set - updates = > #timesp(x) is changed

<> logn =0O(nlogn)

Every timep(x) ischanged, x isfound in a set
at least twiceaslargeastheset before.

Sort edges. O(mlogm)
For statement: O(m)+O(nlogn)
Overall: O(mlogm)



Prim’s algorithm

Start with any vertex v,.

Inductivel y, choose (u,v) L E of min. possible wt
suchthat uison T and vis not. (*)

Why it works?
Inductivel y apply General Lemma to :
A = E(T) and the cut (V(T), V -V(T))



Toimplement (*):
Maintain a priority queue Q of verticeswhich are not
onT.

Initially,Q « V{V,};
key(v) « o; key(v,) « O.
pP(V) — v[parent pointer]
Inductively,forvnoton T, hencevQ:
key(v) = min{w(v,u) |lulJV(T)}
(*)while Q # empty do thefollowing
U — extract- min(Q);[uisthenew nodeto joinT]
Updatefromu: for eachvad) tou,if vl1Q
[hencenot on T] and w(u, V) < key(v),
thenkey(v) « w(u,v)andp(v) < u



Ime complexity

Fibonacci heap to maintain priority queue.
O(|V|) extract-min.

O(|E|) updates.

S0, O(|E[+[V[log|V])




