Machine Learning (CS 567)

Fall 2008

Time: T -Th 5:00pm - 6:20pm
Location: GFS 118

Instructor : Sofus A. Macskassy (nacskass@usc.ed
Office: SAL 216
Office hours: by appointment

Teaching assistant : Cheol Han ( cheolhan@usc.edu )
Office: SAL 229
Office hours: M 2 -3pm, W 11 -12

Class web page:
http://www -scf.usc.edu/~csci567/index.html
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Lecture 11 Outline

ABayesian Learning
I Probability theory
| Bayesian Classification
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So far: Discriminative Learning

A We want to distuinguish between different classes
based on examples of each class.

A Linear classifiers and decision trees generate
separating planes between the classes.

A When a new instance needs to be classified, we
check on which side of the decision boundaries it
falls, and classify accordingly (deterministic).

A This is called discriminative learning, because we
defined an explcit boundary that discriminates
between the different classes.

A The classification algorithms studied so far (except
logistic regression) fall into this category.
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Next. Generativel.earning

A A different idea: use the data to build a model for each of
the different classes

A To classify a new instance, we match it against the
different models, then decide which model it resembles
more.

A This is called generative learning

A Note that we now categorize whether an instances is more
or less likely to come from a given model.

A Also note that you can use these models to generate new
data.
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Learning Bayesian Networks:
Naive and non-Naive Bayes

A Hypothesis Space
I fixed size
| stochastic
| continuous parameters

A Learning Algorithm
I direct computation
i eager
I batch
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But fl1 rsté basi c

A Random variables
A Distributions
A Statistical formulae
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Random Variables

A A random variable is a random number (or value)
determined by chance, or more formally, drawn according
to a probability distribution
I The probability distribution can be estimated from observed data

(e.g., throwing dice)
I The probabiliy distribution can be synthetic
I Discrete & continuous variables

A Typical random variables in Machine Learning Problems
I The input data
I The output data
I Noise

A Important concept in learning: The data generating model
I E.g., what is the data generating model for:

1) Throwing dice

i) Regression

i) Classification

Iv) For visual perception
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Why have Random Variables?

A Our goal is to predict our target variable

A We are not given the true (presumably
deterministic) function

A We are only given observations

I Can observe the number of times a dice lands
on 4

I Can estimate the probability, given the input,
that the dice will land on 4

I But w e knamwhérd the dice will land

I Can only make a guess to the most likely value
of the dice, given the input.
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Distributions

A The random variables only take on discrete values
i E.g., throwing dice: possible values: v; 2 {1,2,3,4,5,6}

A The probabilies sum to 1
Z P(Uz) =1
)

A Discrete distributions are particularly important in classification
A Probability Mass Function or Frequency Function (normalized histogram)
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Classic Discrete Distributions (1)

Bernoulli Distribution

A A Bernoulli random variable takes on only two values, i.e., 0 and 1.
A P(1)=p and P(0)=1 -p or in compact notation:

[P =-p)lTifr=00rz=1
P(z) = { 0, otherwise

A The performance of a fixed number of trials with fixed
probability of success (p) on each trial is known as a

Bernoulli trial,

] P(x) for p=0.3
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Classic Discrete Distributions (1)

Binomial Distribution
A Like Bernoulli distribution: binary input variables: 0 or 1, and probability
P(1)=p and P(0)=1-p
A What is the probability of k successes,P(k), in a series of n independent
trials? (n>= k)
A P(K) is a binomial random variable:
n!

P(k) = ( § )pk(l_p)n_k where ( K ) " kl(n—k)!

A Bernoulli distribution is a subset of the binomial distribution
(i.e., n=1)
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Classic Discrete Distributions (1)

Binomial Distribution
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Classic Discrete Distributions (l1l)

Multinomial Distribution

A A generalization of the binomial distribution to multiple outputs (i.e.,
multiple classes an be categorized instead of just one class)

A n independent trials can result in one of r types of outcomes, where
each outcome ¢, has a probability P(c.)=p,(p,=1).

A What is the probability P(ny,n,, ¢€n,), i.e., the probability that in n trials,
the frequency of the r classes is f1,n,, én,)? This is a multinomial
random variable:

_ n ny. _no

where

n . n!
ning---nr nilnol- - ngl
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Continuous Probabillity Distributions

A The random variables take on real values.

A Continuous distributions are discrete distributions where the number of

discrete values goes to infinity while the probability of each discrete
value goes to zero.

A Probabilities become densities.
A Probability density integrates to 1.

/_+Oop(a:)dx =1

o0
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Conti nuous Probabi | 1

A Probability Density Function p(x)
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A Probability of an event:

P(a,<a:<b)=fbp($)d:c:1
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Classic Continuous Distributions (1)

Normal Distribution

A The most used distribution
1

1 _

P() = ————exp (5 (x = ) E (x = 1))
Jend|z|

A Also called Gaussian distribution after C.F.Gauss who proposed it

A Justified by the Central Limit Theorem:

i Roughly: nif a random variable iIs t
random variables it is approxi mat el

I Many observed variables are the sum of several random variables
A Shorthand:

x ~ N(u, <) /4 N\
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Classic Continuous Distributions (Il)

Uniform Distribution
A All data is equally probably within a bounded region R, p(x)=1/ R

1
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Expected Value

A The expected value, meanor average of the random
variable x Is defined by:

m

Elz]=p= 3 aP(@) = vp;
reX =1

A More generally, if f (x) is any function of x, the expected

value of f is defined by:
Elf()] = > f(z)P(x).
reX
A This is also called the center of mass.

A Note that forming an expected values is /inear, in that if a,
and a, are arbitrary constants, then we have

Eloy f1(z)taofo(x)] = a1 E[f1(z)]+asE[f2(x)]
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Expected Value

A General rules of thumb:

Elg(z)] # g(Elz])
Elax] aF|x]

Elz+y Elz] 4 Ely]

E | oz > a;Elz]

A In general:
Elz -y] # Elz] - Ely]
A Given a FINITE sample data, the Expectation is:

1 N
1=1
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Variance and Standard Deviation

A Variance: Var[z] =0?>=E {(:L‘ — M)Q} = Y (z—p)?P(z)
reX

A s is the standard deviation of x. The variance is

never negative and approaches 0O as the
probability mass Is centered at one point.

A The standard deviation is a simple measure of

how far values of x are likely to depart from the
mean.

I I.e., the standard or typical amount one should expect a
randomly drawn value of X to deviate or differ from m
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Sample variance and covariance

A Sample Variance

N
Var[x] = > (g — E[z])?

N—-1,5

I Why division by (N-1)? This is to obtain an unbiased estimate of
the variance. (unbiased estimate: F[Z] = =

A Covariance

Cov[z,y] = E [(z — E[z])(y — E[y])]
A Sample Covariance

Cov|x,y] = y Z (z; — Elz])(y; — Ely])

Cov[x] = z (x; — E[x])(x; — E[x])’

N_lﬁl
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Biased vs. Unbiased variance

n

A Biased variance: V :%é (x - X')?
=1

. . . . 1hr
Aff Arbtiias edo V\fﬁaar(m-@)znce:
=1
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Sample variance

s? is sample variance, s is true variance, mis true mean
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