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The magic function ( )abn log  has to be polynomially larger (or smaller) than  for 
cases I (or III) to apply.  That is, there has to be some 

( )nf
0>ε  such that  is larger 

(or than  is smaller) than 

ε−abn log

ε+abn log ( )nf .  Thus the Master Theorem does not apply to 
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As a rule of thumb for this class, compare the powers of n in the magic function and 

.  If they are different, the Master Theorem applies.  If they are the same, the Master 
Theorem applies only if there are no log factors in 
( )nf

( )nf .  Otherwise, the Master Theorem 
does not apply.   
   
Note: Master Theorem asks if there exists an 0>ε , not for all 0>ε .  Also, word “any” 
is ambiguous: avoid using it.   
 

 
 
Master Theorem Prime: 
Let a≥1, b>1 be constants, let ( )nf  be a function, let t(n) be defined on the non-negative 

integers by the recurrence ( ) ( )nf
b
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1. If ( ) ( )ε−Ο= abnnf log  for some 0>ε , then ( ) ( )abnnT logΟ=  
2. If ( ) ( )abnnf logΘ= , then ( ) ( )nnnT ab lglogΟ=  
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3. If ( ) ( )ε+Ω= abnnf log  for some 0>ε , then ( ) ( )( )nfnT Ο=  
 
 

 
 
Thus, .  So asymptotically, Merge Sort is better than Insertion Sort.  
That means that for all implementations of Merge Sort and Insertion Sort, for all inputs 
large enough, merge sort will be faster.   
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Let’s examine the difference between Merge Sort and Insertion Sort.  Suppose we used 
every operation ever made by a human made machine to sort numbers.   
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We estimate there have been no more than 128 * 1025 ≈ 290 such operations.  So an n2 
algorithm could sort no more than 245 numbers, while an n lg n algorithm could sort at 
least 283 numbers.  That’s a huge difference!  So faster algorithms are incredibly 
important to solving large problems.  At least as important as making computer chips 
faster.   
 
Divide and Conquer 
 
Search Problem: 
Input:   T,  such that naaa ,,, 21 L naaa <<< L21 . 
Output:  “yes” if , and “no” otherwise. [ Tai t =∃ ]
 
Linear search: compare T to each number.   
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Binary search: compare T to the middle number 
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correct half of the input.   
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Binary Search(A, p, r, b) 
i. if p > r then output 0 and halt. 
ii. if p ≤ r then 
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 2. if A[q] = b then output 1 and halt 
 3. if A[q] > b then Binary Search(A, p, q–1, b) 
 4. if A[q] < b then Binary Search(A, q+1, r, b) 
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