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Machine Learning (CS 567) 

Fall 2008

Time: T -Th 5:00pm - 6:20pm
Location: GFS 118

Instructor : Sofus A. Macskassy (macskass@usc.edu)
Office: SAL 216

Office hours:  by appointment

Teaching assistant : Cheol Han ( cheolhan@usc.edu )
Office: SAL 229

Office hours: M 2 -3pm, W 11 -12

Class web page:
http://www -scf.usc.edu/~csci567/index.html

mailto:macskass@usc.edu
mailto:cheolhan@usc.edu


Fall 2008 Learning Theory - Sofus A. Macskassy2

Learning Theory Outline

ÅPAC Learning

ÅOther COLT models

ÅVC Dimensions
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Binary Classification: The golden goal

ÅFundamental Question: Predict Error Rates

ïGiven:
ÅThe instance space X 

ïe.g., Possible days, each described by the attributes Sky, AirTemp, 
Humidity, Wind, Water, Forecast

ÅA target function (or concept) f : X Ą {0,1}

ïE.g., f : EnjoySportĄ {0,1}

ÅThe space H of hypotheses

ïE.g., conjunctions of literals: <?,Cold,High,?,?,?>

ÅA set of training examples S (containing positive and negative 

examples of the target function)

< x1,f (x1)>,é,< xm,f (xm)>

ïFind:
ÅA hypothesis h2 H such that h(x ) = f (x ) 8 x 2 S
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Sample Complexity

How many training examples are sufficient to learn the target 
concept?

1. If learner proposes instances as queries to teacher 
(active learning)
Å Learner proposes x , teacher provides f (x )

2. If teacher (who knows f ) provides training examples
Å Teacher provides example sequence <x ,f (x )>

3. If some random process (e.g., nature) proposes 
instances (standard case in supervised learning)
Å x generated randomly, teacher provides f (x )

4. If examples are given by an opponent (who knows f ) 
(on-line learning, mistake-bound model)
Å (we wonôt cover this here)
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Sample Complexity: 1

Learner proposes instance x , teacher provides f (x )

(assume f is known to be in learner's hypothesis 
space H )

Optimal query strategy: play 20 questions

ÅPick instance x such that half of hypotheses in S

classify x positive, half classify x negative

ÅIf this is always possible, log2 |H | queries suffice 
to learn f

ÅWhen itôs not possible, need more
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Sample Complexity: 2

Teacher (who knows f ) provides training examples 
(assume f is in learner's hypothesis space H )

Optimal teaching strategy: depends on H used by 
learner

Consider the case H = conjunctions of up to n

Boolean literals and their negations

e.g., (AirTemp = Warm) ^ ( Wind = Strong), 
where AirTemp,Wind, é each have 2 possible 
values.

Åif n possible Boolean attributes in H , n+1 
examples suffice.  Why?
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Sample Complexity: 2

Teacher (who knows f ) provides training examples 
(assume f is in learner's hypothesis space H )

Åif n possible Boolean attributes in H , n+1 
examples suffice.  Why?

Consider the case f = n Boolean literals.

1. Show the learner the one true instance

ĄThere are many hypotheses that are consistent 
with this.  For example, a hypothesis with x1=T is 
consistent.

2. Show an example, with each Boolean literal 
missing, where the example is false.
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Sample Complexity: 3

Given:

Åset of instances X

Åset of hypotheses H

Åset of possible target concepts F

Åtraining instances generated by a fixed, 
unknown probability distribution D over X
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Sample Complexity: 3

Learner observes a sequence D of training examples 
of form < x , f (x )>, for some target concept f 2F

Åinstances x are drawn from distribution D

Åteacher provides target values f (x )

Learner must output a hypothesis h estimating f

Åh is evaluated by its performance on subsequent 
instances drawn from D

Note: randomly drawn instances, noise-free 
classifications
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True Error of a Hypothesis

Definition : The true error (denoted errorD(h)) of 
hypothesis h with respect to target concept c and 
distribution D is the probability that h will 
misclassify an instance drawn at random via D .

errorD(h) ¹Prx ÍD[c(x ) ḩ(x )]
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Two Notions of Error

Training error of hypothesis h with respect to target 
concept f :

ïHow often h(x ) f̧ (x ) over the training instances

True error of hypothesis h with respect to target concept f :

ïHow often h(x ) f̧ (x ) over future, unseen instances (but drawn 
according to D )

Questions:
ïCan we bound the true error of a hypothesis given only its training error?

ï How many examples are needed for a good approximation?
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Approximate Concept Learning

ÅRequiring a learner to acquire the right concept is too strict

ÅInstead, we will allow the learner to produce a good 
approximation to the actual concept

ÅFor any instance space, there is a non-uniform likelihood of 
seeing different instances

ÅWe assume that there is a fixed probability distribution D
on the space of instances X

ÅThe learner is trained and tested on examples whose 
inputs are drawn independently and randomly, according 
to D .
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General Assumptions  (Noise-Free Case)

Å Assumption: Examples are generated according to a 
probability distribution D (x ) and labeled according to an 
unknown function f :  y = f( x )

Å Learning Algorithm:  The learning algorithm is given a set of 
m examples, and it outputs a hypothesis h 2 H that is 

consistent with those examples (i.e., correctly classifies all of 
them).

Å Goal: h should have a low error rate eon new examples 
drawn from the same distribution D .

[ ])()(),( xhxfPfherror D ¸=
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Probably-Approximately Correct (PAC) Learning

ÅWe allow our algorithms to fail with probability d

ÅImagine drawing a sample of m examples, running 
the learning algorithm, and obtaining h.  

Sometimes, the sample will be unrepresentative, so 
we only want to insist that 1 ïdof the time, the 
hypothesis will have error less than e.  For 
example, we might want to obtain a 99% accurate 
hypothesis 90% of the time.

ÅLet              be the probability of drawing data set 
S of m examples according to D .

P m
D ( S)

[ ]de<>),( hferrorPm

D



Fall 2008 Learning Theory - Sofus A. Macskassy15

Finite Hypotheses

A Word on Version Spaces 

VSH ,S is the set of hypotheses in the 
hypothesis space H that are consistent with 
the training examples S.
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e-Exhausting the Version Space

Definition : The version space VSH ,S is said to be e-
exhausted with respect to f and S, if every hypothesis 
hÍVSH ,S has error less thanewith respect to f and S.

("h in VSH ,S) errorD(h) < e

(r = training error,

error = true error)

H,S
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Case 1: Finite Hypothesis Space

ÅAssume H is finite

ÅConsider h1 ÍH such that error(h,f ) > e.  What is 
the probability that it will correctly classify m

training examples?

ÅIf we draw one training example, (x1,y1), what is 
the probability that h1 classifies it correctly?

ÅWhat is the probability that h1 will be right m

times?
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Finite Hypothesis Spaces (2)

ÅNow consider a second hypothesis h2 that is also 
e-bad.  What is the probability that either h1 or h2
will survive the m training examples?

ÅSo if there are k e-bad hypotheses, the probability 
that any one of them will survive is Òk (1 ïe)m

ÅSince k < | H |, this is Ò|H |(1 ïe)m
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Finite Hypothesis Spaces (3)

ÅFact:  When 0 ÒeÒ1, (1 ïe) Òe ïe

therefore

|H|(1 ïe)m Ò|H| e ïem
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Blumer Bound
(Blumer, Ehrenfeucht, Haussler, Warmuth)

ÅLemma.  For a finite hypothesis space H , given a 
set of m training examples drawn independently 
according to D , the probability that there exists a 
hypothesis h ÍH with true error greater than e

consistent with the training examples is less than 
|H| e ïem.

ÅWe want to ensure that this probability is less 
than d.

|H| eïem Òd

ÅThis will be true when
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Finite Hypothesis Space Bound

ÅCorollary:  If h ÍH is consistent with all 
m examples drawn according to D , then 

the error rate eon new data points can be 
estimated as
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Examples

ÅBoolean conjunctions over n features.
|H | = 3 n, since each feature can appear as xj, ×xj, 

or be missing.

Åk-DNF formulas:

(x1 Øx3) Ù(x2 Ø×x4) Ù(x1 Øx4)
There are at most (2n)k disjunctions, so |H | · 2(2n)k

Åfor fixed k, this gives
log2 |H | = (2 n)k

Åwhich is polynomial in n:
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Example: Finding m for EnjoySport

If H is as given in EnjoySport  and |H | = 729, and

é if want to assure that with probability 95%, VS 
contains only hypotheses with errorD(h)Ò.1 , then it is 
sufficient to have m examples, where 
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PAC Learning
Let F be a concept (target function) class defined 

over a set of instances X in which each instance 
has length n.  An algorithm L , using hypothesis 
class H is a PAC learning algorithm for F if:

ÅFor any concept fÍF

ÅFor any probability distribution D over X

ÅFor any parameters 0<e<0.5 and 0< d<0.5

the learner L will, with probability at least (1 -d), 
output a hypothesis with true error at most e.

A class of concepts F is PAC-learnable if there 
exists a PAC learning algorithm for F.
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PAC in action
Machine Example 

Hypothesis
|H| ( n
features)

m required to PAC-
learn

And-positive-
literals

X3 ^ X7 ^ X8 2n

And-literals X3 ^ ×X7 3n

Lookup Table

And-lits or 
And-lits

(X1 ^ X5) v 

(X2 ^ ×X7 ^ X8)

X1 X2 X3 X4 Y
0 0 0 0 0
0 0 0 1 1
0 0 1 0 1
0 0 1 1 0
0 1 0 0 1
0 1 0 1 0
0 1 1 0 0
0 1 1 1 1
1 0 0 0 0
1 0 0 1 0
1 0 1 0 0
1 0 1 1 1
1 1 0 0 0
1 1 0 1 0
1 1 1 0 0
1 1 1 1 0
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Empirical Risk Minimization

ÅSuppose we are given a hypothesis class H

ÅWe have a magical learning machine that can sift through 
H and output the hypothesis with the smallest training 
error, hemp

ÅThis process is called empirical risk minimization

ÅIs this a good idea?

ÅWhat can we say about the error of the other hypotheses 
in H?
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First tool: The union bound

ÅLet E1 é Ek be k different events (not necessarily 

independent).

ÅThen:

P (E1Ç3 ÇEk) ÒP (E1)+3+ P(Ek)
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Second Tool: Hoeffding (Chernoff) bounds

Let Z1 é Zm be m independent identically distributed (iid) 

binary variables, drawn from a bernoulli distribution:

P(Zi=1) = fand P(Zi=0) = 1 - f

Let     be the mean of these variables:

Let ebe a fixed error tolerance parameter. Then:

In other words, if you have many examples, the empirical 
mean is a good estimator of the true probability.
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Finite Hypothesis Space
ÅSuppose we are considering a finite hypothesis class 

H={ h1,é,hk} (e.g., conjunctions, decision trees, etc.)

ÅTake an arbitrary hypothesis hi ÍH

ÅSuppose we sample data according to our distribution and 
let Z j =1 iff hi(x j ) y̧j

ÅSo e(hi) (the true error of hi) is the expected value of Z j

ÅLet                           (this is the empirical training error of 
hi on the data set we have)

ÅUsing the Hoeffding bound, we have:

ÅSo, if we have lots of data, the training error of a 
hypothesis hi will be close to its true error with high 
probability.
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What about all hypotheses?

ÅWe showed that the empirical error is ñcloseò to 
the true error for one hypothesis

ÅLet E i denote the event 

ÅCan we guarantee this is true for all hypotheses?
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A uniform convergence bound

ÅWe showed that:

ÅSo we have:

or, in other words:

ÅThis is called a uniform convergence result 
because the bound holds for all hypotheses

ÅWhat is this good for?



Fall 2008 Learning Theory - Sofus A. Macskassy32

Sample Complexity

ÅSuppose we want to guarantee that with 
probability at least 1 -d, the sample (training) error 
is within eof the true error.

ÅFrom our bound, we can set

ÅSolving for m, we get that the number of samples 

should be:

ÅSo the number of samples needed is logarithmic in 
the size of the hypothesis space.
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Example: Conjunctions of Boolean Literals

ÅLet H be the space of all pure conjunctive 
formulae over n Boolean attributes.

ÅRecall, |H |=3 n (why?)

ÅFrom the previous result, we get:

ÅThis is linear in n!
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Another application: Bounding the true error

ÅSuppose we hold m and dfixed, and we solve for 

e.  Then we get:

inside the probability term.

Can we now prove anything about the generalization 

power of the empirical risk minimization algorithm?
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Empirical Risk Minimization

ÅLet h* be the best hypothesis in our class (in terms of true 

error).

ÅBased on our uniform convergence assumption, we can 
bound the true error of hemp as follows:

ÅThis bounds how much worse hemp is with respect to the 

best hypothesis we can hope for!
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Empirical Risk Minimization


