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Hasse’s Theorem

Let E/K be an elliptic curve defined over a finite field F, with q elements. Then

[#E([F,) —q—1] < 2Vq
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Hasse’s Theorem

Let E/K be an elliptic curve defined over a finite field F, with q elements. Then

|#E(Fy) —q— 1] < 2/q
deg of map = det of map for T}[E| = Z; P Z,
Tr(¢p) =1+ det(¢p) — det(¢p — id)

We know that #E(F,) = det(¢ — id)
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p-adic Numbers

p-adic numbers [FGH]: Let 7, be the projection from Z/p™*7Z onto Z/p™Z. This projection is
ring homomorphism. One can give a formal efinition of p-adic integers as follows.

Definition: A p-adic integer is a sequence * = (x1, T2, ..., %y, ...) with x, € Z/p"Z and
such that 7, (xp41) = x,, for n > 1. The ring of p-adic integers is denoted by Z,

g-adic numbers [FGH]: Let ¢ = p" with p prime. Let f(¢) be a monic polynomial in Z,[t] of
degree n such that the polynomial 7(f) obtained by projecting the coefficients is irreducible in

Fplt].

Definition: The ring Z, is Z,[t] modulo (the ideal generated by) f(?).
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Satoh’s Algorithm

Goal: Compute Trace of Frobenius in E
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Satoh’s Algorithm

Goal: Compute Trace of Frobenius in E

Trace upstairs
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Satoh’s Algorithm

Goal: Compute Trace of Frobenius in E

Trace upstairs = Tr(F) = Tr(F)
= Tr(F) = Tr(F) = Trace downstairs

So we compute Trace upstairs

Tr(F) = c+1
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Satoh’s Algorithm

Goal: Compute Trace of Frobenius in E

Trace upstairs = Tr(F) = Tr(F)
= Tr(F) = Tr(F) = Trace downstairs

So we compute Trace upstairs
Tr(F)=c+1

The formula for ¢ was discovered by Skjernaa
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Satoh’s Algorithm

Goal: Compute Trace of Frobenius in E

Trace upstairs = Tr(F) = Tr(F)
= Tr(F) = Tr(F) = Trace downstairs

So we compute Trace upstairs
Tr(F) =c+ 1
The formula for ¢ was discovered by Skjernaa

J Vélu: Isogénies entre courbes elliptiques (1971)

E Isogeny F &' over F,

Vélu discovered the formula for Trace(F) interms of the J-invariant

Satoh: The canonical Lift of an ordinary Elliptic curve over a Finite Field and Its Point
Counting (1999)
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Satoh was the first to relate J-invariant, J'-invariant (Fronbenius automorphism) to counting
points in Elliptic Curves
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Satoh was the first to relate J-invariant, J'-invariant (Fronbenius automorphism) to counting
points in Elliptic Curves

q
Tr(F,) = c1 + —
C1
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Satoh was the first to relate J-invariant, J'-invariant (Fronbenius automorphism) to counting
points in Elliptic Curves

q
Tr(F,) = c1 + —
C1

B. Skjernaa: Satoh’s algorithm in characteristic 2 (2000)
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Satoh was the first to relate J-invariant, J'-invariant (Fronbenius automorphism) to counting
points in Elliptic Curves

Tr(F,) = ¢ + C%
B. Skjernaa: Satoh’s algorithm in characteristic 2 (2000)
He developed an explicit formula of the Trace of the Frobenius map in terms of the J-invariant
Proposition: Let 7; = —% be the local parameter of
E; at O and let c¢; be defined as 7,41 .

3 = i + O(1:%)
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Satoh was the first to relate J-invariant, J'-invariant (Fronbenius automorphism) to counting
points in Elliptic Curves

Tr(F,) = ¢ + C%
B. Skjernaa: Satoh’s algorithm in characteristic 2 (2000)
He developed an explicit formula of the Trace of the Frobenius map in terms of the J-invariant
Proposition: Let 7; = —% be the local parameter of
E; at O and let c¢; be defined as 7,41 .
3 = e + O(72)

Denote the non-trivial point in ker(ii) by Q; = (x;,y;) and z; = % and
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Satoh was the first to relate J-invariant, J'-invariant (Fronbenius automorphism) to counting
points in Elliptic Curves

Tr(F,) = ¢ + C%
B. Skjernaa: Satoh’s algorithm in characteristic 2 (2000)
He developed an explicit formula of the Trace of the Frobenius map in terms of the J-invariant
Proposition: Let 7; = —% be the local parameter of
E; at O and let c¢; be defined as 7,41 .
3 = i + O(1:2)
Denote the non-trivial point in ker(ii) by Q; = (x;,y;) and z; = % and

t; = (122° + 2;) (4 (&) — 1728) — 36, then
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Satoh was the first to relate J-invariant, J'-invariant (Fronbenius automorphism) to counting
points in Elliptic Curves

Tr(F,) = ¢ + C%
B. Skjernaa: Satoh’s algorithm in characteristic 2 (2000)
He developed an explicit formula of the Trace of the Frobenius map in terms of the J-invariant
Proposition: Let 7; = —% be the local parameter of
E; at O and let c¢; be defined as 7,41 .
3 = i + O(1:2)
Denote the non-trivial point in ker(ii) by Q; = (x;,y;) and z; = % and

t; = (122° + 2;) (4 (&) — 1728) — 36, then

o J(&) — (504 + 120962z;)t;
B j (&) + 240t

1
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M. Fouquet, P. Gaudry et R. Harley: An extension of Satoh’s algorithm and it’s
implementation (2000)
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M. Fouquet, P. Gaudry et R. Harley: An extension of Satoh’s algorithm and it’s
implementation (2000)

50 iO 81 /E\l R in—Q gn—l in—l 50
— — SN SN

T T T T

Eq 00 Eq o1 . On—2 E,_1 On—1 Eq
— — AN —

Start with Ej elliptic curve over F,, ¢ = p"
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Apply little Frobenius, have cycle

Lift to &y elliptic curve over Z,
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Time and space complexity analysis

[FGH] So for the field F,n we work with Z,n with O(p®(™) precision. So each " coefficient” takes
O(nlog p) and each element of Z,n takes O(n*log p).
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Satoh’s Theorem [FGH]: Let E/ be an elliptic curve over the finite field with ¢ = p™ elements.
Assume that j(E) ¢ F 2. Then there exists a determinstic algorithm for computing the order of

E, which for fixed p, requires O(n?) memory and O(n>*¢) bit operations.
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FGH's extension to even char - [F,8009
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Future Directions

e As always...more efficient algorithms wrt computation and memory
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Future Directions

e As always...more efficient algorithms wrt computation and memory
e Lower bounds for the point counting problem

e "lt is possible to write endlessly on elliptic curves. (This is not a threat.)” - Serge Lang

Remark: Point counting in char 2 is almost as fast as an RSA key generation [PG]
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