Machine Learning (CS 567)

Fall 2008

Time: T -Th 5:00pm - 6:20pm
Location: GFS 118

Instructor : Sofus A. Macskassy (nacskass@usc.ed
Office: SAL 216
Office hours: by appointment

Teaching assistant : Cheol Han ( cheolhan@usc.edu )
Office: SAL 229
Office hours: M 2 -3pm, W 11 -12

Class web page:
http://www -scf.usc.edu/~csci567/index.html
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Support Vector Machines

A Hypothesis Space

I variable size

I deterministic

I continuous parameters
A Learning Algorithm

I linear and quadratic programming
I eager
I batch

A SVMs combine three important ideas

I Apply optimization algorithms from Operations Reseach (Linear
Programming and Quadratic Programming)

I Implicit feature transformation using kernels
I Control of overfitting by maximizing the margin
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Linear Classifiers
X 1 f |

f(x,w,b)=sign( w.x - b)

* denotes +1

° denotes -1 . .
How would you
o classify this data?

Any of these
o would be fine..

..but which is
best?
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Classifier Margin

* denotes +1

° denotes -1

f

[
»

f(x,w,b)=sign( w.x - b)

Define the margin
of a linear
classifier as the
width that the
boundary could be
Increased by
before hitting a
datapoint.
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Maximum Margin

* denotes +1

° denotes -1

\ 4

f

[
»

f(x,w,b)=sign( w.x - b)

The maximum
margin linear

classifier is the
linear classifier

with the,

Support Vectors?” | maximum margin.
are those
datapoints that 0 This is the
the margin simplest kind of
g“gihnesst up SVM (Called an

J ———LSVM)

Linear SVM
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o I

A

Why Maximum Margin?

Intuitively this feels safest.

| f weOve made a s mal
of the boundary (1 t60
perpendicular direction) this gives us least
chance of causing a misclassification.

LOOCV Is easy since the model is immune
to removal of any non-support-vector
datapoints.

Empirically it works very very well.
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Specifying a line and margin

Plus-Plane
— Classifier Boundary

— Minus-Plane

A How do we represent this mathematically?
Aé i minput dimensions?
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Specifying a line and margin

Finding optimal w
and c for =
wex+ w,, C O’ée‘s
has an infinite d\(,‘
number solutions! \\Q(e
Solution: setc=1

Plus-Plane
— Classifier Boundary

Minus-Plane

Thereis a
problem
using ¢

A Plusplane = {x.:w ¢x +w,=+c}
A Minus-plane= {x.w éx +w, = -c}

Classity  +1 If weéx+w,, C
as.. -1 f weéeéx+w,- - -C
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Specifying a line and margin

Plus-Plane
— Classifier Boundary

«Q¢ Minus-Plane
Kt
@*XX\MJ)
R\
R
A Plusplane = {x.:w ¢x+w,=+1}
A Minus-plane= {x.w éx +w, = -1}
Classify +1 If weéeéx+w,, 1
as.. -1 f weéeéx+w,- - -1

generally: yi(w ¢x; +w,), 1
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Computing the margin width

4)(\, o P ~Plus-Plane
e — Classifier Boundary
\\Q@d T /i Minus-Plane
~ | How do we compute
N Qe : .
SN ' margin Min terms
x\NO
W of w and w,?
Wk
A Plusplane = {x.:w ¢x+w,=+1}

A Minus-plane= {x.w éx +w, = -1}
A The vector w is perpendicular to the Plus Plane

A Let x~ be any point on the minus plane gnq_yrigfaﬂon in
A Let x* be the closest plus-plane-pointto x-. necessarily a

datapoint

A Claim: x* = x-+ / w for some value of /.
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Computing the margin width

27 | x* '\ M = Margin Width
Qe

RS
I wex + 1w +w,=1
e =>
What we know:
| - =
A wext +w,=+1 [ ox_twqt [ w) =1
A wex +w,=-1 =
AX+_X'+fW Lriwen) =1
— s
Alxt-x| =M 2
It is now easy to get Min o= —0
terms of w and w, w Qv
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Computing the margin width

W W

:

25 [y /’\A{/I: Margin Width = 2

What we know:
A wext +w,=+1 :||W|:|\/WW

A wex +w,=-1
A xt=x+ 1w N 2
Alxt-x|=M — =

| | W - -'W v W - W

2
o= —0—
w Qv
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Learning the Maximum Margin Classifier

A Given a guess of w and w, we can
I Compute whether all data points are in the correct half -planes
I Compute the width of the margin

A So now we just need to write a program to search the space
ofwbs w&pd to find the widest
the datapoints. How?

I Gradient descent? Simulated Annealing? Matrix Inversion? EM?
Newt ono6s Met hod?
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Learning via Quadratic Programming

A QP is a wellstudied class of optimization
algorithms to maximize a quadratic function
of some real-valued variables subject to
linear constraints.
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Quadratic Programming 1 General Formulation

T
Find argmax c+ hTW + W QW«\/ Quadratic criterion
W 2
Subject to a, W, +a,w,+..+a,w,¢h
a,w, +a,w,+..+a,,w, ¢h, n additional linear
e inequality
constraints
a,W, +a W, +...+a, W, ¢b, _

And subject to
a(N+1)1W1 T a(N+1)2W2 t..1 a(N+1)de = (N+1)

a'(N+2)1W1+a'(N+2)2VV2 +"'+a(N+2)de = (N+2)

a(N+e)1W1+a(N+e)2W2 +"'+a(N+e)de = Dinwte)
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Learning the Maximum Margin Classifier

Given guess of w , b we can

A Compute whether all data
points are in the correct half -

planes
A Compute the margin width
What should our Assume /N datapoints, each
quadratic optimization (xi.)5) where y; = +/ - 1
criterion be? How many constraints will we
L have? N
Minimize w v What should they be?

Or, more generally: wex;, +w0, 1ify,=1
vie(w ex, +wy) , 1 | wéx, +wo0 - -1ify; = -1
16 SVM- Sofus A. Macskassy
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Formulating SVM Problem as a QP

A Formulation: We want to find w such that:

yi(w-x; +wg) > 1,Vi

I We want to maximize the margin width, M = 2 50 we want to
minimize w W]

A This can be written as a QP as:
Minimize (w-w)
Subject to y;(w - x; + wg) > 1,4

A This is a standard quadratic programmin
problem, whose complexity depends on

I It can be solved directly to find w and w,
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* denotes +1

° denotes -1

What about noise?

This Is going to be a problem!
What should we do?

o ldea 1:

Find minimum w &v, while
. o minimizing number of
° training set errors.

° o Problem: Two things to
° minimize makes for an ill-
defined optimization

Fall 2008
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What about noise?

This Is going to be a problem!

" denotes +1 What should we do?

° denotes -1

o ldea 1.1:

. . Tradeoff parameter

.. Minimize
Candt be expressed aSWWQ'&ﬁ(#[T&IBEITOI’S)

Programming problem.

Solving it may be too slow. Ther eods a seri ol

(Al so, doesnot distl| Ppgbiesmwhieh wilemake us
disastrous errors and near misses) reject this approach.

O
© o
o o
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What about noise?

* denotes +1

° denotes -1

o

This Is going to be a problem!
What should we do?
ldea 2.0:
Minimize
w.w + C (distance of error

points to their
correct place)

Fall 2008

20 SVM- Sofus A. Macskassy



Learning Maximum Margin with Noise

TN 611 wzz Given guess of w , b we can
| VR Compute sum of distances
o . of points to their correct
w‘“"é}is ° Zones
ey A Compute the margin width
R Assume N/ datapoints, each
(X;,06) where y; =+/ - 1
What should our How many constraints will we
quadratic optimization have?
criterion be? What should they be?
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Learning Maximum Margin with Noise

¢ " e \ e, M = :
o \% \ \ > Given guess of w , b we can
' A Compute sum of distances
o . of points to their correct
e e ° zones
@*X PN . .
= A Compute the margin width

Assume /N datapoints, each
(X;,06) where y; =+/ - 1
What should our How many constraints will we

quadratic optimization have? N/
criterion be? What should they be?

T | | wex, +w,, 1- Ify, =1
Minimize 2(W w)—I—C%:sz w ex, +w, - -1+e ify.= -1

Or, more generally:
Fall 2008 22 Yie(w ex, +wy), 1-8




Learning Maximum Margin with Noise

¢ > e — :
. ® \C711 M = e
-\ : \ >  Giv J=#input | b we can
dimensions )f distances

. of points to. \eir correct
e ° Zzones

RN Our original (noiseless data) QP had d+1 N width
RO variables: w,, w,, €, and w, each
Our new (noisy data) QP has d+1+N (- 1
What shol_Vvariables: wy, w, &, wig &, &, €8y il we
quadratic optimization have? V /
criterion be? What should th». 4 gata points

C. 1 w éx; +w 1§ 17y; — 1
- ) O _ | 0 s _ |
Minimize 2(W W)+ %:EZ w ex, +w, - -1+ ify,= -1

Or, more generally:
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Learning Maximum Margin with Noise

¢ " e \ e, M = :
o \% \ \ > Given guess of w , b we can
' A Compute sum of distances
o . of points to their correct
e e ° zones
@*X PN . .
g A Compute the margin width
R Assume N/ datapoints, each

New formulation needs N
adaitional constraints

What should our Nlow many constraints will we

quadratic optimization have? Z\V
criterion be? What should they be?

T | | wex, +w,, 1- Ify, =1
Minimize 2(W w)—I—C%:sz w ex, +w, - -1+e ify.= -1

e, 08i
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Reformulating the QP problem

ALet ds rewrite the QP as

A There are two reasons for this reformulation:

I The constraints will be replaced by constraints on the
Lagrange multipliers, which are easier to handle.

I The training data will end up only appearing as dot
products between vectors. This is crucial for the kernel
trick to work.
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Reformulating the QP problem (2)

A We reformulate into a Lagrangian formulation by
introducing a positive Lagrange multiplier, a;, i=1,3 ,n T one
for each of the inequality constraints.

A The rule is that for constraints of the form ¢, 0, the

constraint equations are multiplied by posi/tive Lagrange
multipliers and subtracted from the object function, to form

the Lagrangian.
A This gives the primal_ Lagrangian:

Lp = %(W'W) -I-Zav;{y?;(X?;'W-F’wo) — 1}

Fall 2008 26 SVM- Sofus A. Macskassy



Karush-Kuhn-Tucker Conditions

A The solution which satisfies the KKT conditions is an
optimal solution.

A For the primal problem, these are the KKT conditions:

OLp

8fwv:wv_%- ajYiTi, = 0 v=1,---,d
OLp
dug %:azyz

a; >0 Vi
yi(x;-wHwy)—1>0 i=1,---,n

az{y@(xzw-l—wo)—l}:O i:]':"'an
if Y.(X;¢w + wy)-1>0
then U must be 0!

Therefore, only support
vectors will have U > 0.
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Reformulating the QP problem (3)

Lp = %(W-W) +Zai{yi(x7;-w—|—wo) -1}

A In the primal , we must minimize L, with respect to w and
W, and require that the derivatives of L with respect to all
the a; vanish, all subject to the constraints a;, O.

A We can equivalently solve the dual formulation: maximize
L » subject to the constraints that the gradient of L with

respect to w and w, vanish, and subject also to the
constraintsa; , O.

I This particular dual formulation is called the Wolfe dual.

I It has the property that the maximum of L subject to the dual
constraints occurs at the same values of w, w, and a, as the
minimum of L subject to the primal constraints.
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Wolfe Dual Optimization Problem

Lp = %(W-W) ‘I'Zai{yi(xi'w"_wO) -1}

A We want to maximize L, with respect to a,

I Subject to the constraints that the gradient of L with respectto w
and w, are 0 and also that a; , O:

oL p
Hw =w-—) ayiz; =0 = W=) ayX;
w i i

oL

—P=Zaz‘yz‘=0 = > oy; =0

dwo 5 i

A Plugging these equalities back into the primal gives us the
dual formulation, L, which now only contains a and no w:

1
Lp =) ai— 75 ajyiyiX;- X,
i g
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Wolfe Dual Optimization Problem

Remember the Wolfe dual has the
A We wa property that it will find the same
i optimal U, w and w, as the
primal...

éand that the
conditions enforced that only
support vectors will have Lﬂ>0

A Plugging thes.

dual form@, L, whict /contains a and no w:
1
O =) a;— §Zaiaijsz' $ X
)

i.j
O
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Original QP Formulation (with noise)

A Formulation: We want to find w such that:
yi(W-x; +wg) > 1 —§;, Vi

A We want to maximize the margin width, M = % SO we
want to minimize w

A This can be written as a QP as:

A This is a standard quadratic programmin
problem, whose complexity depends on

I It can be solved directly to find w and w,
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